
EDGE ANIMAL WEAK (1,2)-ACHIEVEMENT GAMESIAN DOUGLAS AND NÁNDOR SIEBENAbstra
t. A variation of polyform a
hievement games is studied, in whi
h the 
ells the playersmark are the edges of the three tilings of the plane by regular polygons. Planar game boards whosefa
es have a bije
tive 
orresponden
e to the edges of the tilings by regular polygons are presented,and all but one of the edge animals on ea
h tiling are 
hara
terized as either a winner or loser.1. Introdu
tionAbstra
tions of the game Ti
-Ta
-Toe 
alled a
hievement games were �rst introdu
ed by Hararyin [7℄. The playing board is usually an in�nite set of 
ells, whi
h is often a regular tiling of the planeby squares [8℄, by triangles [5℄ or by hexagons [3, 11, 9℄. Other boards su
h as the platoni
 solids[2℄, tilings of the hyperboli
 plane [1℄, and higher dimensional boards [13℄ have also been studied.An animal is a �nite set of 
onne
ted 
ells of the board, 
onsidered up to 
ongruen
e. Thus, ananimal 
an be translated, re�e
ted, or rotated on the board and is still 
onsidered to be the sameanimal. In a weak a
hievement game, two players alternate marking empty 
ells of a board withtheir own marks. The �rst player (the maker) is trying to mark a 
opy of the goal animal on theboard. The se
ond player (the breaker) tries to prevent the maker a
hieving his goal. An animal is
alled a winner if the maker 
an win the a
hievement game. The animal is 
alled a loser otherwise.Our goal is to study a
hievement games on boards where the 
ells are the edges and not thefa
es of a tiling of the plane. We 
all these boards the edge boards and 
all the usual boards withpolygonal 
ells fa
e boards. In parti
ular, we are interested in the three regular edge boards builtfrom the regular tilings of the plane.The regular edge boards are fairly 
omplex. On 
omplex playing boards the number of winninganimals is usually too large, so we study a biased version of the game where the maker marks one
ell while the breaker marks two 
ells ea
h turn. This is 
alled the weak (1, 2)-a
hievement game.Biased (1, 2) games were studied for example in [6℄.Presenting strategies on the edge boards is not ideal be
ause it is hard to atta
h information tothe 
ells. To avoid this di�
ulty, we �nd a fa
e board for ea
h edge board that has equivalent gameplay. 2. Game BoardsTwo 
ells of an edge board are adja
ent if they share a 
ommon vertex. The situation is not sosimple on fa
e boards. We say two 
ells of a fa
e board are adja
ent if they share a 
ommon edge,and wildly adja
ent if they share a 
ommon edge or a 
ommon vertex.A wild animal is a �nite wildly 
onne
ted set of 
ells. In a wild animal we 
an get from any 
ellto any other 
ell by jumping through 
ells that are wildly adja
ent. Note that every regular animalis also a wild animal.Our �rst goal is to swit
h to fa
e boards. Figure 2.1 shows the three regular edge boards andtheir 
orresponding fa
e boards with equivalent game play. The gray squares are holes in the boardDate: 9/28/2011.2000 Mathemati
s Subje
t Classi�
ation. 05B50, 91A46.Key words and phrases. biased a
hievement games, edge polyomino.1
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fa
e
edge triangular re
tangular hexagonalFigure 2.1: Edge boards and their 
orresponding fa
e boards.su
h that 
ells are not adja
ent on opposite sides of the holes. A 
orresponding fa
e board is foundby drawing fa
es around the verti
es of a representation of the line graph of the tiling.Adja
en
y on the hexagonal edge board 
orresponds to adja
en
y on the 
orresponding fa
eboard. Adja
en
y on the triangular and re
tangular edge boards 
orrespond to wild adja
en
y onthe 
orresponding fa
e boards. As a result regular animals on the triangular and re
tangular boardsbe
ome wild animals on the 
orresponding fa
e boards. Note that the fa
e boards 
orrespondingto the hexagonal and triangular edge boards seem to be the same but the adja
en
y relationship isinterpreted di�erently. We 
all this 
ommon fa
e board the tumbling blo
ks board.We use the notations E

