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2 JÁNOS ENGLÄNDER AND NÁNDOR SIEBENGiven an environment, the initial parti
le, lo
ated at the origin, �rst moves a

ording to anearest neighbor simple random walk, and immediately afterwards, the following happensto her:(1) If there is no 
ookie at the new lo
ation, the parti
le either vanishes or splits intotwo o�spring parti
les, with equal probabilities.(2) If there is a 
ookie at the new lo
ation, nothing happens to the parti
le.The new generation then follows the same rule in the next unit time interval and produ
esthe third generation, et
.Let p ∈ [0, 1]. In the sequel Pp will denote the law of the 
ookies and Pω will denotethe law of the BRW given the environment ω. So, if Pp denotes the `mixed' law in theenvironment with 
ookie probability p, we have
Pp(·) = EpP

ω(·).Following standard terminology, Pω and Pp will be 
alled quen
hed and annealed probabil-ities, respe
tively.1.2. The problems we investigate. We are interested in the asymptoti
 behavior, as timetends to in�nity, of the probability that there are surviving parti
les, and on its dependen
eon the parameters d and p. (Note that in the two extreme 
ases, when p = 0 and p = 1, theasymptoti
s is well known.) In parti
ular, we are interested to know whether we 
an �ndsome qualitative di�eren
e between the annealed and the quen
hed asymptoti
s, or they arethe same (in whi
h 
ase one 
an talk about self-averaging). In the quen
hed 
ase, one may,of 
ourse, only talk about the almost sure asymptoti
s, as the probability Pω itself dependson the realization of the environment.Furthermore, we are interested in the simulation aspe
ts as well. We will see, that thee�
ien
y will depend on the size of d and p, as well as on whether we are in the annealedor the quen
hed setting.1.3. Motivation.1.3.1. Motivation within mathemati
s. In [5℄ a spatial bran
hing model has been studied,where the underlying motion is a d-dimensional (d ≥ 1) Brownian motion, the parti
lesperform dyadi
 bran
hing, and the bran
hing rate is a�e
ted by a random 
olle
tion ofreprodu
tion suppressing sets dubbed mild obsta
les. In fa
t the obsta
le 
on�guration wasgiven by the union of balls with �xed radius, where the 
enters of the balls form a Poissonpoint pro
ess. The radius r plays no role in the results, but the Poisson intensity ν > 0does. The main result of [5℄ is the quen
hed Law of Large Numbers for the population forall d ≥ 1. The environment ω (with law Pω) has the property that the bran
hing rate is β1inside the obsta
les and β2 outside of them, with 0 < β1 < β2. The bran
hing pro
ess giventhe environment ω was denoted by Z·(ω) and the total population size at t ≥ 0 was denotedby |Zt(ω)|. De�ne the average growth rate by rt = rt(ω) := log |Zt(ω)|
t . In [5℄ it was shownthat for almost every environment,

lim
t→∞

(log t)2/d(rt − β2) = −c(d, ν) Pω−probability,where c(d, ν)>0 is an expli
it 
onstant. (This is a kind of LLN, be
ause the expe
tation ofthe total population size obeys the same asymptoti
s.)It has also been shown that the bran
hing Brownian motion with mild obsta
les spreadsless qui
kly than ordinary bran
hing Brownian motion, and an upper estimate for its radialspeed has been provided.More general o�spring distributions (beyond the dyadi
 one 
onsidered in the main the-orems) were also dis
ussed in [5℄. In parti
ular, the following question was posed. Considerthe model where the o�spring distribution is 
riti
al. One 
an easily prove (see Theorem 2.2below) that, despite of the obsta
les, the system still dies out with probability one.Problem 1.1. What is the rate of de
ay for the survival probability? Is it still of order
C/n as in the obsta
le-free (non-spatial) 
ase?



CRITICAL BRANCHING RANDOM WALK 3In the present paper we are going to investigate this problem in our dis
retized setting,where Brownian motion is repla
ed by bran
hing random walk, and Poissonian obsta
lesare repla
ed by IID 
ookies on latti
e points.Remark 1.2. An alternative view on our setting is as follows. Let K denote the (random) setof those latti
e points where there is a 
ookie. Then, our model 
an be viewed as a 
atalyti
BRW as well � the 
atalyti
 set is then Kc (in the sense that bran
hing is `made possible'there). Catalyti
 spatial bran
hing (mostly for superpro
esses though) has been the subje
tof vigorous resear
h in the last twenty years initiated by Dawson, Fleis
hmann and others� see the survey papers [10℄ and [4℄ and referen
es therein. In those models the individualbran
hing rates of parti
les moving in spa
e depend on the amount of 
onta
t between theparti
le (`rea
tant') and a 
ertain random medium 
alled the 
atalyst. The random mediumis usually assumed to be a `thin' random set (that 
ould even be just one point) or anothersuperpro
ess. Sometimes `mutually' or even `
y
li
ally' 
atalyti
 bran
hing is 
onsidered[4℄.Our model is simpler than most 
atalyti
 models as our 
atalyti
/blo
king areas are �xed,whereas in several 
atalyti
 models they are moving. On the other hand, while for 
atalyti
settings studied so far, results were mostly only qualitative, we are aiming to get quite sharpquantitative results.Another model of a 
riti
al spatial bran
hing pro
ess was re
ently introdu
ed and investi-gated by Véber in [16℄. In that paper the author proves a 
onvergen
e theorem for a sequen
eof super-Brownian motions moving among hard Poissonian obsta
les, when the intensity ofthe obsta
les grows to in�nity but their diameters shrink to zero in an appropriate manner.The superpro
esses are shown to 
onverge in probability for the law P of the obsta
les, and
P-almost surely for a subsequen
e, towards a superpro
ess with underlying spatial motiongiven by Brownian motion and (inhomogeneous) bran
hing me
hanism ψ(u, x) of the form
ψ(u, x) = u2 +κ(x)u , where κ(x) depends on the density of the obsta
les. This work drawson similar questions for a single Brownian motion.A very re
ent manus
ript by LeGall and Véber [6℄ derives asymptoti
s for the quen
hedprobability that a 
riti
al bran
hing Brownian motion killed at a small rate in Poissonianobsta
les exits a large domain. Results are formulated in terms of the solution to a semilinearpartial di�erential equation with singular boundary 
onditions. The proofs depend on aquen
hed homogenization theorem for bran
hing Brownian motion among mild obsta
les.For the dis
rete setting there are mu
h fewer results available. We give two exampleshere.1 The �rst one is [9℄, where the bran
hing parti
le system on Z

