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P u=2~0 on 0Q),

where
e O C RV is a bounded smooth domain, N > 3,
is the critical Sobolev exponent and
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Introduction
The proof
e We consider the problem
Nonexistence
Existence A . p—2 H Q
(00) —Au=|ul"""u inQ,
P u=2~0 on 0Q),

where
e O C RV is a bounded smooth domain, N > 3,
is the critical Sobolev exponent and

[ ] p = 2* = 7,6/_\/2
e p > 2% is supercritical.
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The critica o Bahri-Coron, 1988: If A.(Q;Z/2) # 0, then
(p2-02) —Au=[u*u inQ,
2m.0 u=20 on d9(),

has a positive solution.
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The Bahri-Coron theorem

The critica o Bahri-Coron, 1988: If A.(Q;Z/2) # 0, then
o (p2-.02) —Au=[u*u inQ,
2m.0 u=20 on d9(),

has a positive solution.

Problem

Are there multiple solutions in general domains (which are not
small perturbations of a given one)?
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Another look at Coron's theorem

The critical
case e Coron, 1984: If Q) is annular-shaped, i.e.
The proof
QD {x:0<a<|x|] <b}, 0¢ 0,
Nonexistence
Existence

and 2 is large enough, then (g,- o) has a positive solution.
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Another look at Coron's theorem

The critical

o e Coron, 1984: If Q) is annular-shaped, i.e.
QD {x:0<a<|x|] <b}, 0¢ 0,

and 2 is large enough, then (g,- o) has a positive solution.

e The solution, as well as those of Ge-Musso-Pistoia, look
like radial solutions in the annulus.
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The critical case

Highly symmetric domains

e Recall that in symmetric domains with infinite orbits, like
the following ones

Annulus

there are infinitely many solutions.
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Highly symmetric domains
Introduction
The critical . . . Cl e g . . .
e e Recall that in symmetric domains with infinite orbits, like
e the following ones
The
supercritical
problem

Nonexistence
Existence

The end Q

Annulus

there are infinitely many solutions.

e QUESTION: Is it true that, if () contains a domain of
this type, problem (o« o) has multiple solutions?



The critical case
Multiplicity in domains with finite symmetries
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«O>r «Fr <
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Multiplicity in domains with finite symmetries

e Given

e a closed subgroup I' of O(N),
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e a closed subgroup I' of O(N),
e a bounded I'-inv. domain D s.t. #I'x = oo for all x € D.
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e We consider domains () such that
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The critical case
Multiplicity in domains with finite symmetries
e Given

e a closed subgroup I' of O(N),
e a bounded I'-inv. domain D s.t. #I'x = oo for all x € D.

Annulus

e We consider domains () such that
e 0D D,
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Introduction

The critical
case

The proof
The
supercritical
problem
Nonexistence

Existence

The end

The critical case
Multiplicity in domains with finite symmetries
e Given

e a closed subgroup I' of O(N),
e a bounded I'-inv. domain D s.t. #I'x = oo for all x € D.

Annulus

e We consider domains () such that

e ODD,
e () is G-invariant under some closed subgroup G of T'.
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The critical
case

The proof

Nonexistence

Existence

The critical case

Multiplicity in domains with nontrivial topology

Theorem (C.-Faya, preprint 2012)

There exists (¢,) nondecreasing, depending only on T and D,

s.t.: If QY D D, Q is G-invariant under a closed subgroup
G CT and

)r(ry(n) H#Gx > Uy,

e then (o ) has at least m pairs +uy, ..., up of
G-invariant solutions such that
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Multiplicity in domains with nontrivial topology

Theorem (C.-Faya, preprint 2012)

There exists (¢,) nondecreasing, depending only on T and D,

s.t.: If QY D D, Q is G-invariant under a closed subgroup
G CT and

)r(ry(n) H#Gx > Uy,

e then (o ) has at least m pairs +uy, ..., up of
G-invariant solutions such that

/ |Vuk|2 < 0, SN2 foreachk=1,..., m,
Q
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The critical
case
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Existence