△
i for triangular, E2

i for re
tangular and E7
i for hexagonal edge animals.We use the notation F♦

i for wild fa
e animals on the tumbling blo
ks board. The regular fa
eanimals 
orresponding to re
tangular edge animals are denoted by F9
i . In all 
ases, the indi
es getlarger with the size of the animals. Figure 2.2 shows the edge animals with their 
orresponding fa
eanimals up to size two. 3. Winning strategiesThis se
tion will des
ribe the strategies used by the maker and the breaker. A strategy for themaker 
an be 
aptured by a proof sequen
e (s0, . . . , sn) of situations [4, 12℄. A situation si =

(Csi
, Nsi

) is an ordered pair of disjoint sets of 
ells. We think of the 
ore Csi
as a set of 
ells markedby the maker and the neighborhood Nsi

as a set of 
ells not marked by the breaker. A situation isthe part of the playing board that is important for the maker. A situation does not 
ontain anyof the breaker's marks. Those marks are not important as long as the situation 
ontains enoughempty 
ells in the neighborhood. As with animals, 
ongruent situations are 
onsidered to be thesame. In the situations of a proof sequen
e, it is always the breaker who is about to mark 
ells.The game progresses from sn towards s0. We require that Cs0
is the goal animal and Ns0

= ∅. Thismeans that the maker has already won by marking the 
ells in Cs0
and there is no need for any free
ells on the board in Ns0

. For ea
h i ∈ {1, . . . , n} we also require that if the breaker marks any two
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orresponding fa
e animals. Triangular andre
tangular edge animals have wild 
orresponding fa
e animals. Hexagonal edge animals haveregular 
orresponding fa
e animals.
ells in Nsi
, then the maker 
an mark a di�erent 
ell of Nsi

to rea
h a position sj 
loser to his goal,that is, satisfying j < i. More pre
isely, for all {x, y} ⊆ Nsi
there must be an x̃ ∈ Nsi

\ {x, y} anda j ∈ {0, . . . , i − 1} su
h that
Csj

⊆ Csi
∪ {x̃} and Nsj

⊆ Csi
∪ Nsi

\ {x, y}.We present proof sequen
es graphi
ally. Figure 4.3 shows an example. On the �gures, �lled 
ellsrepresent the marks of the maker. Cells with letters in them are the neighborhood 
ells that mustbe unmarked. Ea
h letter represents a possible 
ontinuation for the maker. After the marks of thebreaker, the maker pi
ks a letter una�e
ted by the breaker marks. The maker marks the 
ell withthe 
apital version of this letter. The 
ells with the lower 
ase version of the 
hosen letter be
omethe neighborhood 
ells of the new situation. Ea
h situation is 
onstru
ted to make sure that thebreaker 
annot mark two 
ells whi
h 
ontain every single letter. We in
lude a �ow 
hart for ea
hproof sequen
e. The letter on the arrows of the �ow 
hart is used to determine whi
h situation themaker 
an rea
h by pi
king that letter. The la
k of letters indi
ate that all 
hoi
es lead to the samesituation.The most useful strategies for the breaker are based on pairings of the 
ells of the board. A doublepaving of the board is a symmetri
 and irre�exive relation on the set of 
ells where ea
h 
ell is relatedto at most 2 other 
ells. A double paving determines a paving strategy for the breaker in the (1, 2)game as follows. In ea
h turn, the breaker marks the unmarked 
ells related to the 
ell last markedby the maker. If there are fewer than two su
h 
ells then she uses her remaining marks randomly.If the breaker follows the paving strategy, then the maker 
annot mark two related 
ells during agame. This allows the breaker to win if every pla
ement of the goal animal on the board 
ontainsa pair of related 
ells. A double paving is said to kill an animal if every translation, re�e
tion, androtation of that animal 
ontains at least one pair of related 
ells. In the visual representation of adouble paving, related 
ells are 
onne
ted by a line segment.4. Tumbling blo
ks gamesWe now turn to the game played with fa
e animals on the tumbling blo
ks board. We will studyall possible animals, regular and wild, in order to �nd the hexagonal and triangular edge winners.We use the terminology 
hild for an animal 
reated from a parent animal by adding an extra 
ell.We 
olle
t the size i winning animals in Wi, the size i losing animals in Li. We start with theanimal F♦
1