d is so that its bran
hingis 
atalyzed by another autonomous parti
le system on Z
d. There are two types of parti
les,the A-parti
les (`
atalyst') and the B-parti
les (`rea
tant'). They move, bran
h and intera
tin the following way. Let NA(x, s) and NB(x, s) denote the number of A- (resp. B-)parti
lesat x ∈ Z

d and at time s ∈ [0,∞). (All NA(x, 0) and NB(x, 0), x ∈ Z
d are independentPoisson variables with mean µA (µB).) EveryA-parti
le (B-parti
le) performs independentlya 
ontinuous-time random walk with jump rate DA (DB). In addition a B-parti
le diesat rate δ, and, when present at x at time s, it splits into two in the next ds time withprobability βNA(x, s)ds+ o(ds). Conditionally on the system of the A-parti
les, the jumps,deaths and splitting of the B-parti
les are independent. For large β the existen
e of a 
riti
al

δ, separating lo
al extin
tion regime from lo
al survival regime, is shown.The se
ond example is [15℄. In that paper a 
ontinuous time one-dimensional 
riti
albran
hing random walk on the latti
e Z is 
onsidered in whi
h individuals may produ
e
hildren at the origin only. Assuming that the underlying Markov random walk is homo-geneous and symmetri
, the authors des
ribe the asymptoti
 behavior as t → ∞ of the
onditional distribution of the joint distribution of ζ(t) and µ(t) (s
aled in an appropriateway), where ζ(t) and µ(t) are the numbers of individuals at the origin and outside the originat moment t given ζ(t) > 0.1A further example of the dis
rete setting is [1℄.



4 JÁNOS ENGLÄNDER AND NÁNDOR SIEBENRemark 1.3. Finally, note that while the 
ontinuous equivalent of an IID trap 
on�gurationon the latti
e is a Poisson trap 
on�guration on R
d, there is an important di�eren
e betweenthe two. The dis
rete setting has the advantage that the di�eren
e between the sets K and

Kc is no longer relevant. Indeed, in the dis
rete 
ase the 
omplement is also IID with adi�erent parameter (self-duality), whereas in the 
ontinuous setting this ni
e duality is lostas the `Swiss 
heese' Kc is not the same type of geometri
 obje
t as K; the latter is the
ase, for example, in [5℄.1.3.2. Motivation in biologi
al population models. Spatial bran
hing pro
esses turn out tobe very important pro
esses for modeling purposes. They provide good models for studyingthe development of geneti
 diversity over a large number of generations � indeed, it was asmodels of geneti
 diversity that superpro
esses (s
aling limits of bran
hing random walks)originally developed. Moreover, they are very useful when one studies for example
• the dispersion of mass via o
ean 
urrents;
• phenomena 
on
erning o
ean pollutants;
• the spatial stru
ture of populations of small organisms living in the o
ean, e.g.plankton.In general, sto
hasti
 spatial models are very important from the point of view of appli-
ations in theoreti
al biology and e
ology : they are used to study questions involving thepattern of �u
tuations in density 
aused by demographi
 �u
tuations in a spatially migrat-ing population, predator-prey intera
tions, spe
ies 
oexisten
e and 
ompetition, epidemi
and geneti
 diversity. See for example the re
ent monograph [3℄ whi
h gives a very math-emati
al treatment of spatial e
ology, though it treats the subje
t ex
lusively (ex
ept fora short exposition of 
ertain intera
ting parti
le systems and their hydrodynami
al limits)from a PDE/Dynami
al Systems point of view.Spatial bran
hing pro
esses have been used as models of the evolution of biologi
al popu-lations for several de
ades. In those models, the lo
ation of an individual 
an be interpretedin two di�erent ways: it 
an be a spatial position in R

d, or it 
an be her geneti
 type.(Working in R
d means that ea
h geneti
 type 
an be uniquely des
ribed by d quantitative
hara
teristi
 properties.) Therefore, in the geneti
 setup, the `spatial motion' des
ribesmutation between types.For example, a 
lassi
al model of geneti
s is the Wright-Fisher model. In this model thenumber of individuals with a given gene evolves in time and undergo biologi
al mutation, aswell as Darwinian sele
tion, leading to a Markov 
hain with a state spa
e that has the sizeof the population. Then the method of di�usion approximation allows one to approximatethe Markov 
hain by a 
ontinuous Markov pro
ess and use standard ma
hinery from thetheory of di�erential equations to analyze those pro
esses.It should be emphasized however, that in theoreti
al biology and e
ology, probabilisti
investigation is often more bene�
ial than an analysis based solely on di�erential equations.One of the reasons is that the genealogi
al stru
ture may be of great signi�
an
e even afterpassing to the di�usion approximation.The �rst author has made some e�orts to 
onne
t his mathemati
al work with biologi
almodels; talks have been initiated with Dr. R. Nisbet of the E
ology, Evolution and MarineBiology department, UC Santa Barbara and with C. Cosner, an applied mathemati
ian atthe University of Miami, whose resear
h �eld is mathemati
al biology. C. Cosner pointed outthat he had 
onversations with his 
ollaborator, B. Fagan (an e
ologist at the Departmentof Biology of the University of Maryland) about a phenomenon in marine systems wherehypoxi
 pat
hes form in estuaries be
ause of strati�
ation of the water. The pat
hes a�e
tdi�erent organisms in di�erent ways but are detrimental to some of them. They appear anddisappear in an e�e
tively sto
hasti
 way2. This is an a
tual system that has some featuresthat 
orrespond to the type of assumptions built into the models with mild obsta
les.2It might a
tually be deterministi
 but 
haoti
, but that is still a situation where a sto
hasti
 model isreasonable.



