CAYLEY LINE GRAPHS OF TRANSITIVE GROUPOIDS

Néndor Sieben

ABSTRACT
The line digraph of the Cayley color graph of a transitive groupoid can
be colored so that the groupoid of partial automorphisms is isomorphic
to a semidirect product of the original groupoid.

1. INTRODUCTION

In [FFY] the line graph of the Cayley color graph of a group was studied. In this paper
we follow a similar path to study the line graph of the Cayley color graph of a transitive
groupoid.

In Section 2 we recall definitions and results from [Sie| concerning the Cayley color
graph of a groupoid and give a few examples. In Section 3 we define the Cayley line graph
as a coloring of the line graph of the Cayley graph. The Cayley line graph might not be
unique, we can color the edges more than one way. In Section 4 we show that the groupoid
of partial automorphisms of the Cayley line graph is isomorphic to a semidirect product of
the original groupoid. The semidirect product depends on the choice of the coloring but
the coloring always can be chosen trivially to make this semidirect product isomorphic to
the original groupoid.

2. PRELIMINARIES

A groupoid G is a small category with inverses. That is, G is a set with a subset G (2)
of G x G, a product map (z,%) — 2y : G — G and an inverse map z — ' : G — G such
that:

(a) (zy)z = x(yz) for all (z,y), (y,2) € G*);

(b) (z,271) € G? for all z € G and 2~ (xy) =y, (xy)y~ ' = z for all (z,y) € G?).

The set G is called the set of composable pairs. The domain and range maps d,r : G — U
are defined by d(r) = 272 and r(z) = 2! where U = {zx~! | x € G} is the set of units
of G. Every groupoid is the disjoint union of transitive groupoids, and every transitive
groupoid is the direct product of a group G and a trivial groupoid A x A. More precisely
a transitive groupoid G is isomorphic to a groupoid A x G x A where (d, h,c) and (b, g, a)
are composable whenever b = ¢, in which case their product is (d,hg,a). The inverse of
(b,g,a) is (a,g7',b). The set A can be identified with the unit space {(a,e,a) | a € A}
of G where e is the identity of G. The group G is isomorphic to the isotropy subgroup
Gl ={x|d(x) =u=r(x)} for any unit u of G. We only work with finite groupoids. Our
references for groupoids are [Bro, Ren)].

Example 2.1. If A = {a, b} then the transitive groupoid G = A x Zs x A has eight elements

G={z,y,z Vy bu=a"tz, v =00t s =y la,t =y}
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where x = (b,0,a) and y = (b, 1,a). The groupoid can be visualized by an arrow diagram.
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A subset A of the groupoid G generates G if every element of G can be written as a
finite product of elements of A.

A color digraph is a directed graph with possible multiple edges and loops together
with a color function defined on the set of edges.

The tail of a vertex v in a color digraph is the set tail (v) of vertices that can be reached
by a finite directed walk starting at v. We say that v is a head of its tail. Note that a tail
may have more than one head, and that a tail contains each of its heads.

If A is a set of generators of the groupoid G then the Cayley color graph D = Da(G)
of G with respect to the generating set A is the color digraph with vertices G and edges

{(z,2) |z € G,z € A, (2,2) € 6P}

such that the edge (x, z) connects x to xz and has color z.

Example 2.2. If G = A x Z, x A is the transitive groupoid of Example 2.1 then A =
{x,x71 s} is a generating set and the Cayley color graph has two tails:

If x is a vertex of Da(G) then tail () = {zy | y € G} and r(x) is the unique unit u of
G for which tail (z) = tail (u). Every tail is strongly connected and every element of a tail
is a head of the tail. A tail contains all the elements of the groupoid whose range is a given
unit, so the number of tails is equal to the number of units.

A partial automorphism of a Cayley color graph D = DA (G) is a bijection between two
tails of the graph, that preserves the colors of the edges. Every partial automorphism of D
is implemented by a left multiplication by an element of G and this representation gives an
isomorphism between the partial automorphisms of D and G.

IfG=AxGxAandT is a tail of D then the partial automorphisms of D whose
domain and range is 7', form a group isomorphic to G.

A color permuting partial automorphism of a Cayley color graph Da(G) is a bijection
a between two tails of Da(G) and a permutation p of A, such that a(zz) = a(x)p(z) for
all 2 € dom(a), (z,2) € G® and z € A.