ontaining only one 
ell whi
h is 
learly a winner. We let W1 = {F♦
1
} and L1 = ∅. Nowwe pro
eed indu
tively. Any animal 
ontaining a losing animal is a loser as well. So the set Vi+1of potential winning animals of size i + 1 
ontains all the 
hildren of animals in Wi whi
h are notdes
endant of any animal in Lj for j ≤ i. We analyze the animals in Vi+1 and 
olle
t the winners in
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Figure 4.1: The tree of the winners and losers on the tumbling blo
ks board. Children of losersare not drawn. Animal F♦
28

remains a mystery but all of its 
hildren are losers. The middle 
ell
ontaining the dot in animal F♦
41

is an empty 
ell.
F♦

2Figure 4.2: The animal F♦
2

and the paving that kills it.
Wi+1. We build Li+1 from Li by inserting the losing animals of Vi+1. The pro
edure is summarizedin Figure 4.1. Ea
h level of the tree shows the elements of Vi. The known winners are the animalswith 
hildren.There are three animals in V2 = {F♦

2
, F♦

3
, F♦

4
}. It is 
lear that F♦

3
and F♦

4
are winners.Proposition 4.1. The animal F♦

2
is a loser.Proof. The breaker wins using the paving strategy shown in Figure 4.2. �There are 8 animals in V3, shown in the third row of Figure 4.1. Only two of them are winners.Proposition 4.2. The animal F♦

9
and F♦

10
are winners.Proof. The maker wins using the proof series shown in 4.3 and 4.4, respe
tively. �Proposition 4.3. The animals F♦

11
, F♦

12
, F♦

14
, F♦

15
, and F♦

16
are losers.
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10
.Proof. The breaker wins using a strategy based on double pavings shown in Figure 4.5. �The next proof uses a priority strategy for the breaker. A more extensive des
ription and severalvariations with examples are presented in [10℄.Proposition 4.4. The animal F♦

13
is a loser.
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c(b)Figure 4.6: (a) The priority strategy for the breaker to prevent the maker from marking F♦
13
. (b)Dependen
y digraphs of the 
ells in the orientations of F♦

13
.Proof. Figure 4.6a shows a priority strategy for the breaker. The diagrams show the three possibleorientations of the 
urrent mark of the maker. The 
ells with numbers in them are the possibleresponse 
ells. The numbers are the priorities of the response 
ells. A smaller number represents ahigher priority response 
ell. In ea
h 
ase, the breaker marks two of the unmarked response 
ellswith the highest priorities. If all the response 
ells are already marked, then the breaker marksrandom 
ells.
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28
.Figure 4.6b shows the six di�erent pla
ements of the goal animal on the board together withtheir dependen
y digraphs. The vertex set of the digraph is the set of 
ells of the goal animal. Weuse three types of arrows:

• The un
onditional arrow a //b indi
ates that 
ell b 
annot be marked by the maker after
ell a be
ause an unmarked 
ell b is going to be marked by the breaker right after the makermarks 
ell a. The other un
onditional arrow from b to c indi
ates that 
ell c 
annot bemarked by the maker after 
ell b.
• The 
onditional arrow b

c //a in the �rst digraph indi
ates that 
ell a 
annot be marked bythe maker after 
ell b if 
ell c has already been marked by either the maker or the breakerin an earlier turn. In this situation, 
ell a is going to be marked by the breaker right afterthe maker marks 
ell b be
ause the priority 1 response 
ell c is not available so the breakermarks the priority 2 response 
ell a.
• The se
ondary arrow b