The critical case

Multiplicity in domains with nontrivial topology

Theorem (C.-Faya, preprint 2012)

There exists (¢,,) nondecreasing, depending only on T and D,

s.t.: If QY D D, Q is G-invariant under a closed subgroup
G CT and

)r(ry(n) H#Gx > Uy,

e then (o ) has at least m pairs +uy, ..., up of
G-invariant solutions such that

/ |Vuk|2 < 0, SN2 foreachk=1,..., m,
Q

e uy is positive and up,...,um change sign.
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The critical case

Multiplicity in annular domains
Example (C.-Pacella, 2008)
I' = O(N) and D = annulus.

e If N is even any annulus provides examples:
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The critical case

Multiplicity in annular domains

Example (C.-Pacella, 2008)
I' = O(N) and D = annulus.
e If N is even any annulus provides examples:

e Set G, := {e2”ik/” :k=0,..,n—1} acting by
multiplication on CN/2 = RN,
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The critical case

Multiplicity in annular domains
Example (C.-Pacella, 2008)
I' = O(N) and D = annulus.
e If N is even any annulus provides examples:
e Set G, := {e2”ik/” :k=0,..,n—1} acting by
multiplication on CV/2 = RN,
e If QO D Dis Gp-invariant and 0 &€ ), then

#Gyx =n Vx € Q.
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The critical case

Multiplicity in annular domains
Example (C.-Pacella, 2008)
I' = O(N) and D = annulus.
e If N is even any annulus provides examples:
e Set G, := {e2”ik/” :k=0,..,n—1} acting by
multiplication on CV/2 = RN,
e If QO D Dis Gp-invariant and 0 &€ ), then

#Gyx =n Vx € Q.

e Hence, if n > {y,, problem (g2« ) has m pairs of
solutions.
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The critical case

Multiplicity in annular domains

e If N is odd, the annulus must be very thick.
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The critical case

Multiplicity in annular domains

e If N is odd, the annulus must be very thick.

o eg. for N=3

in #G6x <12
g #6x <

if G # 0(3),50(3) and Q D D.
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Multiplicity in annular domains

The critical
case

The proof

Nonexistence

If N is odd, the annulus must be very thick.
o eg. for N=3

Existence

in #Gx < 12
g #6x <
if G# 0(3),50(3) and QD D.
e But the numbers £,, become larger as the annulus
becomes thinner.
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The critical case

Multiplicity in toroidal domains
Example

If T = SO(2) and D = torus in R? then, for each m, there are
domains Q) in which (g2« ) has m pairs of solutions:
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The critical Example
e If T = SO(2) and D = torus in R? then, for each m, there are
domains Q) in which (g2 ) has m pairs of solutions:
°
Nonexistence
Existence

A "punk" torus
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Existence

The critical case
Multiplicity in toroidal domains
Example
If T = SO(2) and D = torus in R? then, for each m, there are
domains Q) in which (g2« ) has m pairs of solutions:

A "punk" torus

e Similarly, in other dimensions.
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Existence

The proof

Recall the statement

Theorem (C.-Faya)

There exists (¢,,) nondecreasing, depending only on T and D,
s.t.: If QY D D, O is G-invariant under a closed subgroup
G CT and

min #Gx > Ly,

then (oo« ) has at least m pairs tuy, ..., up of G-invariant
solutions.
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The proof e We look for critical points of the energy functional J on

HY ()¢ = {u € H}(Q) : u(gx) = u(x) Vg€ G x€Q}.

Nonexistence

Existence
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is variational

e We look for critical points of the energy functional J on
HY ()¢ = {u € H}(Q) : u(gx) = u(x) Vg€ G x€Q}.

o J satisfies (PS)¢ in H}(Q)C for all

c< <min#Gx> Coo-

xeQ)
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is variational

The proof e We look for critical points of the energy functional J on
HE(Q)C == {ue H(Q): u(gx) = u(x) Vg€ G xeQl
o J satisfies (PS)¢ in H}(Q)C for all

c< <min#Gx> Coo-

xeQ)

Theorem (minmax)

Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢

for all ¢ < supy J, then J has at least dim(W) pairs of
critical points u in H} (Q)C°.
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The proof

Theorem (minmax)

Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢
for all ¢ < supy, J, then J has at least dim(W) pairs of
critical points u in H} (Q)C¢.
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The proof

Theorem (minmax)

Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢

for all ¢ < supy, J, then J has at least dim(W) pairs of
critical points u in H} (Q)C¢.

e Step 1: Define ¢, = {1n(T, D).
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The proof

Theorem (minmax)

Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢

for all ¢ < supy, J, then J has at least dim(W) pairs of
critical points u in H} (Q)C¢.

e Step 1: Define ¢, = {1n(T, D).

e Step 2: Given Q) D D, Q) is G-invariant under a closed
G CT and

Lnelg#Gx >l
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Theorem (minmax)

Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢
VDG5S for all ¢ < supy, J, then J has at least dim(W) pairs of
critical points u in H} (Q)C¢.

e Step 1: Define ¢, = {1n(T, D).

e Step 2: Given Q) D D, Q) is G-invariant under a closed
G CT and
min #Gx > £,
xeQ)

o find W, C H}(Q)®, s.t.

dim(W,) =m & supJ < e + €,
W
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Theorem (minmax)
Let W be a linear subspace of H} (Q)¢. If J satisfies (PS)¢

VDG5S for all ¢ < supy, J, then J has at least dim(W) pairs of
critical points u in H} (Q)C¢.

Step 1: Define ¢, = (T, D).

Step 2: Given Q D D, Q) is G-invariant under a closed
G CT and

Lnelg#Gx >l

find W, C H3(Q)®, s.t.

dim(W,) =m & supJ < e + €,
W

for € small enough, so that ¢,,ceo + € < (Minyeq #GX) Coo.



The proof
e Step 1: Define {;, = ¢, (T, D).

«O>r «Fr <
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The proof
e Step 1: Define £, = £,,(T, D).

o P1(D) := set of all T-invariant subdomains of D,

Pm(D) := {(D1,..,Dm) : D; € P1(D), D;N\D; = D if i # j}
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e Step 1: Define £, = £,,(T, D).

o P1(D) := set of all T-invariant subdomains of D,

The proof

Pm(D) := {(D1,..,Dm) : D; € P1(D), D;N\D; = D if i # j}

Nonexistence

Existence

* wp, := least energy I'-invariant solution to (o« p,).
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e Step 1: Define £, = £,,(T, D).

o P1(D) := set of all T-invariant subdomains of D,

The proof

Pm(D) := {(D1,..,Dm) : D; € P1(D), D;N\D; = D if i # j}

Nonexistence

Existence

* wp, := least energy I'-invariant solution to (o« p,).
[ ]

- inf{.mlJ(wDi) . (Di,....Dm) € Pm(D)}.

1=
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e Step 1: Define £, = £,,(T, D).

o P1(D) := set of all T-invariant subdomains of D,

The proof

Pm(D) := {(D1,..,Dm) : D; € P1(D), D;N\D; = D if i # j}

Nonexistence

Existence

* wp, := least energy I'-invariant solution to (o« p,).
[ ]

- inf{.mlJ(wDi) . (Di,....Dm) € Pm(D)}.

1=

o U= colem.



The proof
o Step 2: Define W, C H}(Q)°.

«O>r «Fr <
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v
a
it

DA



critical &
supercritical

Ménica Clapp

The proof

Nonexistence

Existence

The proof
o Step 2: Define W,, C H}(Q)°.
e Fore>0s.t. pceo + € < (Mingeq #G6x) Coo,
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The proof

o Step 2: Define W,, C H}(Q)°.
e Fore>0s.t. pceo + € < (Mingeq #G6x) Coo,

e choose (Dy, ...,

cm <

1

Its

D) € Pm(D) stt.

J(wp,) < cm+e="Lmceo + .
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The proof

o Step 2: Define W,, C H}(Q)°.
e Fore>0s.t. pceo + € < (Mingeq #G6x) Coo,

e choose (Dy, ...,

cm <

e and define

1

Its

D) € Pm(D) stt.

