MAT 238 Fall 2005 Derivatives

Instructor: Nandor Sieben
e-mail: nandor.sieben@nau.e
http://jan.ucc.nau. edu/an46/238/238 html

Office: AMB 175
Hours: MWF 10:05—11:05 MW 1:35-2:35

Limits of f : R?> = R

- Definition: limg ) (ap) f(2,y) = Lif[f(z,y) — L| — Oas|(z,y) — (a,b)] =
Vo —a + (y—b)?

- Continuous funtions: if f is continuous (for example a rational function) then
lim(w,y)*(a,b) f(x7 y) = f(a7 b)

- Squeeze theorem: f(z,y) — L if |f(z,y) — L| < g(z,y) — 0 for some g(x,y)

- lim,, ) (a,p) f(7,y) does not exist: if there are ¢, : R — R? such that lim; ¢ q(t) =
(a,b) = limy_or(t) and lims_o f(q(t)) # lim—q f(r(t))

Partial derivatives of f:R" =R

- Notation: 5y f(x y) = fy(z,y) = fa(z,y) = Dy f(z,y) = Daf(x,y)

- Definition: fy(x,y) = limj,_o flzy+ ]1 f(z.y)

Derivative

- Notation: f:R"™ — R™, z = (21,...,2,),a = (a1,...,a,) € R"

- Meaning: f’(a) : R™ — R™ is a linear functional that gives the change in the output of the
local linearization of f at a

- Change in the output of a function: f(z) — f(a) ~ f'(a)(z — a)

Jacobian matrix

Difi(a) -+ Dnfi(a)

- Formula: Jf(a) = : :
lem(a) anm(a)

- Meaning: the matrix representation of the derivative

Usages [0 ) = I1(a)- (37

Chain rule h(a) = f(g(a))

- Function form: h/(a) = f'(g(z) o ¢’

- Matrix form: Jh(a) = Jf(g(a)) - Jg(a)

- Special case R-5R> LR« 1(t) = F2(9(6)g} (1) + £,(9(2))gh(1)

Directional derivative of f : R? — R

- Definition: D, f(z,y) = & f(g(t)) where g(t) = (z,y) + tu
- Formula: D, f(z,y) =V f(z,y)-u

- Partial derivatives are special cases: f,(z,y) = D;f(z,y)

Gradient vector

- Definition: Vf(x,y) = (2 f(z,9), 2 f(x.y))
- Direction of the gradient: gives the direction of the fastest increase

- Length of the gradient: gives the rate of the fastest increase

- Maximum directional derivative: D, = |V f(z,y)| when w,,,, = é;gi’%

- Vf(z,y) is L to the level curve containing (x,y)
- Vf(z,y,z) is L to the level surface containing (z,y, 2)
- Normal vector of the tangent plane of f: R* — R: (fz(x,y), fy(z,y),—1)



Extreme values of f : R? — R

- Critical point (a,b): if either f;(a,b) = 0 = f,(a,b), or one of the partial derivatives f;(a,b)
and fy(a,b) does not exist

- Local extrema: f has its local extrema at the critical points

- Absolute (or global) extrema: f has its absolute extrema at the critical points or at the
boundary points of its domain

- Discriminant: D(z,y) = fou(2,v) fyy (T, Y) — foy(z,y)?
- Second derivative test: suppose f;(x,y) =0= fy(z,y)

D(z,y) foz(z,y) classification of (x,y)
+ + local min
+ — local max
saddle point
0 inconclusive

Lagrange multipliers

- One constraint: the extreme values of f(z,y) subject to the constraint g(z,y) = k are taken
at points satisfying Vf(x,y) = aVg(z,y) and g(x,y) =k

- Two constraints: the extreme values of f(z,y, z) subject to the constraint g(z,y,z) = k
and h(z,yz) = [ are taken at points satisfying V f(x,y,2) = aVyg(z,y,2) + BVh(z,y, 2),
g(x,y,z) =k and h(z,y,z) =1