CRITICAL BRANCHING RANDOM WALK 5Corresponden
e has also been initiated with Dr. Fagan, whose work involves populationdynami
s with sto
hasti
 
omponents. It appears 3 that a very relevant existing e
ologi
al
ontext in whi
h to pla
e the models with mild obsta
les is the so-
alled �sour
e-sink the-ory�. The basi
 idea is that some pat
hes of habitat are good for a spe
ies (and growth rateis positive) whereas other pat
hes are poor (and growth rate is zero or negative). Individ-uals 
an move between pat
hes randomly or a

ording to more detailed biologi
al rules forbehavior. (See [13℄ as the main referen
e; see also [8℄ and [2℄. )C. Cosner has also pointed out another kind of s
enario where models with mild obsta
leswould make sense: systems that are subje
t to periodi
 lo
al disturban
es. Those wouldin
lude forests where trees sometimes fall 
reating gaps (whi
h have various e�e
ts on di�er-ent spe
ies but may harm some) or areas of grass or brush whi
h are subje
t to o

asional�res (be
oming in
reasingly popular in Southern California and Southern Europe.) Again,the e�e
ts may be mixed, but the burned areas 
an be expe
ted to be less suitable habitatsfor at least some organisms.Finally, it appears that models with mild obsta
les have biologi
al merit, espe
ially inthe area of biologi
al invasions before density dependen
e would o

ur4.2. PreliminariesIn this se
tion we present two simple statements 
on
erning our bran
hing random walkmodel whi
h are relatively easy to verify rigorously. Let Sn denote the event of survival for
n ≥ 0. That is, Sn = {Zn ≥ 1}, where Zn is the population size at time n.Theorem 2.1 (Monotoni
ity). Let 0 ≤ p < p̂ ≤ 1 and �x n ≥ 0. Then

Pp(Sn) ≤ Pbp(Sn).Proof. First noti
e that it su�
es to prove the following statement:Assume that we are given an environment with some `red' 
ookies and someadditional `blue' 
ookies. Then the probability of Sn with the additional
ookies is larger than or equal to the probability without them.Indeed, one 
an argue by 
oupling as follows. Let q := 1 − p, δ := p̂ − p. First let us
onsider the 
ookies that are 
oming with IID probabilities and parameter p. These willbe the `red' 
ookies. Now with probability δ/q at ea
h site independently, add a blue
ookie. Then the probability for any given site, that there is at least one 
ookie there is
p+ δ/q− pδ/q = p+ δ = p̂. Now delete those blue 
ookies where there was a red 
ookie too.This way, the red 
ookies plus the additional blue 
ookies together 
orrespond to parameter
p̂. We are thus going to prove the statement in itali
s now, using an argument due toS. Kuznetsov. Consider the generating fun
tions of no bran
hing and 
riti
al bran
hing:
ϕ1(z) = z and ϕ2(z) = 1

2 (1 + z2), and note that ϕ1 ≤ ϕ2 on R. Fix an environment andde�ne
u(n, x,N) := Pn,x(Sc

N ),that is, the probability that the population emanating from a single parti
le whi
h is at time
n is lo
ated in x, be
omes extin
t at time N . Then, if the parti
le moves to the randomlo
ation ξn+1, one has

u(n, x,N) = E

2∑

i=0

pi(ξn+1)
[
Pn+1,ξn+1

(Sc
N )

]i

= E

2∑

i=0

pi(ξn+1) [u(n+ 1, ξn+1, N)]
i
= Eϕξn+1 [u(n+ 1, ξn+1, N)],3Communi
ation with Dr. Fagan.4Communi
ation with P. Chesson of the Se
tion of Evolution and E
ology of the University of Californiaat Davis.



6 JÁNOS ENGLÄNDER AND NÁNDOR SIEBENwhere pi(ξn+1) is the probability5 of produ
ing i o�spring at the lo
ation ξn+1, and ϕξn+1is either ϕ1 or ϕ2.Now 
onsider two environments: one with only red 
ookies and another one where thereare also some additional blue 
ookies, and let us denote the 
orresponding fun
tions by u1and u2. We have
u1(n, x,N) = Eϕ

ξn+1

1 [u1(n+ 1, ξn+1, N)]and
u2(n, x,N) = Eϕ

ξn+1

2 [u2(n+ 1, ξn+1, N)].Clearly u1(N, x,N) = u2(N, x,N) = 0. Therefore, using that ϕ1 ≤ ϕ2 and by (ba
kward)indu
tion, u2 ≥ u1 for all n = 0, 1, ..., N − 1. In parti
ular,
u1(0, x,N) ≤ u2(0, x,N),�nishing the proof. �We now give a pre
ise statement and a rigorous proof 
on
erning the result about eventualextin
tion mentioned brie�y above.Theorem 2.2 (Extin
tion). Let 0 ≤ p < 1 and let A denote the event that the populationsurvives forever. Then, for Pp-almost every environment, Pω(A) = 0.Proof. Let again Zn denote the total population size at time n for n ≥ 1. Then Z is amartingale with respe
t to the 
anoni
al �ltration {Fn;n ≥ 1}. To see this, note that justlike in the p = 0 
ase, E(Zn+1−Zn | Fn) = 0, as the parti
les that do not bran
h (due to thepresen
e of 
ookies) do not 
ontribute to the in
rement. Being a nonnegative martingale,