Let H = {m € AutG | m(A) = A} be the group containing the automorphisms of
G preserving A. Let ¢« : H — AutG be the canonical embedding. Recall [Ren] that the
semidirect product G x, H is the groupoid with operations

(z1,m) (22, m2) = (X171 (22), m172) and (JU,Tr)_1 = (7r_1(93_1),7r_1)

whenever z; and 71(z2) are composable. The map (y, p) — B(y,,) Where B, ,)(z) = yp(x)
is an isomorphism between the semidirect product G x, H and the groupoid PAut*(D) of
color permuting partial automorphisms of Da (G).
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3. CAYLEY LINE GRAPHS

Definition 3.1. Let D = Da(G) be a Cayley color graph and 7, be a permutation of A
for all z € A satisfying 7, om, = 7r_() for all w,z € A. The Cayley line graph L = L (D)
with respect to 7 is the color digraph with vertices {(x,2) |z € G,z € A, (x,2) € G?} and
edges

{((z,2),w) |z € G and z,w € A and (z, 2), (2, 7. (w)) € GP}

such that the edge ((x, z), w) connects vertex (x, z) to vertex (zz,m,(w)) and has color w.

The correspondence can be visualized by the following diagram where the color is
written next to the edge, and the name is written on the edge:

groupoid G : O T @ s ZL @ (oo, B °
Cayley graph D : x 2 y T2 2 s T21 20
Cayley line graph L : (z,21) — y (21, 22)
m, (22)

Example 3.2. If A = {zp,...,2,-1} then both of the definitions

(a) m,, =id;

(b) T2 (zj) = Zi+j mod n>

satisfy 7, oy, = Tr_() for all w, z € A.

Example 3.3. Let G = {z,y,u,v} be the trivial groupoid, that is, y = 2~}
u=yx. If A = {x,y} then the Cayley graph is:

, v =2xy and

Y T
u?y UF}IL‘

If 7, =id and 7y = (z y) as in Example 3.2(b) then the Cayley line graph is:

o)==y @y =)

Example 3.4. Let D be the Cayley color graph of Example 2.2, 7, =id, m,-1 = (z s)

and 7 = (z 2~ ! ). The Cayley line graph is

(271 z) > (u,8) —=> (s,z7") (v,2) —>— (2,8) —= (y,z~ 1)

o T e

(u,x_l) T (8>3)/ s (y ,.T) (x,x_1)<z—(y,s)<—(t,w)

S

Throughout this paper let L = L, (D) denote the Cayley line graph of the Cayley color
graph D = DA (G) of the transitive groupoid G.

Lemma 3.5. For all w,z € A we have ;1 om, = T =1 (a0

Proof.
—1 _ -1 _ -1 _
Mo OMw =M O (n(w) = Tz O 0 Mt w) = Tl (w)-
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Lemma 3.6. If the vertex (xg,00) is connected to the vertex (y,z) in L through n edges
with colors 01, ...,0, then z = w5, oms, 0--- 075, _, (0n).

Proof. Suppose (g, dp) is connected to (y, z) through the vertices (z1,21),..., (Tn-1,2n-1),
so we have the following walk:

5 5 S 5n
(x0, d0) — (x1,21) L > (Tr—2, Zn—2) AN (Tn-1, 2n-1) — (¥, 2)

Then
2= 1 (0n) = Tn. (50 1)(0n) =72, , 075, 1 (0n)

=t =T 0T O 05, (0n). H

Definition 3.7. Define Hy := {p € Aut(G) | p(A) = A and po 7, = 7, for all z € A}.

p(z

Note that Hj, is not empty since it contains the identity.

Example 3.8.

(a) If 7, is the identity for all z € A as in Example 3.2(a) then Hy, = {id}.
(b) In Example 3.3, Hy, = {id, p} = Zs where p = (z y)(u v).

(c¢) In Example 3.4, H;, = {id}.

Lemma 3.9. Hj is a subgroup of Aut(G).

Proof. If o,p € Hy, then for all z € A we have opom, = 0 07,) = Te(y(z)) 80 op € Hp.
Also

pTOmL = P O My (e)) =P PO T () = Ty (e)

for all z € A and so p~! € Hp. O

4. PARTIAL AUTOMORPHISMS

Lemma 4.1. If (y,w) and (y, z) are vertices of L then tail(y, w) = tail(y, z).