J(wp,) < cm+e="Lmceo + .
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Nonexistence

Existence

The proof
o Step 2: Define W,, C H}(Q)°.
e Fore>0s.t. pceo + € < (Mingeq #G6x) Coo,
e choose (Dy,...,Dm) € Pm(D) s.t.

cm <

Its

J(wp,) < cm+e="Lmceo + .

1

e and define
[ )

Wi, := span {wp, ..., wp, } C Hé(D)r'
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o Step 2: Define W,, C H}(Q)°.
e Fore>0s.t. pceo + € < (Mingeq #G6x) Coo,
i e e choose (D1,...,Dm) € Pm(D) s.t.
m

cm < ¥ J(wp,) < cmte="Lmceo + e
Nonexistence I:].
Existence

e and define

Wi, := span {wp, ..., wp, } C H§(D)".
e Since wp, and wp; have a.e. disjoint supports for i # j,
dim W,, = m,

and, since wp; lies on the Nehari manifold,

m
supJ < J(WD,-) < lmceo + €. O
W =1
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The proof

e We have shown that in every dimension N there are many
P domains Q) in which (- ) has a given number of
Existence SOlUtiOnS,
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Conclusions

The proof

e We have shown that in every dimension N there are many
oot domains Q) in which (- ) has a given number of
Existence SOlUtiOnS,

e which are neither small perturbations of a given domain,
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Conclusions

The proof

e We have shown that in every dimension N there are many
R domains Q) in which (- ) has a given number of
Existence

solutions,

e which are neither small perturbations of a given domain,
e nor have only infinite orbits.
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The proof

Nonexistence

Existence

The critical case

Conclusions

e We have shown that in every dimension N there are many

domains Q) in which (- ) has a given number of
solutions,

e which are neither small perturbations of a given domain,
e nor have only infinite orbits.
Problem (open)

Does (go+.q) have multiple solutions in every domain with
nontrivial topology?
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The proof

The .
e Next we look at the supercritical problem

supercritical
problem

Nonexistence

Existence ( ) —Auy = |u|p_2 u in Q,
©p.0 u=0 on 0Q),

where
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The

supercritical

problem
Nonexistence
Existence

The supercritical problem

e Next we look at the supercritical problem
—Au=[ulf?u inQ,

(©.0) { u=0 on 00},

where
e O c RV is a bounded smooth domain, N > 3,
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The proof

The

supercritical

problem
Nonexistence
Existence

The supercritical problem

e Next we look at the supercritical problem

( ) —Au=[ulf?u inQ,
Pr.0 u=0 on 9Q),

where
e O C RV is a bounded smooth domain, N > 3,
e p > 2% is supercritical.
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Rabinowitz's question
The proof . . .
The e Pohozhaev 1965: If Q) is starshaped there is no nontrivial
supercritical H
e solution to (gp.0)-

Nonexistence
Existence
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supercritical

problem
Nonexistence

Existence

The supercritical problem

Rabinowitz's question

e Pohozhaev 1965: If () is starshaped there is no nontrivial
solution to (gp.0)-

e Kazdan-Warner 1975: If () is an annulus there are
infinitely many radial solutions.
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Rabinowitz's question
The proof . . .
The e Pohozhaev 1965: If Q) is starshaped there is no nontrivial
et solution to (gp.0)-
e e Kazdan-Warner 1975: If () is an annulus there are

Existence

infinitely many radial solutions.

e del Pino-Felmer-Musso 2003: Existence of multibubbles
for p > 2* but close enough to 2* in domains with a hole
and certain symmetries.
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Rabinowitz's question
The proof . . .
The e Pohozhaev 1965: If Q) is starshaped there is no nontrivial
el solution to (gp.0)-
e e Kazdan-Warner 1975: If () is an annulus there are

Existence

infinitely many radial solutions.

e del Pino-Felmer-Musso 2003: Existence of multibubbles
for p > 2* but close enough to 2* in domains with a hole
and certain symmetries.

