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1 Introduction

Nonlinear elliptic equations arise in many different places in both pure and applied mathematics. In
particular, the so-called reaction-diffusion equations (and then systems) have been studied in the last forty
years as mathematical models for applications: chemical reactions, combustion, mathematical biology
(mostly Lotka-Volterra systems), nerve impulses (Fitzhugh-Nagumo), genetics, and so on. In many of
these reaction-diffusion models its formulation makes a distinction between the positive and negative
parts of the reaction term. So they are formulated in terms of the simple equation
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where ) is a bounded domain in R, A is the Laplacian modeling linear diffusion and f(z,u) and g(z,u)
are possibly nonlinear and non-negative functions modeling, respectively the exo-thermic (or sourcing)
and endo-thermic (or absorption) reaction term, with the usual notation for models in chemical reactions.
In most of the cases the unknown corrresponds to a “physical” magnitude which is not meaningful for
negative values: so that, in the following we shall be only interested in non-negative solutions u(z) > 0
on 2. Usually f(z,0),g(x,0) > 0, however, the case of f,g not “clearly” defined at u = 0, for instance
either f(z,0) or/and g(z,0) going to 400 when u > 0 goes to 0 is still interesting in several applications
(non-Newtonian fluids, chemical reactions, nonlinear heat equations) and has been widely studied from
two important papers by Crandall, Rabinowitz and Tartar [15] and Stuart [49] around 1977. We also
mention now (but we shall present more details later) cases in which f or/and g are discontinuous (or
even multivalued) at u = 0 but their directional limit, as v > 0 goes to 0, is finite: it corresponds, for
instance, to the so called “obstacle problem", the zero order reaction problem, and so on.
Maybe the simplest case of the above class of problems (1.1) corresponds to the formulation

(1.1)
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when f(x) > 0 in € is a prescribed function.
For problem (1.2) it is well known (see, e.g. [9]) that
i) there at most one solution u > 0.



Moreover by the Strong Maximum Principle (see, e.g. [45]) it is well known that

ii:a) u >0
and

ii:b) Ou/On < 0 on 0f), where n is the outside normal derivative.

Properties i) and ii) remain valid for a large class of nonlinear choices of f(z,u) and g(z,u). If for
instance we assume f(z,u) = f(x) and g(z,u) = u® for some 3 > 1 then the properties remain true even
if f € L'(Q) and even under the more general (and optimal if f € L}, .(Q)) class of functions f € L' (£, d),
where d(x) is the distance to the boundary 09 (see [12] and [21]). A different case in which the simple
properties i) and ii) remain true is for the singular problem

—Ay = M2 in O
Plah) { u=20 on 99, (13)

where 0 < o and h(z) > 0 is smooth in 2 .

Since the results on P(«, h) are more scattered in the literature it seems interesting to make some
more detailed comments on them, also since they will be of some relevance in other sections of this paper.
Since it is clear that solutions cannot be C2(€2), the best regularity one could expect is C1*(Q) for some
0 < k < 1. Then it seems natural to look for classical solutions in the space C?(Q) N C(Q). It is still
reasonable to consider weak solutions in the Sobolev space HE (). Actually, a result due to Lazer and
McKenna [41] says that a classical solution is in H}(Q) if and only if 0 < o < 3. The first existence,
uniqueness and regularity results for the model problem were proved in [15] and [49], where the regularity
results were not always optimal. General regularity results for the model problem were obtained by Gui
and Hua Lin [33]. These results can be summarized as follows (although some more general results could
be also mentioned as well): for any a > 0 there exists a unique solution u > 0 in C?(Q)NC(Q) of problem
P(a,h) for h = 1. Moreover a) If 0 < a < 1, then u € CH'~%(Q), b) if a > 1, then u € C?/(®+1)(Q) and
¢) If a =1, then u € C%(Q) for any § € (0,1) but u ¢ C* ().

For problem P(«,h) it is easily seen that once that w > 0 then necessarily v > 0 (see below). This
follows from the extension to singular problems of the Strong Maximum Principle (see [37], [50]). The
case in which h(z) is also a singular function of the distance to the boundary has been also treated in
the literature (see, e.g. [36], [31], [28] and their references).

Coming back to the general introduction of this paper, we can say now that our main interest in the
rest of the paper concerns the consideration of problems P(f, g) for which properties i) or/and ii) are not
satisfied and then one may have
i*) more than one positive solution u > 0
or/and
ii*:a) solutions vanishing in a positively measured subset of €.
or/and
ii*:b) solutions u > 0 but such that du/dn = 0 on part of IN.