Proof. By symmetry, it suffices to show that (y, z) € tail(y,w). Write w™! = §;---§, as
products of elements of A. Then (y, z) can be reached from (y,w) along the following walk:

(yaw) - (ywvél) — T (yw(sl o '5n—176n) - (y,z)

where the color of the last edge id 71-6;1 (2). O
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Similar proof shows that tail(y, z) = tail(r(y), d) for some § € A. It is easy to see that
if u and v are different elements of G° then tail(u,d) and tail(v, i) are not the same. Thus
the tails of L are of the form tail(u,d) where u is a unit of G and ¢ is an arbitrary element
of A whose range is u.

Definition 4.2. A partial automorphism of L is a bijection a between two tails of L, that
preserves the colors of the edges, that is,

Ta(z,2)2 (U)) = Oé(ZL'Z, Tz (w))2

for all ((z,z),w) satistying (z,z) € dom(«).
(w,z)#(wz,ﬂz(w)) CM(l’,Z)*w)CY(.TZ,ﬂ'Z(U)))
The set of partial automorphisms of L is denoted by PAut(L).

Lemma 4.3. For all (y,p) € Gx,Hy, the map oy ,) : tail(p™'(y=1),8) — tail(y, dy) defined
by
Ay, (2, 2) = (yp(2), p(2))

is a partial automorphism of L. Furthermore oy, ;-1 = a(ylp).

Proof. If (x,z) € dom(ayy,,) then the edge (a(y,,(z,2), w) = ((yp(z), p(z)), w) ends at

(Wp(2)p(2), mp(z) (w)) = (yp(22), p o T2(w)) = vy p) (22, T2 (w))

S0 a(y,p) Preserves the colors of the edges.
If (z, 2) € tail(y, do) then (z,2) = (ydo - - - In, 2) for some dy, ..., 0, € A. Since r(y) and
8o are composable, (p~1(dp - -+ d,), p~1(2)) is an element of tail(p~!(y~1),d) that is mapped
to (x,2) by oy, ). Thus a, ) is surjective. It is easy to check that oy, , is injective.
-1
If (2, z) € dom(ey, ) then
Ay -1 (2, 2) = ap-1(y-1), -1y (2, 2) = (p7 ¥y " )p (@), p~ 1 (2))

=(p Hy " 2), 07 (7)) = o, (2, 2). .

Lemma 4.4. If a« € PAut(L), (z,0) and (t,z) are vertices of L, and r(x) = r(t) then
a(t, 2)2 = Ta(a,5), (1) Where z = ms(p).

Proof. Since t = wz(x~'t), (x,8) is connected to (t,z) through edges say with colors
d1,...,0n. By Lemma 3.6, 2z = w5 oms, o---0ms, ,(6,) and so z = ms5(u) where
w=ms o---oms _ (0,). Since v preserves the colors of the edges, a(z,d) is connected to
a(t, z) through edges with colors d1,...,d, and so

Oé(t, z)2 = Ta(x,8)2 © M5, O OTs,,_4 (571) = 7704(36,6)2(“)' O

Lemma 4.5. If o € PAut(L) and (z, z), (z,w) € dom(«) then a(x, z); = a(z,w);.

Proof. Since L has no sources, there is a vertex (y,d) of L that is connected to both (z, z)
and (x,w) by single edges. So a(z,z)1 = a(y,d)1a(y,d)s = a(z,w);. O
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Proposition 4.6. Every partial automorphism o of L is o, ) for some (y,p) € G x, Hp.

Proof. Let u be the unique unit of G such that tail(u, §) = dom(«a) for some 6 € A. By the
previous lemma

y = a(u,0)1
is independent of the choice of 9.
Let z € A. Since G is transitive, we can find ¢t € G such that v = r(¢z). The definition
p(2) = alt, )
is independent of the choice of ¢ since by Lemma 4.4, a(t, z)2 = ﬂ'a(u’(;)Z(W;l(z)).
We now extend p to G. If z € G then z = 21 - - - 2z, for some z1, ..., 2, € A. Define
p(x) = p(z1) - p(zn).