Problem (Rabinowitz)

Is it true that, If H.(Q); Z./2) # 0, then (9p.0) has a
nontrivial solution?
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The proof

Nonexistence
Existence

The supercritical problem

Passaseo’s answer

Theorem (Passaseo 1995)
For each 1 < k < N — 3 there exists () such that

® Q) has the homotopy type of S,
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Passaseo’s answer

The proof Theorem (Passaseo 1995)
For each 1 < k < N — 3 there exists () such that

Nonexistence

i, ® Q) has the homotopy type of S,

2(N—K)

® (pp,0) has no solution for p > 2\ := J=5=3.
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The proof

Nonexistence
Existence

The supercritical problem

Passaseo’s answer

Theorem (Passaseo 1995)
For each 1 < k < N — 3 there exists () such that

® Q has the homotopy type of S,

2(N—k)
N—k=2"
® (pp.0) has infinitely many solutions for p < 25 k-

® (pp,0) has no solution for p > 2} :=
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The proof

Nonexistence
Existence

The supercritical problem

Passaseo’s answer

Theorem (Passaseo 1995)
For each 1 < k < N — 3 there exists () such that

® Q has the homotopy type of S,

2(N—k)
N—k=2"
® (pp.0) has infinitely many solutions for p < 25 k-

® (pp,0) has no solution for p > 2} :=

2(N — k
Nk = l\/(—k—)2 = (k+ 1)-st critical exponent.
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Passaseo’s example

Introduction

The critical Passaseo’s domains are
case
The proof
e k+1 N—k—1 .

. Q:={(y,z) e R“"* xR :(ly],z) € B}
supercritical
problem ) ) ) Ne—k—1 i i
e where B is a ball contained in (0,00) x R with center in
Existence 0 0}
The end ( 'Oo) X { .

RN-k-1

~ |

u]
o)
I
i
it
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Existence at higher critical exponents

e Wei-Yan 2011: Constructed infinitely many positive
S solutions for p = 27\/’,(, N > 5, in domains () of the form

Q:={(y,z) e R x RV=*"1: (|y|, 2) € ©},

Nonexistence

Existence where @ C (0, o) x RN=%=1 has a particular shape:

L
L 4

N-k-1

AN
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The supercritical problem

A geometric nonexistence condition

e ® C (0,00) x RV=%=1 is doubly starshaped if there exist
two numbers 0 < tg < t; such that
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The proof

Nonexistence
Existence

The supercritical problem

A geometric nonexistence condition
e ® C (0,00) x RV=%=1 is doubly starshaped if there exist
two numbers 0 < tg < t; such that
o t € (tg, t1) for every (t,z) € O,



critical &
supercritical

onien @ The supercritical problem

A geometric nonexistence condition
e ® C (0,00) x RV=%=1 is doubly starshaped if there exist
S— two numbers 0 < tg < t; such that

o t € (tg, t1) for every (t,z) € O,

e O is strictly starshaped w.r. to ¢y := (tp,0) and
Nonexistence
Existence Cl = (t]_, 0)

N-k-1

Xo X1
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Nonexistence
Existence

The supercritical problem

A nonexistence result

Theorem (C.-Faya-Pistoia, preprint 2012)

If® C (0,00) x RV=%=1 js doubly starshaped, 0 < k < N — 3
and

Q:={(y,z) e R x RV=*"1: (|y|,2) € @},

then problem (pp, ) does not have a nontrivial solution for
p > 2}y and has infinitely many solutions for p € (2,2} ).
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A further nonexistence result

o Perhaps if A.(Q); Z) is richer (pp ) won't have a
nontrivial solution ...