In a large sense we can call free boundary solutions those which satisfy ii*:a) or ii*:b. One typical
example concerns the case of non-negative solutions having compact support contained in 2, i. e.,
solutions u > 0 which are zero on subdomains of positive measure in {2, the boundaries of these domains
are called free boundaries. For some general references on this subject see, e.g. the books [18] and [1], and
the references in [20]. Among the many cases of “nonmonotone problems” (in the espirit of Chapter 3
of [18]) leading to such type of properties we shall pay a special attention to problems involving singular
coefficients or/and nonlinear terms (for general aspects on singular problems see [36] and [32]).

We will consider first problem

) —Au+ L =XNf(z) nQ
u =0 on 01,

where 0 < a (mainly « < 1) and f > 0, and also

—Au + u% = \uP in Q
() { u=20 on 01,



with 0 < « (mainly @ < 1) and 0 < p < 1. The reader could have noticed that we are making use of
the same exponent « in different terms of the equations and so obeying to different purposes: the only
reason to maintain such small confusion is that we prefer to use a notation for the nonlinear terms as
close as possible to the original one used by most of the authors which are mentioned in the text. We
point out that in order to get the existence of free boundary solutions the singular term 1/u® must be
replaced by the expression x(,~0y1 Ju® where, in general, x,, denotes the characteristic function of the
set w C €. Notice that if © > 0 then both expressions coincide.

Maybe one could think, naively, that for f = 1, problem (II) "tends" in some sense to problem (I)
when p > 0 goes to 0. We will come back to this question later. A variant to problems (I) and (I1) is
the following

—Au = K(z)(\uf —u®) in Q
(111) { u=0 on 0N2.

Here K (z) = 1/d(x)* with 0 < k <2 and 0 < a < 8 < 1. For K = 1 we recover problem (I1).

Recently, in [26] Diaz and Rakotoson produced some new results concerning the regularity of very
weak solutions to linear elliptic equations were obtained, showing in particular that the gradients are
in some Lorentz-Sobolev space and extending in this way previous work by H. Brezis and other people
(see, e.g. [9], [26] and their references). These results were applied in [27] to semilinear elliptic problems
and in [21] (see also [47] and [28]) to the above model singular problem P(a, h), obtaining existence and
regularity for equations even with very irregular coefficients h(z) above. The same kind of ideas are
applied in [22] to problems (I) and (I1).

In Section 2 we collect known results for both problems (I) and (II) giving only slight information
on the different methods of proof. We emphasize the role of compact support solutions. In Section 3 we
deal with problem (II7) in the same way. In Section 4 we provide an approach (see [20]) which allows to
deal, in the one-dimensional case, with both problems (I) and (II) in a unified way, and is applicable to
the quasilinear p—Laplacian as well. Finally, in Section 5 we present a short list of some interesting open
problems in the theory. Again, they concern principally the possible multiplicity of positive solutions and
of free boundary solutions in general domains in RY for N > 1.

2 Problems (I) and (II): existence and multiplicity of solutions.

Before considering different results in the literature on problem P(f,g) and its special formulations
mentioned above, let us recall that we use the terminology of weak solution if, at least, u € VVO1 ’1(Q)7
flx,u) — g(z,u) € LY(Q) and for any ¢ € W, () we have

[ Vu@) Vet = [ (#(ou(@) - glou(@))()ds.
Q Q

The weaker notion of very weak solution of problem P(f,g) concerns the case in which we merely require
that u € LY(Q), f(x,u) — g(z,u) € LY(Q,d) and

/ w(@) A (x)de = / (f(,u(@)) — g(z, u()))((2)dr,
Q

Q

for any ¢ € W, () N W2>(Q). Notice that in the case in which g(z,u) = X{u>o0y1/u® we shall
understand that

[ i@,
[ ot @@= [

(and analogously if f(z,u) involves a term of this type).




Other notions of solution (as, for instance the so called renormalized or entropy solutions) could be
also recalled here but we shall avoid such technical details for the moment. Another important class
of solutions concerns the case in which problem P(f,g) can be understood in a weak sense related to
the Calculus of Variations: we say that u is a variational solution of P(f,g) if u € Wy *(Q)(= H{ (),
F(z,u) — G(z,u) € L*(Q) and u is a stationary point of the functional

J(v) = %/Q\Vv(:c)|2d:c—/QF(x,v(x))da?—&-/QG(af,v(at))dx,

where

F(z,r) = / f(z,0)do and G(z,r) = / g(z,0)do.
0 0
Notice that, if for instance, g(x,u) = X{,50y1/u® with 0 < a <1 then

(—a+1)

——— a.e. x € (.
U(.’L‘)O‘_l

G(ZE, IU(:E)) = X{v>0} (1’)

The adaptation of the above notions to the case in which f or/and g are discontinuous (or even multi-
valued) at w = 0 but their directional limit, as u > 0 goes to 0, is finite (e.g., the “obstacle problem" or
the zero order reaction problem) will be commented later.