Z 
onverges a.s. to a limit Z∞, and of 
ourse Z∞ is nonnegative integer valued. We nowshow that for Pp-almost every environment, Pω(Z∞ = 0) = 1. Introdu
e the events
• Ak := {Z∞ = k} for k ≥ 1,
• B: bran
hing o

urs at in�nitely many times 0 < σ1 < σ2 < ...Clearly, A = ∪k≥1Ak = {Z∞ ≥ 1}. We �rst show that(2.1) for Pp − a.e. environment, Pω(BcA) = 0.Clearly, it is enough to show that Pp(B

cA) = 0.Now, BcA ⊂ C, where C denotes the event that there exists a �rst time N su
h thatfor n ≥ N , there is no bran
hing and parti
les survive and stay in the region of 
ookies.On C, one 
an pi
k randomly a parti
le starting at N , and follow her path; this path visitsin�nitely many points Pω-a.s. whatever ω is6. Sin
e this path is independent of ω and p < 1,the Pp-probability that it 
ontains a 
ookie at ea
h of its sites is zero. Hen
e Pp(C) = 0,and (2.1) follows.On the other hand, for ea
h k ≥ 1, there is a pk < 1, su
h that the probability thatthe population size remains un
hanged (it remains k) at σm is not more than pk for every
m ≥ 1, uniformly in ω. Thus,

Pω(BAk) = Pω(B ∩ {Zσm
= k for all large enough m}) = 0,whatever ω is. Using this along with (2.1), we have that for Pp-almost every ω, Pω(Ak) =

Pω(BcAk) + Pω(BAk) = 0, k ≥ 1, and so Pω(A) = 0. �3. ImplementationThe 
ode for our simulations are written in C++ using the MPQueue parallel library[12℄. We ran the 
ode on 96 
ores using a 
omputing 
luster 
ontaining Quad-Core AMDOpteron(tm) 2350 CPU's. We used an implementation [17℄ of the Mersenne Twister [11℄ togenerate random numbers. The total running time for the simulations was several months.5So either p1 = 1 or p0 = p2 = 1/2, a

ording to whether there is no 
ookie there or there is one.6Be
ause for every ω, it is true P ω-a.s., that every parti
le that does not bran
h, has a path that visitsin�nitely many points



CRITICAL BRANCHING RANDOM WALK 7Algorithm 1 The annealed simulation fun
tion of the 
ode.1 typedef stru
t {2 T
e l l 
 e l l ; // l o 
 a t i o n3 int i t e r ; // number o f i t e r a t i o n s4 } Tpar t i 
 l e ;5 typedef ve
 to r < Tpar t i 
 l e > Tpar t i 
 l e s ;67 void s imu l a t e (8 int dim , // dimension9 double p , // 
ook i e p r o b a b i l i t y10 int maxiter , // maximum number o f i t e r a t i o n s t e p s11 int &i t e r // l o n g e s t s u r v i v a l12 ) {13 board . 
 l e a r ( ) ; // remove 
ook i e s14 i t e r = 0 ; // i t e r a t i o n 
ounter15 Tpar t i 
 l e s p a r t i 
 l e s ; // a l l t he p a r t i 
 l e s16 p a r t i 
 l e s . r e s e r v e (maxiter /10 ) ; // r e s e r v e room17 Tpar t i 
 l e p a r t i 
 l e ;18 p a r t i 
 l e . 
 e l l=T
e l l (dim , 0 ) ; // 
 e l l a t o r i g i n19 p a r t i 
 l e . i t e r = 0 ;20 p a r t i 
 l e s . push_ba
k ( p a r t i 
 l e ) ; // p a r t i 
 l e a t 
en te r21 while ( ! p a r t i 
 l e s . empty ( ) && i t e r < maxiter ) { // a l i v e p a r t i 
 l e s22 int 
oord = mtr . randInt (dim − 1 ) ; // random 
oord ina t e23 int d i r = 2 ∗ mtr . randInt (1 ) − 1 ; // −1 or +124 p a r t i 
 l e s . ba
k ( ) . 
 e l l [ 
oord ℄ += d i r ; // move25 i f ( 
 ook i e (p , p a r t i 
 l e s . ba
k ( ) . 
 e l l ) ) { // there i s a 
ook i e26 pa r t i 
 l e s . ba
k ( ) . i t e r++; // su r v i v e d i t e r a t i o n27 i t e r = max ( i t e r , p a r t i 
 l e s . ba
k ( ) . i t e r ) ; // l o n g e s t s u r v i v a l28 }29 else // no 
ook i e30 i f (mtr2 . randInt ( 1 ) ) { // p r o b a b i l i t y 0 .531 p a r t i 
 l e s . ba
k ( ) . i t e r++; // su r v i v e d i t e r a t i o n32 i t e r = max ( i t e r , p a r t i 
 l e s . ba
k ( ) . i t e r ) ; // l o n g e s t s u r v i v a l33 p a r t i 
 l e s . push_ba
k ( p a r t i 
 l e s . ba
k ( ) ) ; // du p l i 
 a t e p a r t i 
 l e34 }35 else // d i e36 p a r t i 
 l e s . pop_ba
k ( ) ; // remove the p a r t i 
 l e37 }38 }3.1. Annealed simulation. Algorithm 1 shows the C++ fun
tion that runs a single an-nealed simulation. We are essentially implementing a `depth-�rst sear
h.' Below we give adetailed des
ription of the 
ode.
• line 1: We de�ne a data type to store parti
les.
• line 2: The lo
ation of the parti
le is stored in the 
ell �eld, that is a ve
tor withthe appropriate dimensions.
• line 3: The iter �eld stores the number of iterations survived by the parti
le.
• line 5: We de�ne a data type to store all the living parti
les.
• line 7: The simulation fun
tion takes three input variables and one output variable.
• line 8: The dimension of the spa
e is the �rst input.
• line 9: The probability of a 
ookie at any given lo
ation is the se
ond input.
• line 10: The maximum number of allowed iterations is the third input.
• line 11: The output of the fun
tion is the maximum number of iterations any parti
lesurvived.
• line 13: We erase all the 
ookies from the board. Every run of the simulation usesa new 
ookie pla
ement.
• line 14: The initial value of the output must be zero.
• line 15: We de�ne a variable to store all our alive parti
les.