Theorem (C.-Faya-Pistoia, preprint 2012)

Given k=ki+---+ kyn <N —3 and e > 0 there exists a
domain Q) ~ Skt x ... x Skm in which problem (p, ) does
not have a nontrivial solution for p > 2*,‘\”( + ¢ and has
infinitely many solutions for p € (2,2} ).
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o Perhaps if A.(Q); Z) is richer (pp ) won't have a
nontrivial solution ...
Theorem (C.-Faya-Pistoia, preprint 2012)

Given k=ki+---+ kyn <N —3 and e > 0 there exists a
domain Q) ~ Skt x ... x Skm in which problem (p, ) does
not have a nontrivial solution for p > 2*,‘\”( + ¢ and has
infinitely many solutions for p € (2,2} ).

e In particular, if all k; = 1, then () ~ Sl x...x8!and

cup-length(QQ) = k+1,
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The proof

Nonexistence
Existence

The supercritical problem

A further nonexistence result

o Perhaps if A.(Q); Z) is richer (pp ) won't have a
nontrivial solution ...
Theorem (C.-Faya-Pistoia, preprint 2012)

Given k=ki+---+ kyn <N —3 and e > 0 there exists a
domain Q) ~ Skt x ... x Skm in which problem (p, ) does
not have a nontrivial solution for p > 2}, , +¢& and has
infinitely many solutions for p € (2,2} ).

e In particular, if all k; = 1, then () ~ Gl x ... xSl and
cup-length(QQ) = k+1,

e i.e. there are k cohomology classes in H!(Q); Z) whose
cup-product is not zero.
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Introduction

e Our domains are of the form

The critical
“The oo QO = {(y....y™z) e RbOT x ... x Rknt1 5 RN=K=m
3Vuhpebelrcritical : (|y1|v--'1|ym’12) S B}
problem
Nonesistence where B is a ball in (0,00)™ x RN=%¥=™ with center in
The end (0, oo)m X {O},
RN»k-m
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Nonexistence
Existence

The supercritical problem

A further nonexistence result
e Our domains are of the form
O = {(yl,...,y’",z) c RAFl x ... x Rkmtl 5 RN—k=m
: (!yl},...,]y’"] ,z) € B}

where B is a ball in (0,00)” x RV=%=™ with center in
(0,00)" x {0},

N-k-m

e whose radius becomes smaller as ¢ — 0.
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The supercritical problem
The ingredients of the proofs

e We use a Pohozhaev-type identity due to

e Pucci-Serrin, 1986: If u € C?(Q) NC(Q) is a solution
of (ppa) and x € CL(Q, R"), then

3 10 v de = [ @) |3 1ul? = 519 o
+/Q(dx V], V) dx

where v is the outward pointing unit normal to d(),
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e We use a Pohozhaev-type identity due to

e Pucci-Serrin, 1986: If u € C?(Q) NC(Q) is a solution
of (ppa) and x € CL(Q, R"), then

3 10 v de = [ @) |3 1ul? = 519 o
+/Q(dx V], V) dx

where v is the outward pointing unit normal to d(),

e and we choose a vector field s.t.
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The ingredients of the proofs

e We use a Pohozhaev-type identity due to

e Pucci-Serrin, 1986: If u € C?(Q) NC(Q) is a solution
of (ppa) and x € CL(Q, R"), then

3 10 v de = [ @) |3 1ul? = 519 o
+/Q(dx V], V) dx

where v is the outward pointing unit normal to d(),
e and we choose a vector field s.t.
e divy = N —k,
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The proof

Nonexistence
Existence

The supercritical problem
The ingredients of the proofs

e We use a Pohozhaev-type identity due to

e Pucci-Serrin, 1986: If u € C?(Q) NC(Q) is a solution
of (ppa) and x € CL(Q, R"), then

3 10 v de = [ @) |3 1ul? = 519 o
+/Q(dx V], V) dx

where v is the outward pointing unit normal to d(),
e and we choose a vector field s.t.

o divy = N —k,
e + other convenient properties.
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The supercritical problem

e We believe the following to be true:

Two questions
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The proof

Nonexistence
Existence

The supercritical problem

Two questions
e We believe the following to be true:
Problem (open)

If® C (0,00) x RN"k~1 js starshaped w.r. to the point in
(0,00) x {0} N ® which is closest to the origin, is it true that
problem (pp, ) does not have a nontrivial solution in

Q:={(y,z) e Rt x RV=*"1: (|y], 2) € ©}

forp > 2 .7

N-k-L
R

7

P
@
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Two questions

e The last theorem says nothing about p € [2’;\,’,(, 2’,"\/’,( +e),

Nonexistence e and, in particular, about p = 2}, .