Now we pass to mention to some of the results in the literature:
Existence for (I): It was proved by Diaz, Morel and Oswald [24] that for « € (0,1) there exists A* > 0
such that for any A > \* there exists a maximal positive solution uy > 0 in the Sobolev space H}(€2).
This result was obtained by using a method of sub and supersolutions adapted to this case. It is easy
to show that there are no solutions for A > 0 small enough, but it remains the problem of the possible
existence of more solutions, either positive or with compact support. This result was extended later
for general f’s, actually for f’s behaving like d(x)? for 0 < 3 < 1 (also for a € (0,1)), where d(z) is
the distance to the boundary 92 in [38] (see also [46] for some related results concerning the parabolic
associated problem).

It was shown in [13] that « € (0, 1) is a necessary condition in order to have existence of a weak solution
u (i.e., such that & € L'()). Estimates on the boundary behavior of the minimal weak solution in the
one-dimensional case were obtained in [20] (see (4.10) below). Recently we improve these results in [22]
in the sense that when « € [1,2) there exists a very weak solution (i.e., such that —= € L*(2, d) although
L ¢ L'(2)). Moreover the estimates 4.10 are preserved in the one-dimensional case. We also show in
[22] that no very weak solution exists if a > 2.

A® A
Multiplicity for (I): Choi, Lazer and McKenna [13] treated the very simple case f =1, Q = (—1,1).
They obtained, by using ODE methods a maybe surprising result: there are values of A > 0 such that
there is exactly one positive solution for « = 1/2 and at least 2 for 0 < o < 1/3. It is pretty obvious
that it is also a partial result. Some time later a complete answer was given by Horvdth and Simon [39]
showing that for some A’s there is exactly one solution for 1/2 < a < 1 and exactly 2 for 0 < a < 1/2.

Existence for (II): We have the following results.



a) Shi and Yao [48] proved that there exists A* > 0 such that for all A > A" there exists a maximal
solution uy > 0, which is obtained this time by approximating the singular problem by a regular one to
which well-known techniques (e. g., sub and supersolutions) can be applied to get a unique solution to
the approximate problem and then pass to the limit to obtain a solution of the original singular problem.
Once again, there is no solution for small A.

b) Dévila and Montenegro [16] obtained some time later a related result with the formulation involving
the term X,50y1/u® (instead of merely 1/u®), this time by using variational methods for the associated
functional in H}(2). They prove that for any A > 0 there exists a maximal solution uy > 0 and there
exists a A* > 0 satisfying
i) If A > A", then uy > 0.

i) For A = A", uy > 0 and u € C'17a (Q).
i) If 0 < A < A", then uy = 0 on A C Q, where |A| > 0.
It is possible to show that in case iii) A = Q if Q is the ball Br(0).

¢) Finally, the same result of i) was obtained in a more general framework and by using a completely
different technique in [38]: by a change of variable, the problem was reduced to one such that the Implicit
Function Theorem (see [37], [36]) could be applied, providing in this way a branch of positive solutions
by continuation arguments.

Multiplicity for (II):

a) Ouyang, Shi and Yao [44] studied the radial case Q@ = B,(0) for N > 1. They only consider
radial solutions but they notice that, since the famous Gidas-Ni-Nirenberg theorem is not applicable,
existence of non-radial solutions cannot be excluded. By employing the usual ODE methods they show
the existence of two values 0 < A* < A** such that for A\* < XA < \** there are two radial solutions u; and
ug verifying u; < ug and for A > \** there is only the solution uy. Moreover, there is a turning point for
A = \" and the normal derivative is < 0 along both branches but it turns out that duy »/On [x= =+ = 0.
Otherwise stated, the solution branch "lives" in the interior of the positive cone all the time but the lower
branch "hurts" the boundary for A = A\**. Here we have a complete description of radial solutions, and
we may ask why the branch "stops" at the value A = \**.