8 JÁNOS ENGLÄNDER AND NÁNDOR SIEBEN
• line 16: We reserve some spa
e to store the parti
les. Making the reserved spa
e toosmall results in unne
essary reallo
ation of the variable whi
h degrades performan
e.On the other hand, reserving too mu
h spa
e 
an be a problem too sin
e di�erentCPU's 
ompete with ea
h other for RAM.
• lines 18�19: The initial parti
le starts at the origin before the iterations start.
• line 20: At the beginning we only have the initial parti
le.
• line 21: We run the simulation while we have alive parti
les and none of them stayedalive for the maximum allowed number of iterations.
• lines 22�23: We generate a random dire
tion.
• line 24: We move the last of our alive parti
les in this random dire
tion.
• line 25: We 
all the 
ookie fun
tion to 
he
k if there is a 
ookie at the new lo
ation ofthe parti
le. The 
ookie fun
tion 
he
ks in the global variable board if any parti
lealready visited this lo
ation and as a result we know already whether there is a
ookie there. If no parti
le visited this lo
ation before, then the fun
tion uses the
ookie probability to de
ide whether to pla
e a 
ookie there or leave the lo
ationempty. This information is then stored for future visitors.
• line 26: If there is a 
ookie at the new lo
ation, then the parti
le survived one moreiteration, so we in
rement the iter variable.
• line 27: It is possible that this is the longest surviving parti
le so far, so we updatethe output variable.
• line 29: If there is no 
ookie at the new lo
ation, then the parti
le splits or dies.
• line 30: We generate a random number to de
ide what happens.
• lines 31�32: If the parti
le splits, then it survives so we update information aboutthe number of iterations.
• line 33: The parti
le splits, so we pla
e a 
opy of it into our 
olle
tion of parti
lesas the last parti
le.
• lines 35�36: If the parti
le dies, then we remove it from our 
olle
tion of parti
les.The rest of our 
ode takes 
are of the parallelization, data 
olle
tion and the 
al
ulationof survival probabilities. The program splits the available nodes into a boss node andseveral worker nodes. The boss assigns simulation jobs to the workers. The workers 
allthe simulation fun
tion several times. The boss node 
olle
ts the results of these jobs and
al
ulates the survival probabilities using all the available simulation runs. More pre
isely,

Pp(Sn) is estimated as the number of simulation runs with longest survival value not smallerthan n divided by the total number of runs.3.2. Quen
hed simulation. The 
ode for quen
hed simulation is essentially the same withonly minor modi�
ations. In this version, line 13 of he simulation fun
tion is missing, sin
ewe do not want to repla
e the board at every simulation.The other 
hange in the simulation fun
tion is at line 25. In the annealed 
ase, everyworker node has a lo
al version of the board and the 
ookie fun
tion 
an 
reate the boardon the �y. In the quen
hed 
ase, the worker nodes need to use the same board, so the
ookie fun
tion 
annot generate the board lo
ally. The new version of the 
ookie fun
tionstill stores information about the already visited lo
ations. On the other hand, if a lo
ationis not visited yet, then the worker node asks the boss node whether this new lo
ation hasa 
ookie. The boss node �rst 
he
ks whether the lo
ation was visited by any other parti
leat any other worker node. If the lo
ation was visited, then the boss already has a re
ordof this lo
ation. Otherwise, the boss node uses the 
ookie probability to de
ide whetherthe lo
ation should have a 
ookie. Essentially, the boss node has the ultimate informationabout the board, but the worker nodes keep partial versions of the board and only 
onsultthe boss node when it is ne
essary.Remark 3.1. In the quen
hed 
ase, note that if ρ̂n denotes the relative frequen
y of survivals(up to n) after r runs for a �xed environment ω, that is,
ρ̂n = ρ̂ω

n :=
|survivals|

r
,
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iteration n
1/P p(S n)

100009000800070006000500040003000200010000

500040003000200010000Figure 4.1. Results for an annealed 2-dimensional simulation. The graphshows the re
ipro
al of the survival probability as a fun
tion of the numberof iterations. Ea
h line represents a di�erent 
ookie probability. One su
hline is the result of 108 runs of the simulation with a newly generated 
ookielands
ape.then using our method of simulation, the random variables ρ̂n and ρ̂m are not independentfor n 6= m, be
ause the data are 
oming from the same r runs.Similarly, in the annealed 
ase, for a �xed environment and a �xed run, the randomvariables 1Sn
and 1Sm

are not independent for n 6= m.4. Simulation resultsWe ran our annealed simulation on Z
d with d ∈ {1, 2, 3}. The 1-dimensional 
ase turnedout to be the most 
hallenging. So we start the des
ription of our results with the 2-dimensional 
ase. The 3-dimensional 
ase produ
ed essentially the same output as the2-dimensional 
ase.4.1. Annealed simulation on Z