We need to check that this definition is independent of the choice of the z;’s. Suppose we
also have x = wy - - - w,, for some wy,...,w,; € A. Choose t € G and u € A such that
u = r(tr) and (z,p) € G®). Then we have the following walks in L

(y,6) —— e -0 > (t,21) 0~-O—>(tzl~-zn,1,zn)\)

o 0o — s (tyw)—— @0 —— (twy -+ Wyy—1, Wy,) — (tx, 1)
which are mapped by a to the walks

a(y,0) —— o0 —— (u1,p(21)) —> @ @ ——— 1y, p(2n)) —

o o — (v, p(wy)) —— 00— (v, plwy,)) — altz, p)
for some p1,..., tn,v1,...,Vn € G. Hence we have

pip(z1) -+ p(zn) = altz, p)1 = vip(wi) -+ p(wm) -

By Lemma 4.5, 1 = v1 and so p(z1) -+ p(zn) = p(w1) - - - p(w,).

We show that p is an automorphism of G. If (w, 2z) € G®@ then we can find a t € G such
that u = r(tw) = r(twz). The edge ((t,w), 7, (2)) connects vertex (¢, w) to (tw, z). Taking
the image under « shows that a(t,w) = (a(t,w)1,d(w)) is connected to (a(tw,z)1,0(2))
by an edge with color 7,'(z) and so (6(w),d(2)) € GP?). It follows easily now that p is
multiplicative. Since p = 74 (y,5), 075_1 is a permutation of A, p : G — G is surjective. Since
G is finite, p must be injective.

We show that p € Hr. Since p(A) = A, we only need to check that p o, = 7, for

all z € A. If u = r(tz) for some t € G then p(z) = Ta(u,s5),(m; (2)) and so
7TP(Z) = 7704(“:5)2 © ﬂ-ﬂ-gl(z) = ﬂ-a(u,é)z ° ng OTy = POTy,.

It remains to show that a = «, ,). To check that a and «, ,) have the same domain,
write u = uq - - - u, as a product of elements of A. Then

yp(u) = afu,ur)ip(ur) -~ pun)
= a(u, u1)1a(u, uy)osa(uuy, ug)g - - - Uty -« Up—1, Up )2

u?
=o(u,u1)1 =y
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and so ' o ' o
dom(ay(y,p)) = tail(p™ (y~), ) = tail(r(p™" (y~ ")), 9)
= tail(p~(y " 'y), d) = tail(u, §) = dom(a).
If (z,2) € dom(«) then uz = x = xy - - - x,, for some z1,...,z, € A so we have

ag,p (@,2) = (yp(x), p(2)) = ((u, 21)1p(x1) - - - p(n), (2, 2)2)
= (a(u, z1)10(u, x1)20(uz, T2)2 - - - (uxy - Tp—1, Ty )2, (T, 2)2)

— (a(uwy, w2)10(uzs, 02)s -+ U1 -+ Ty, ), (T, 2)2)

= (a(uxy - xp, 2)1,a(x, 2)2) = (a(x, 2)1, a(z, 2)2)

= a(z, 2). 0

Theorem 4.7. If L = L,(Da(G)) then G x, H, = PAut(L).

Proof. We saw that the map (y, p) — a(y,,) is onto and a, ;-1 = oz(y ) It is multiplicative
since if (z,0), (y,p) € G x, Hy are composable and (z, z) € dom(ayy,,) then

A(z,0)(y,p) (a;, z) = ®(za(y),0p) (1’, Z) = (JJO'(y)O'(p(.%')), O’(p(Z)))
(o (yp(x)),0(p(2))) = a(z,0)(yp(x), p(2))

= O(z,0)X(y,p) (T 2)-

It remains to show that (y,p) — oy, ) is injective. Suppose a(, ,) = (z,5). There is a
unique unit u € G such that (u,0) € dom(ay,,,)). Hence

(9, p(9)) = (yp(w), p(9)) = ay,p) (u, )
= Qa,0)(1,0) = (z0(u),0(9))
= (2,0(9))

and so y = x. If z € A and u = r(tz) then

p(2) = ay,p)(t, 2)2 = Qa,0)(t, 2)2 = 0(2).
Thus (y,p) = (x,0). O
Corollary 4.8. If . is the identity for all z € A as in Example 3.8(a) then PAut(L) = G.

Note that Hy, is a subgroup of H = {m € Aut(G) | 7(A) = A} and so PAut(L) =
G x, Hy, is isomorphic to a subgroupoid of the groupoid PAut*(D) = G x, H of color
permuting partial automorphisms of D.

Example 4.9. In Example 3.3, Hy, = H and G x, H;, = PAut(L) = {a,b} x Z3 x {a,b}.
Note that the Cayley line graph L is not a Cayley color graph since the number of vertices
of L is not the same as the number of elements of PAut(L).
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