c // //a in the se
ond digraph also indi
ates that 
ell a 
annot bemarked by the maker after 
ell b if 
ell c is already marked by the maker in an earlier turn.To see this, note that 
ell c is the priority 1 response 
ell to 
ell b and the priority 1 response
ell to 
ell c is the priority 2 response 
ell to 
ell b. So if 
ell c is already marked by themaker then 
ell a, the priority 3 response 
ell to b, is going to be marked by the breaker.It is 
lear from the digraphs that the maker needs to mark 
ells a and b in the same turn if he wantsto mark the goal animal in any orientation. This is not possible sin
e the maker 
an only mark one
ell in a turn. Thus the goal animal must be a loser. �There are 5 animals in V4, shown in the fourth row of Figure 4.1. Four of them are losers.Proposition 4.5. The animals F♦
18
, F♦

20
, F♦

24
, and F♦

41
are losers.Proof. The breaker wins using a strategy based on 
orresponding double pavings shown in Figure4.5. �
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F1

F2

F6

F7

F3

Figure 5.1: The tree of the winners and losers on the fa
e board 
orresponding to the re
tangularedge board. Children of losers are not drawn.

F9
3

F9
6

F9
7Figure 5.2: Animals and the paving that kills them.The animal F♦

28
remains a mystery. All of its �ve 
ell 
hildren are losers, so we know thatno animals with more than four 
ells 
an be winners. Figure 4.7 shows a proof sequen
e in the

(1, 1)-game. This strategy is fairly 
omplex whi
h suggests that F♦
28

is likely a (1, 2)-loser.5. Fa
e board games 
orresponding to re
tangular edge gamesWe now turn to the game played with fa
e animals 
orresponding to re
tangular edge animals.We 
arry out the pro
edure des
ribed in Se
tion 4 using Vi, Wi and Li. The one 
ell animal is
learly a winner. There are two animals in V2 = {F9
2

, F9
3
}, shown in the se
ond level of Figure 5.1.It is easy to see that F9

2
is a winner.Proposition 5.1. The animal F9

3
is a loser.Proof. The breaker wins following the strategy based on the double paving shown in Figure 5.2. �There are two animals in V3 = {F9
6

, F9
7
}, shown in the third level of Figure 5.1.Proposition 5.2. The animal F9

6
and F9

7
are losers.Proof. The breaker wins following the strategy based on the double paving shown in Figure 5.2. �Sin
e V4 = ∅, the largest winner has two 
ells.



EDGE ANIMAL WEAK (1,2)-ACHIEVEMENT GAMES 9
F♦

1
F♦

3
F♦

4
F♦

9
F♦

10
F♦

28

E
△
1

E
△
3

E
△
4

E
△
9

E
△
10

E
△
11Figure 6.1: Known triangular edge winners and the mystery animal F♦

28
together with their 
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1

E2

2 F9
2Figure 6.3: Re
tangular edge winners and their 
orresponding fa
e animals.6. Edge Winners and LosersNow we 
an translate our results to 
lassify the edge animals. Figure 6.1 shows the triangularedge winners and their 
orresponding fa
e animals. We were not able to 
lassify F♦

28
.Proposition 6.1. The only winning triangular edge animals in the weak (1, 2)-a
hievement gameare the animals E

△
1
, E

△
3
, E

△
4
, E

△
9
, E

△
10
, and possibly E

△
28
.Figure 6.2 shows the hexagonal edge winners and their 
orresponding fa
e animals.Proposition 6.2. The only winning hexagonal edge animals in the weak (1, 2)-a
hievement gameare the animals E7

1
and E7

2
.Figure 6.3 shows the re
tangular edge winners and their 
orresponding fa
e animals.Proposition 6.3. The only winning re
tangular edge animals in the weak (1, 2)-a
hievement gameare the animals E2

1
and E2

2
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