}\* }\* *

b) In [19] Dfaz and Herndndez treated the one-dimensional problem

o a _ o B = (—
{ v 4+u* = P inQ=(-1,1), (2.4)

u(£1) =0, )

where the condition 0 < a < 8 < 1 is satisfied. One can see that this nonlinearity is not singular but it
is not locally Lipschitz close to the origin, which is the main necessary condition related with existence
of free boundaries. See the book [18] and the recent paper [20] for more details on these matters. They
obtain the same result of part a) concerning positive solutions, but also an additional result answering one
of the above questions. Starting from the positive solution having zero boundary derivative in the lower
branch it is possible to produce infinite continua of compact support solutions which, since they have
zero boundary derivative, are solutions of the equation on the whole real line. A complete description of
these continua is given in [19].



A* AF*

Concerning stability of solutions considered as stationary solutions of the associated parabolic prob-
lem, one could think that maximal positive solutions are actually (linearly) stable. For this matter see
[7], [16], [38] and [46]). Periodic-parabolic problems with the same non-singular nonlinear terms were
studied in [34] (concerning free boundary periodic solutions see, e.g., [4], its references, and [29]). We
mention here that the stability (even the continuous dependence) of free boundary solutions (in the sense
of having also the stability of the associated free boundaries) is a quite complicated task where many
counterexemples may arise (see, e.g., the recent paper [23] and its references).

3 Existence of positive and compact support solutions to prob-
lem (I17)

Now we pass to problem
~Au = K(z)(Ouf —u®)  inQ,
u =0 on 0f,

with K(z) = 1/d(z)* with 0 < k < 2 and 0 < a < 3 < 1, hence the problem is not singular in u. This
problem was studied by Haitao in [35], where he proved the following results

i) If k — o < 1, there exists A* such that for all A > A\* there is a solution u) > 0 to (III) and there
is no solution for A small;

ii) If 1 < k — a < 2 there exists at least a solution with compact support.for all A > A\** for some
A™ > 0.
The results in i) were proved by using sub and supersolutions and then those in part ii) by combining
variational arguments for the associated functional in H} () with a compact support principle. Notice
that for K = 1 we have the problem (I7). This dichotomy can be understood also in the espirit of the
"balance between the data and the domain" which is also needed to have free boundary solutions, in a
bounded domain, in the monotone case (see Subsection 1.2b of [18]). We also mention that free boundary
solutions of singular higher order equations or systems can be studied with the help of energy methods
(see [1] and its references).

It seems releveant to mention here the case in which the boundary conditions are not homogeneous
as, for instance,

Notice that by making w = 1 — u we get to the formulation

(3.6)

—Aw=—f(z,1 —w)+g(z,1 —w) in Q
w =0 on Of).

In the special case of f(x,u) = 0 it is easy to see that 0 < u < 1 on 2, so that we can write problem
(3.6) in the form



(3.7)

—Aw + g*(z,w) = f*(z) in
w=0 on 0f).

with ¢*(z,w) = g(z,1)—g(x, 1 —w) and f*(x) = g(x,1). For instance, in the case of a-order endothermal
chemical reactions, g(z,u) = pu® and if a € (0,1), then we transform a concave non-Lipschitz function
at u = 0 into a convex non-Lipschitz function at w = 1. In fact, the free boundary (the boundary of the so
called "dead core") is transformed into the free boundary given as the boundary of the level set {w = 1}.
That was extensively used in the book [18] in order to derive many different qualitative properties of
solutions. We also send the reader to [18] for the detailed references of many papers in the literature
dealing with a—order reactions (Bandle, Sperb and Stagold, Diaz and Hernandez, Friedman and Phillips,
Caffarelli-Friedman, etc.). Many references dealing with the case in which the order of the reaction is
assumed to be negative can be found also there (see, in Subsection 2.3, the mention to the papers by Alt
and Phillips, Alt and Caffarelli, Giaquinta-Giusti, Brauner and Nicolaenko, Misiti and Guyot, etc.).

We prefer to drop of our presentation the case in which €2 is unbounded, as it is the case of = R¥,
The list of references coud be otherwise very long (see, for instance, the many references of the book [18]
and [14] to mention only two of them).