2. We exe
uted 108 runs allowing a maximum of nmax =
10000 iterations with p ∈ {0, 0.025, 0.05, 0.075, 0.1, 0.2, . . . , 0.9, 0.925, 0.95, 0.975}. For p = 1we used the known survival probability of 1. Preliminary results made it 
lear that thesimulation is more sensitive for small and large values of p. This is why we pi
ked more ofthese values instead of a uniformly pla
ed set of values. The re
ipro
al of the 
al
ulatedsurvival probabilities are shown in Figure 4.1. The �gure suggests that n 7→ 1/Pp(Sn) isasymptoti
ally linear. We 
al
ulated the slopes for these 
urves from the values at 4nmax/5and nmax. These slope values are shown in Figure 4.2.To verify the 
orre
tness of our simulation we 
omputed the exa
t theoreti
al survivalprobabilities after the �rst two iterations. It is easy to see that Pp(S1) = 1/2 + p/2 and

Pp(S2) = 3/8 + 11p/32 + 3p2/16 + 3p3/32.Table 1 
ompares some of the exa
t and simulated values.
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p 7→ (1 − p)/2

data


ookie probability p
slope

10.80.60.40.20

0.50.40.30.20.10Figure 4.2. Results for an annealed 2-dimensional simulation. The graphshows the apparent slopes in Figure 4.1 (i.e. the limits of the fun
tions ofFigure 5.1) as a fun
tion of the 
ookie probability together with the graphof p 7→ (1 − p)/2.
p 0 .5 .975 0 .5 .975
n 1 1 1 2 2 2exa
t .5 .75 .9875 .375 .605469 .975292simulated 0.50005 .74998 .98749 .37501 .605465 .97528Table 1. Exa
t and simulated survival probability values Pp(Sn) on Z

2.The simulated values are 
al
ulated from the data used in Figure 4.1.4.2. Annealed simulation on Z
1. A 1-dimensional simulation with 108 runs and nmax =

10000 produ
es less satisfa
tory results as shown in Figure 4.3. The reasons behind this areexplained in Subse
tion 5.2 below, where a dis
ussion is given 
on
erning the �u
tuationsof the empiri
al 
urves in the �gures. Essentially, in the annealed 
ase, small values of
Pp(Sn) result in large errors (see Subse
tion 5.2 for more explanation) and therefore wemodi�ed the original algorithm by introdu
ing a stopping rule: when the estimated value of
Pp(Sn) rea
hes a 
ertain small threshold value, we stop and do not simulate more iterations.Fortunately, when larger threshold values needed, they are a
tually large: we obtained slower
onvergen
e for large values of p, and, 
learly, for those values, the probability Pp(Sn) islarge. The threshold value was set 1/4000, based on trial and error. This way, we stoppedthe iteration at nstop(p); the slopes were then 
al
ulated from the values at 4nstop(p)/5 and
nstop(p). See Figure 4.4.After adjusting the algorithm by using the above stopping rule, the 
urve indeed straight-ened out and the pi
ture be
ame very similar to the 2-dimensional one in Figure 4.2.To verify the 
orre
tness of our simulation we 
omputed the exa
t theoreti
al survivalprobabilities after the �rst two iterations. It is easy to see that Pp(S1) = 1/2 + p/2 and

Pp(S2) = 3/8 + 5p/16 + p2/4 + p3/16.Table 2 
ompares some of the exa
t and simulated values.
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p 7→ (1 − p)/2

data


ookie probability p
slope

10.80.60.40.20

0.50.40.30.20.10Figure 4.3. Results for an annealed 1-dimensional simulation. Every pa-rameter for this simulation is 
hosen to be the same as that of Figure 4.2ex
ept the dimension.

iteration n
1/(nP p(S n))

200000150000100000500000

0.50.40.30.20.10Figure 4.4. Annealed 1-dimensional simulation with 959965800 runs. Forsmall values of p (lines at the top), a small iteration number would a
tu-ally give better results, be
ause otherwise the survival probability Pp(Sn)be
omes too small, even with a huge number of runs. On the other hand,for large p values (lines at the bottom) one needs large iteration numbersbe
ause the 
onvergen
e is apparently slow. The squares represent the it-eration thresholds after whi
h ρ̂n <
1

4000 .
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p 0 .5 .975 0 .5 .975
n 1 1 1 2 2 2exa
t .5 .75 .9875 .375 .601563 .975272simulated 0.50002 .7499992 .98749 .37502 .601569 .975269Table 2. Exa
t and simulated survival probability values Pp(Sn) on Z

1.The simulated values are 
al
ulated from the data used in Figure 4.4.

iteration n
1/Pω (S n)

5000450040003500300025002000150010005000

2000180016001400120010008006004002000Figure 4.5. Results for a quen
hed 2-dimensional simulation with 108runs. Ea
h line represents a di�erent 
ookie lands
ape. One su
h lineis the result of 108 runs of the simulation. The lines are in three groups
orresponding to three di�erent 
ookie probability. Ea
h group has 50 lines.The 
ookie probabilities from top to bottom are 0.25, 0.5 and 0.75. Thetotal number of simulations required for this graph is 3 · 50 · 109. The totalrunning time was about 29 hours.4.3. Quen
hed simulation. From the annealed simulation it has been 
lear that 
onver-gen
e is mu
h faster in two dimensions than in one dimension. Therefore, in the quen
hed
ase we 
hose to present our results in the d = 2 
ase. In fa
t, we got qualitatively similarresults for d = 1.In Figure 4.5 we see three bundles 
orresponding to three values of p. Those bundles arevery thin, so essentially the same thing happens for every realization, and the slopes of thelines are roughly 3/8, 1/4 and 1/8 from top to bottom, 
orresponding to p = 0.25, p = 0.5and p = 0.75, respe
tively. That is, for ea
h one of these values of p, the slope is the sameas in the annealed 
ase.Although Figure 4.5 is about the d = 2 
ase, we have a similar simulation result for d = 1;in fa
t we 
onje
ture that this qualitative behavior (that is, the 
oin
iden
e of the �rst orderasymptoti
s of the quen
hed and annealed survival probability) will hold for all d ≥ 1.