Existence
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Nonexistence
Existence

The supercritical problem

Two questions

e The last theorem says nothing about p € [2}, ., 2} , +€),

e and, in particular, about p = 2}, .

Problem (open)
Are there domains Q) such that

cup-length(Q) = k+1,

in which problem (p, ) does not have a nontrivial solution for
p > 2)y . and has infinitely many solutions for p € (2,2} ,)?
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Some recent perturbative existence results:

e del Pino-Musso-Pacard, 2009: Solutions for
p = 2) ; — € concentrating at a boundary geodesic as
¢ — 0 in certain domains.
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boundary as ¢ — 0.
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The supercritical problem

Existence at higher critical exponents

Some recent perturbative existence results:

e del Pino-Musso-Pacard, 2009: Solutions for
p = 2)y ; — € concentrating at a boundary geodesic as
¢ — 0 in certain domains.

 Ackermann-C.-Pistoia: Solutions for p = 23, , —¢
concentrating at k-dimensional submanifolds of the
boundary as ¢ — 0.

e Kim-Pistoia: Solutions for p large concentrating at
(N — 2)-dimensional submanifolds of the boundary as
p — —+oo.
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The proof

Nonexistence
Existence

The supercritical problem

Existence at higher critical exponents

Some recent perturbative existence results:

e del Pino-Musso-Pacard, 2009: Solutions for
p = 2)y ; — € concentrating at a boundary geodesic as
¢ — 0 in certain domains.

 Ackermann-C.-Pistoia: Solutions for p = 23, , —¢
concentrating at k-dimensional submanifolds of the
boundary as ¢ — 0.

e Kim-Pistoia: Solutions for p large concentrating at
(N — 2)-dimensional submanifolds of the boundary as
p — —+oo.

e Wei-Yan, 2011: Positive multipeak solutions for
P =2y
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Existence
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The proof

e Next we prove existence in domains arising from the Hopf
fibrations.

Nonexistence

Existence [ ] H: N = 4-, 8, ]_6 then RN: IK X I[<|
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Existence via the Hopf fibrations

The proof

e Next we prove existence in domains arising from the Hopf
fibrations.

Nonexistence

Existence [ J If N = 4-, 8, ]_6 then RN: IK X K.

e where K is either the complex numbers C, the quaternions
H or the Cayley numbers O.
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Nonexistence
Existence

The supercritical problem

Existence via the Hopf fibrations

e Next we prove existence in domains arising from the Hopf
fibrations.

o If N=14,8,16 then RV=K x K,

e where K is either the complex numbers C, the quaternions
H or the Cayley numbers O.

e The Hopf map m: RN = K x K — K x R = RIN/2)+1,

n(z1, ) = (2z120, |21!2 — \Z2|2),
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The proof

Nonexistence
Existence

The supercritical problem

Existence via the Hopf fibrations

Next we prove existence in domains arising from the Hopf
fibrations.

If N =4,8,16 then RV=K x K,

e where K is either the complex numbers C, the quaternions
H or the Cayley numbers O.

The Hopf map m: RN = K x K — K x R = RIN/2)+1
m(z1,2) = 272, |a| - |2/),

is a harmonic morphism.
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The supercritical problem

Harmonic morphisms

e Let (M, g) and (N, ) be Riemannian manifolds,
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The proof

e Let (M, g) and (N, ) be Riemannian manifolds,
U e 71: M — N be a smooth map,

Existence
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Harmonic morphisms

The proof

e Let (M, g) and (N, ) be Riemannian manifolds,
U e 71: M — N be a smooth map,

Existence

e and v : U — IR be defined on an open subset U of N.
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The supercritical problem

Harmonic morphisms

Let (M, g) and (N, h) be Riemannian manifolds,

7t : M — N be a smooth map,

and v : U — R be defined on an open subset U of N.
Define u:=vom: n }(U) = R.
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Harmonic morphisms
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The proof

Let (M, g) and (N, h) be Riemannian manifolds,
7t : M — N be a smooth map,

Nonexistence
Existence

and v : U — R be defined on an open subset U of N.