As extensively mentioned in [18], the diffusion operator can be replaced, for many different studies,
by a general linear second order elliptic operator (including , or not, some first order transport terms),
as well as by some quasilinear second order operators, possibly degenerated as the p-Laplacian operator
Apu = div(|Vu/""? Vu) with p > 1. For higher order operators some suitable energy methods replace
the role of the comparison principle as a fundamental tool to study free boundary solutions (see [1]). We
also mention here that for many different purposes the results valid for the zero-order nonlinear terms
f(xz,u) — g(x,u) can be extended to the case in which there is a explicit dependence on the gradient
f(z,u, Vu) — g(x, u, Vu). The detailed mention here to the extensive literature on this kind of quasilinear
equations would make this survey much less shorter than intended, so we limit ourselves to mention
here the series of papers [3] [2] and [8]. For multiplicity and free boundary solutions for a quasilinear
problem related to the clasical brachistochrone curve and fluid bridges see [25] and its references. As it is
well-known, such possible first order terms arise for the equation of an unknown transformation v = 1 (u)
where u verifies a problem in which the first order terms are absent (as, for instance problem P(f,g)).
For an instersting study relating the possible singularities of a quasilinear equation with free boundary
solutions of a problem of P(f, g) see [11]. Concerning free boundary solutions for quasilinear equations of
Hamilton-Jacobi type, without zero order terms see, e.g. [5], [45], [1], [6] and their references. A recent
paper concerning free boundary solution for Monge-Ampére equations is [17].

An interesting extension of problem (I171) to both the singular case and the p-Laplacian was recently
obtained by Giacomoni, Maagli and Sauvy [30]. They consider the problem

—Apu=K(z)(MP —u®)  inQ,
u=0 on 012,

under assumptions —1 < a < f <p—1,0 < k < p and look for weak solutions in the space Wolp(Q) N
L>°(Q). Actually, they prove an interesting regularity result, that solutions are in both cases in the space
C*°(Q),for some 0 < § < 1.

Concerning existence, there is still no solution for small A > 0 and

i) If K — « < 1, there exists A" such that for all A > A" there exists a positive solution u > 0;

il) If Kk — « > 1, it is proved that all solutions have compact support (Propositon 5.3 in [30]). Then
sufficient conditions are given for existence for A > \**, i.e. for some A\** > 0, in Theorem 2.2, either
l+a>pandl+a<k<24+aorlt+a>fandkel+a,l+(p@-1)(1+a)/(p—B8+a)).
Existence in part i) is proved by sub and supersolutions. In part ii) variational arguments are combined
with suitable truncations and compact support considerations.



4 Problems (/) and (/1) "unified". The one-dimensional case.

A unified treatment of both problems (I) and (II) was provided by Diaz, Herndndez and Mancebo in [20],
where they try to deal simultaneously with problems (I) and (I7), extend the results of Diaz-Hernandez
[19] to the singular case and generalize the above to the case of the p—Laplacian in the one-dimensional
case. We consider now the one-dimensional quasilinear boundary value problem

{ —(W/["P ) = f(u) in Q= (-1,1),
u(£1) =0,

where f satisfies
F(0+4) :=limsups—of(s) <0 (— oo is allowed),

There exists a ry > 0 such that f(ry) =0
and f(s) < 0ifse€ (0,rf) and f(s) > 0if s € (ry, +00),

F(u) = / f(s)ds > —oo for any u > 0,
0

limsups—o(pF(s) — sf(s)) =0,

There exists a rp > 1y such that F(rp) =0
and F(s) < 0ifse (0,7p) and F(s) >0if s € (rp,+00).

A particular case is our preceding example f(u) = Au® —u® with -1 <a<f<p—1(a=0and f =0
are included, see below). If p = 2 the condition reads —1 < a < 8 < 1.
If we define as above F(u) = ;' f(s)ds there are two different cases, namely:

s
d
/ W = 400, for some 0 > 0 small, (4.8)
o (—
or
0 dr
/ (=F(r))@+D/p < +o0, for some § > 0 small. (4.9)
o (—

In particular 0 < o < 5§ < 1 implies (4.8). More generally (4.8) holds if and only if —1/(p+1) < « (if p = 2,
a < —1/3, a exponent in Choi-Lazer-McKenna [13]) and also (4.9) holds if and only if —1/p+1 > o > —1.
Under assumption (4.9) we only obtain a partial result concerning multiplicity. To be more precise,
there exists 0 > 0 such that there is exactly one solution on the interval (—1, —1+ 4] and there are exactly
two solutions on (—1/p+1—4,—1/p+ 1). It is reasonable to guess that there should be a unique o*
such that there is only one solution on (—1, @*] and two on (a*, —1/p+1). We were unable to prove that
this happens in general, but this is the case if the condition § = 14 2« is satisfied. In this case we have
a* = —=1/(1+ p/2). In particular, for p = 2 we get a* = 1/2, another Choi-Lazer-McKenna exponent.
The following estimates on the boundary behavior of the minimal weak solution u; were obtained in
[20]
k|£1 — 2707 < uy(z) < k|£l — 2705 | for any z € (—1, 1), (4.10)

for some positive constants k and k.