CRITICAL BRANCHING RANDOM WALK 135. Interpretation of the simulation results5.1. Main �nding. Re
all �rst the 
lassi
 result due to Kolmogorov [7, Formula 10.8℄, thatfor 
riti
al unit time bran
hing with generating fun
tion ϕ, as n→ ∞,
P (survival up to n) ∼ 2

nϕ′′(1)
.As a parti
ular 
ase, let us 
onsider now a non-spatial toy model as follows. Suppose thatbran
hing o

urs with probability q ∈ (0, 1), and then it is 
riti
al binary, that is, 
onsiderthe generating fun
tion

ϕ(z) = (1 − q)z +
1

2
q(1 + z2).It then follows that, as n→ ∞,(5.1) P (survival up to n) ∼ 2

qn
.Turning ba
k to our spatial model, the simulations suggest (Figures 4.1 and 4.5) the selfaveraging property of the model: as explained in the previous se
tion, the asymptoti
s forthe annealed and the quen
hed 
ase are the same. In fa
t, this asymptoti
s is the same asthe one in (5.1), where p = 1− q is the probability that a site has a 
ookie. In other words,despite our model being spatial, in an asymptoti
 sense, the parameter q simply plays therole of the bran
hing probability of the above non-spatial toy model. To put it yet anotherway, q only introdu
es a `time-
hange.'The intuitive pi
ture behind this asymptoti
s is that there is nothing either the environ-ment or the BRW 
ould do to in
rease the 
han
e of survival, at least as far as the leadingorder term is 
on
erned (as opposed to well known models, for example when a single Brow-nian motion is pla
ed into random medium [14℄). Hen
e, given any environment the parti
lesmove freely and experien
e bran
hing at q proportion of the time elapsed (quen
hed 
ase),and the asymptoti
s agrees with the one obtained in the non-spatial setting as in (5.1).Furthermore, 
reating a `good environment' (annealed 
ase) and staying in the part of thelatti
e with 
ookies for very long would be `too expensive.'Note that whenever the total population size redu
es to one, the probability of thatparti
le staying in the region of 
ookies is known to be mu
h less than O(1/n) (hard obsta
leproblem for random walk). So the optimal strategy for this parti
le to survive is obviouslynot to try to stay 
ompletely in that region and thus avoid bran
hing. Rather, survival willmostly be possible be
ause of the potentially large family tree stemming from that parti
le.In fa
t, the formula Pp(Sn) ∼ 2

qn , together with the martingale property of |Zn|, impliesthat Ep(|Zn| | Sn) ∼ q
2 · n.Noti
e that the straight lines on Figures 4.2 and 4.3 start at the value 1/2, that is, as

p ↓ 0, one gets the well known non-spatial asymptoti
s 2/n, whi
h is a parti
ular 
ase ofKolmogorov's result above. We 
on
lude that there is apparently no dis
ontinuity at p = 0(no 
ookies) for the quantity limn→∞ nP (survival up to n).5.2. Interpretation of the �u
tuations in the diagrams. Sin
e we estimated the re
ip-ro
al of the survival probabilities and not the probabilities themselves both in the annealedand the quen
hed 
ase (Figures 4.1 and 4.5), one 
annot expe
t good approximation resultswhen those probabilities are small. Indeed, in the annealed 
ase, if ρn:=Pp(Sn) (with pbeing �xed) and ρ̂n denotes the relative frequen
y obtained from simulations, then the Lawof Large Numbers (LLN) only says, that if the number of runs is large, then the di�eren
e
|ρn − ρ̂n| is small. However, looking at the di�eren
e of the re
ipro
als

∣∣∣∣
1

ρn
− 1

ρ̂n

∣∣∣∣ =
|ρn − ρ̂n|
ρnρ̂n

,it is 
lear that a small ρn value magni�es the error; in fa
t the e�e
t is squared as ρ̂n is 
loseto ρn, exa
tly be
ause of the LLN. This e�e
t is the reason of the `zigzagging' of the lineon Figure 4.3 for small p values. In fa
t, small p values result in small ρn values in light of
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iteration n
1/(nP p(S n))

100009000800070006000500040003000200010000

0.60.50.40.30.20.10Figure 5.1. Results for an annealed 2-dimensional simulation with 108runs. The graph shows the re
ipro
al of the survival probability dividedby the number of iterations as a fun
tion of the number of iterations. Thedata used to 
reate the graph is the same as that of Figure 4.1.
Theorem 2.1 and the 
ontinuity property mentioned at the end of the previous subse
tion.Clearly, there is a 
ompetition between ρn being small (as a result of p being small and nbeing large) on the one hand, and the large number of runs on the other. The �rst makesthe denominator small in |ρn−bρn|