Define u:=vom: n }(U) = R.

Is there a simple relationship between

Apu and Ayv?
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e A smooth map 7t : M — N is a harmonic morphism with
dilation A : M — [0, 00) if
A (vom)(x) = A%(x) [(Anv)(7(x))]
Noneriience for each function v : U — IR defined on an open subset U
Frstence of Nst. m1(U) # @.

The proof
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The proof
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Existence

The supercritical problem
Harmonic morphisms
e A smooth map 7t : M — N is a harmonic morphism with
dilation A : M — [0, 00) if
Aum(vom)(x) = A%(x) [(Awv)(7(x))]
for each function v : U — IR defined on an open subset U
of Nst. m1(U) # @.
Example

A Riemannian submersion 77 : M — N s.t. the mean curvature
of each fiber 771(y) in M is zero is a harmonic morphism.
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The proof

Nonexistence
Existence

The supercritical problem

Harmonic morphisms
e A smooth map 7t : M — N is a harmonic morphism with
dilation A : M — [0, 00) if
Aum(vom)(x) = A%(x) [(Awv)(7(x))]
for each function v : U — IR defined on an open subset U
of Nst. m1(U) # @.
Example

A Riemannian submersion 77 : M — N s.t. the mean curvature
of each fiber 771(y) in M is zero is a harmonic morphism.

Example
The Hopf maps m: RV = K x K — K x R = RIN/2)+1 5re
harmonic morphisms with dilation

A, y) =\ 2(|x]* + ).



critical &
supercritical

onien @ The supercritical problem

A comparison result

The proof

e Proposition. Let N =4,8,16, U be a domain in
RWV/2)+1 st 0 ¢ U. If v solves

Nonexistence

Existence R -2 H
(0" ) —Av = ﬁ|v|p v in U,
p: v=20 on U,



critical &
supercritical

Ménica Clapp

The proof

Nonexistence
Existence

The supercritical problem

A comparison result

e Proposition. Let N =4,8,16, U be a domain in
RWV/2)+1 st 0 ¢ U. If v solves

) .
(0" ) —Av = ﬁ|v\p v in U,
P v=0 on U,

e then u:= vo7ris a solution of

( ) —Au=ulP?u inQ:=nmY(U),
.0 u=2~0 on 0Q),

where 77 : RV — R(NV/2)+1 s the Hopf map.



The supercritical problem

e Let N =4, 8, 16.

An existence result
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The proof

Nonexistence

Existence

The supercritical problem

An existence result

o Let N =48, 16.

e Fix a bounded domain D in R(N/2)+1 jnvariant under
Irc O(% + 1) s.t. every I'-orbit in D is infinite.
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The proof

Nonexistence
Existence

The supercritical problem

An existence result

e Let N =4,8,16.
e Fix a bounded domain D in RN/2+1 jnvariant under
Irc O(% + 1) s.t. every I'-orbit in D is infinite.
Theorem (C.-Faya-Pistoia, preprint 2012)

There exists ({,,) nondecreasing, depending only on T and D,
s.t.. If U D D is invariant under a subgroup G of I' and

. (N/2)-1
min (#Gx) || > U,

then, for p = 2}, (N/2)-1 problem (pp.0) has m pairs of

solutions Fuy, ..., *uy in Q:= 7 (U), vy is positive and
u, ..., um change sign.
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An example

S Example
Fix D:=torusin R3=C xR, T := S0(2).
U e U := "punk" torus in R3:

Existence
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An example

S Example
B
Fix D:=torusin R3=C xR, T := S0(2).
U e U := "punk" torus in R3:
Existence

e Then Q= U x S C R%,
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An example

Example
Fix D:=torusin R3=C xR, T := S0(2).

The proof

U e U := "punk" torus in R3:

Existence

e Then Q = U x S! ¢ R*,

e and we obtain m pairs of solutions to problem (g, ) in
Q) for p = 6.
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The proof

Nonexistence
Existence

The end

Thanks

Thank you very much for your attention!
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