We mention above the relationship which may be established between problems (I) and (I7) in the
sense that "it seems" that if p > 0 goes to zero, then problem (II) "tends" in some sense to problem
(I) if f = 1. However, one should notice that the limit when p > 0 goes to 0 of the nonlinear function
uP is not the constant function equals to 1 but the discontinuous function g such that g(0) = 0 and



g(s) = 1if s > 0. Then we have choosen to treat the problem corresponding to the associated maximal
monotone graph obtained by "filling the gap" at 0 by putting ¢g(0) = [0,1]. This allows to consider the
associated functional having this maximal monotone graph as its subdifferential and calculate as for the
cases studied before. We arrive to formulations of the type

H { —(J/ P2 u) + H(u) 3 )P in Q= (—1,1), (4.11)

P
M w(x1) =0

which "formally" coincide with problem (2.4) with & = 0. Here 0 < 8 < p — 1 and H(u) denotes the
maximal monotone graph of R? associated to the Heaviside function

1 if r >0,
H(ry=<¢ [0,1] ifr=0,
0 ifr<o.

The case of the multivalued equation —(|u/["~? «')’ + u® 3 AH (u) was also considered in [20]. We recall
that the obstacle problem corresponds to the maximal monotone graph of R? given by

0 if r >0,
H(r)y=< (-o00,0] ifr=0,
10) if r <0.

In the general case of a maximal monotone graph of R?, H(u), the notion of nonnegative strong solution
of problem Py, is introduced by requiring u € W3P(Q), u>0on Q uf e LHQ), (/)P ) € LYQ),
and —(|o/|P" 2 w') (2) + h(z) = Mu(z)? for ae. z € Q, for some h € L*(Q) such that h(z) € H(u(z)) for
a.e. x € Q (see [20] and its references).

5 Some open problems.

We have already mentioned several open questions in the preceding one-dimensional problem, but also
in Section 2. We now collect some other open problems concerning mostly the case of a general domain(
not a ball) for N > 1.

a) Recently Ilyasov and Egorov [40] have studied the problem

—Au +u® = P in Q,
u=20 on 0},

with 0 < @ < 8 < 1 as before. Now (2 is a star-shaped domain and the condition N > 2(1+«)(148)/(1—
a)(1 — pB) is also satisfied. Under these assumptions they prove, by using a combination of variational
and continuation arguments, together with Pohozaev identity, that for some \'s

i) there exists a solution wy > 0 such that Owy/dn # 0 on 0N

il) there exists a solution uy > 0 such that duy/On =0 on 9.

One could think that in the first case we actually have dwy/dn < 0 on 992 and in the second uy > 0.

We mention that cases in which the solution is u > 0 in §2 but with du/0n = 0 on a part of 9 can
be understood as solutions with overdetermined boundary conditions (see [10] concerning a formulation
close to problem (I)).

b) A related, but different approach, has been used recently by Montenegro [42] for problem (I1),
under the same assumptions on « and p. He considers for € > 0 the approximated smooth problem (with
0<qg<p)

{ —Au—l—ﬁ:)\u?’ in Q,
u=0 on 01,



and the associated functional on the Sobolev space HJ(f2). Then he proves that this functional has a
minimum u. > 0 and also a second critical point v, > 0 (obtained by using the Mountain Pass Theorem)
and that when e goes to 0 they tend to (again different) solutions u > 0 and v > 0. One can guess that
u > 0 and that maybe v has compact support, but this is not proved in the paper. In a more recent paper
[43] the authors employ a perturbation of domain technique and show that for A large there a unique (in
some class of functions) positive solution for p "small enough".

c¢) Concerning the results for problem (I1I) obtained by Haitao [35] and the generalization to the
p-Laplacian in [30], it would be interesting to know if there is more than one positive solution in the first
case k —a < 1 and if, also in this case, there are compact support solutions. Information on the structure
of the set of compact support solutions is interesting as well.

d) Multiplicity for other different diffusion operators (not only a general linear second order operator
or the p-Laplacian operator, but other nonlinear operators of Hamilton-Jacobi type, Monge-Ampére,
bi-Laplacian, nonlinear systems, Schroedinger systems, etc.)

e) Presence of measures at the equation (not only as a sourcing data but also as coefficients of zero
order terms,...)
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