ρn bρn

, while the se
ond makes the numerator small a

ording toLLN.Looking at Figure 4.3, one noti
es another pe
uliarity in the 1-dimensional setting. Forlarge values of p, the empiri
al 
urve is slightly under the straight line. The explanationfor the relatively poor �t is simply that the iteration number is not large enough for theasymptoti
s to `ki
k in.'These arguments are bolstered by the experimental �ndings that in
reasing the numberof runs helps for small p values, whereas in
reasing the number of iterations helps for largeones. For example, in Figure 4.4 we in
reased the maximal iteration number nmax to 200000and plotted n 7→ (nPp(Sn))−1. One 
an see that for small p values it is bene�
ial to stopthe iterations earlier, but for large values large iteration numbers give better results.We do not have an explanation, however, for the deviation downward from the straightline (for large p values) in Figure 4.3. We suggest, as an open problem, to �nd at least aheuristi
 explanation for this phenomenon.Interestingly, for higher dimensions there is apparently a perfe
t �t for large values of
p, indi
ating that for higher dimensions the asymptoti
s is mu
h qui
ker then for d = 1.Figure 5.1 
he
ks the assumption (for d = 2, annealed) that the re
ipro
al of the survivalprobability is qn

2 + o(n) as n→ ∞, by dividing the re
ipro
al of the survival probability by
n. The graphs 
onvin
ingly show the existen
e of a limit, depending on p.
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iteration n
1/(nP p(S n))

100009000800070006000500040003000200010000

0.060.050.040.030.020.010Figure 5.2. Zooming in at the bottom part of Figure 5.1 (i.e. large pvalues): the 
onvergen
e is apparently from below.

iteration n

1
/
(n

P
p
(S

n
)
−

2
/
q)

2

1000080006000400020000

120100806040200Figure 6.1. Annealed 1-dimensional simulation with 7,259,965,800 runsand p = 0.5. 6. Beyond the first order asymptoti
sIn this se
tion we will attempt to draw 
on
lusions about more deli
ate phenomenabeyond the �rst order asymptoti
s, and those 
on
lusions will ne
essarily be less reliablethan the ones in the previous se
tions.
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iteration n
1/(nP p(S n))−

q/
2

1000080006000400020000

0.020.010-0.01-0.02-0.03
Figure 6.2. Annealed simulation with p = 0.5. The solid 
urve shows the1-dimensional result, the dashed 
urve shows the 2-dimensional result.6.1. Two dimensions. Consider again Figure 5.1. Zooming in gives Figure 5.2. Lookingat Figure 4.4, Figure 5.1 and Figure 5.2, for small p values (top lines) the 
onvergen
e seemsto be from above, and for large p values it seems to be from below.6.2. One dimension. For d = 1 we obtained �gures somewhat similar to the 2-dimensionalones, whi
h we summarize below without a
tually providing them. Simulation seems tosuggest that for not too small values of p, the 
onvergen
e is also from below; this is in linewith the fa
t that, as we have already dis
ussed, on Figure 4.3 the 1-dimensional empiri
al
urve is below the straight line for large p values. For very small p's, the dire
tion of the
onvergen
e is not 
lear from the pi
tures. Although the 
onvergen
e is apparently qui
ker,the e�e
ts are `blurred' due to the magni�
ation of error explained earlier.The following 
onje
ture is based on Figure 6.1.Conje
ture 6.1 (Se
ond order asymptoti
s). The 1-dimensional annealed survival proba-bility obeys the following se
ond order asymptoti
s:

Pp(Sn) =
2

nq
+ f(n),where limn→∞ f(n) · n3/2 = C > 0, and C may depend on p. That is, loosely speaking,

nPp(Sn) ≈ 2

q
+ c/

√
n.6.3. Comparison between one and two dimensions. The annealed 
onvergen
e to thelimit 2/q seems to be quite di�erent for d = 1 and d = 2. Figure 6.2 shows this di�eren
e,and in parti
ular, it illustrates that in 1-dimension, the 
onvergen
e is slower and it isapparently from below for p = 0.5.
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lusionIn this paper we have investigated a 
riti
al bran
hing random walk in d dimensions,
d ≥ 1, both in the annealed and the quen
hed setting. The environment is given by an IID
olle
tion of `
ookies' whi
h suppress the bran
hing at their lo
ations. Ea
h site 
ontains a
ookie with probability p ∈ [0, 1]. (The p = 0 and p = 1 
ases are trivial.) We ran severaltypes of simulations using a high performan
e 
omputer 
luster.The simulations suggest self averaging : the asymptoti
 survival probability in n steps isthe same in the annealed and the quen
hed 
ase; it is 2

qn , where q := 1− p. This parti
ularasymptoti
s indi
ates a non-trivial phenomenon both in the annealed and the quen
hed 
ase:the tail of the survival probability is the same as in the 
ase of non-spatial unit time 
riti
albran
hing, where bran
hing only takes pla
e with probability q for every parti
le at everyiteration. Intuitively: there is no `good spatial survival strategy,' given the environment(quen
hed setting), and establishing a `good environment' is too 
ostly (annealed setting).We also obtained a se
ond order asymptoti
s by the simulations. Namely, it appears thatthe 1-dimensional annealed survival probability satis�es that
Pp(Sn) =

2

nq
+ f(n),where limn→∞ f(n) · n3/2 = C > 0, and C may depend on p. (Here Sn denotes survival upto n ≥ 1.)These results are very 
lear from the simulations, yet their theoreti
al explanation is stillto be a
hieved.We have also found some interesting aspe
ts of the simuation te
hniques, su
h as thedependen
e of the 
onvergen
e speed on the dimension and on p. (For example 
onvergen
eis mu
h faster in two dimensions than in one dimension.)Finally, simulations suggest that the asymptoti
s is sometimes a
hieved from one dire
tion(for example, annealed 
onvergen
e to the limit 2/q for one dimension and for p = 0.5 isapparently from below), the theoreti
al explanation of whi
h, again, is a 
hallange.Referen
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