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1. SYSTEMS OF LINEAR EQUATIONS

linear equation: a1x1 + asxo + -+ apxy, =0
variables: z1,...,z,
coefficients: aq,...,a,
main coefficient: a;
constant term: b

linear system: m equations, n unknowns

a1171 + -+ a1y = by

a2171 + -+ + A2, Ty = bo

Am1T1 + ATy = bm

solution: n-tuple (x1,...,z,) satisfying all equations
consistent system: has a solution

inconsistent system: has no solution

solution set: set of all solutions

equivalent systems: have the same solution set

elementary operations on equations: make equivalent systems
(i) multiply an equation by a nonzero constant
(ii) interchange two equations
(iii) add a constant multiple of an equation to another

elimination: use elementary operations to eliminate unknowns

fact: a linear system has no solution, exactly one solution or infinitely many solutions
parameters: used to describe infinitely many solutions

homogeneous system: constant terms are 0 (consistent)

trivial solution: all variables are 0

2. MATRICES OF A SYSTEM

coefficient matrix:

aix  ccc Qin
A=
am1 a,. .
b1 1
constant vector: b= | : | unknown vector: x =
bn ‘/BTL
augmented matrix:
ann v ap by
[A b=

am1 Amn bm
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3. GAUSS ELIMINATION

elementary row operations: (ero) correspond to elementary operations on equations
(i) multiply a row by a nonzero constant r; < cr;
(ii) interchange two rows r; < r;
(iii) add a multiple of a row to another row r; «— r; + cr;

row equivalent matrices: one can be gotten from the other by elementary row operations

fact: linear systems with row equivalent augmented matrices have the same solution set

echelon matrix: the number of leading zeros is strictly increasing in each row until you get all 0 rows
Gauss elimination: use elementary row operations to get echelon form

leading entry: first nonzero entry in a row

leading (pivot) column: column containing a leading entry

leading variable: a variable corresponding to a leading column

free variable: not leading

back substitution: get solution set from echelon form
(i) set free variables equal to parameters
(ii) solve last nonzero equation for leading variable
(iii) substitute into preceding equation
(iv) continue
reduced echelon matrix:
(i) echelon matrix
(ii) every leading entry is 1
(iii) every leading entry is the only nonzero entry in it’s column
Gauss-Jordan elimination: use elementary row operations to get reduced echelon form
fact: every matrix is row equivalent to a unique reduced echelon matrix
fact: system with square coefficient matrix A has unique solution iff A is row equivalent to I

fact: system with more unknowns than equations is inconsistent or has infinitely many solutions

4. MATRICES

matrix: rectangular array of numbers
notation: A = [a;;]
scalar: real number
size of a matrix: size(A) = m X n if m rows and n columns
square matrix: m =n
diagonal matrix: D = [d;;] d;; =0if i # j
zero matrix: O all entries o;; are 0
identity matrix: I = [6;;] 0;; = {(1) ﬁz ;;
(column) vector: has size n x 1
row vector: has size 1 x n

a
n-tuple: (a,...,a,)=| 1 | #[a1 -+ a,] slightly abusive

G,
R"™: set of n-tuples, R? = plane, R? = space
R™*™: set of m x n matrices, R"*! is identified with R"
basic unit vectors: e; = (0,...,0,1,0,...,0) (1 in j-th position), column vectors of I =[e; --- e,]

column vectors: A=[c; -+ ¢,]
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5. MATRIX OPERATIONS
matrix addition: A+ B = [a;; + b;; ] if A, B have the same size
matrix subtraction: A — B = [a;; — b;; |
scalar multiplication: cA = [ca;; |
negative matrix: —A = (—1)A
properties:

A+ B = B + A commutative
A+ (B+C)=(A+ B) + C associative
¢(A+ B) = cA + ¢B distributive
(c+ d)A = cA + dA distributive
(cd)A = c¢(dA) associative
matrix multiplication: C = AB, size(C) = m x n, size(A) = m x p, size(B) =p xn
cij = Y h_y airbr; = (i-th row of A) - (j-th column of B)
properties:
A(BC) = (AB)C associative
A(B + C) = AB + AC distributive
(A+ B)C = AC + BC distributive
¢(AB) = (cA)B = A(cB)
warning:
AB # BA in general
AB=AC# B=C
AB=0#A=0or B=0

transpose: AT = [b;;] where b;; = a;
properties:
(AT = A
(A+B)T = AT + BT
(cA)T = cAT
(AB)T = BT AT
fact: product of diagonal matrices is diagonal
matrix form of linear system: Az =b, A=[a;;], = (x1,...,2,), b= (b1,...,by)
linear combination: of objects v; is a finite sum of scalar multiples of the objects 2?21 civi, ¢; € R
span: of objects v; is the set of linear combinations of the objects span{vi, ..., v, } = {d>_ i, civ; | ¢; € R}

fact: solution set of homogeneous system is the span of particular solutions (one for each parameter)

6. INVERSE MATRIX

A invertible: 3B such that AB=BA =1
B is the inverse of A (A is also the inverse of B)

properties:
invertible = square
inverse is unique if exists, notation A~!
(A1)t =2
(AB)"t'=pB~tA-1
(AT)1 = (AT
if A is invertible then Az = b has unique solution z = A~1b

fact: A = {CCL b} is invertible iff ad # be, A~ = —2 [ d _b}

d " ad=bc | _p a

elementary matrix: [+ E single elementary row operation
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properties:
I+ FE implies A= EA equivalently [I A]—[E EA]
I E~! inverse ero
fact: A invertible iff A row equivalent to [
fact: A, B row equivalent iff A = F, --- E, B, for E; elementary
algorithm for A=': [A T|™[I A~!]
more generally [A B]*[I A~'B]

7. DETERMINANTS
notation: A = [a;;] nxn

1 x 1 matrix: det[a] =a

d c d = ad — be

notation: A;; =submatrix after deletion of i-th row and j-th column
ij-th cofactor of A: C;; = (—1)""7detA,;;
_|_

2 x 2 matrix: det [(Z b] = b

chess board rule:

I+

+
- - — 1)t
+ + (=1)
inductive definition: detA = Z?Zl a1;C4;
cofactor expansion along first row

cofactor expansion:
along i-th row detA = 377, a;;Cy;
along j-th column detA = >"" | a;;C;;

elementary row operations: A~ B
r; < cr;: detB = ¢ - detA
r; <> rj: detB = —detA
r; < 1 +cr;: detB = detA
properties:
A triangular implies det(A) = a11 - - Gnn
detl =1
r; = r; implies detA = 0
dethA = k51764 det A

detAT = detA
det(AB) = detA - detB
1
det(A™!) =
A = T

A invertible iff detA # 0

Cramer’s rule: detA # 0 implies solution of Az = b is

detA;
T = de . AZ where A; comes from A after replacing i-th column by b
e
adjoint of A: adjA = [C;; ]" transpose of matrix of cofactors

jA
adjoint formula for inverse: A~ = adj
detA
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8. VECTOR SPACES

vector space: set V' of vectors with verctor addition and scalar multiplication satisfying
for all u,v,w € U and ¢,d € R
Hut+v=v+u
i) (u+v)+w=u+ (v+w)
i) 30V, u+0=u
iv)3I—ueV,u+ (—u)
v) c(u+v) =cu+cv
vi) (c+d)u = cu+ du
vii) ¢(du) = (ed)u

viil) lu = u

0

examples: R™, R™*™ P polynomials, P,, polynomials with degree less than n, sequences,
sequences converging to 0, functions on R, C'(R) continuous functions on R, solutions of
homogeneous systems

subspace of V: subset W of V that is a vector space with same operations
proper subspace of V: subspace but not {0} and not V'

examples:
W ={0} and W =V, subspaces of V'
W =lines through origin, subspace of V = R?
W =planes through origin, subspace of V = R3
W =diagonal n x n matrices, subspace of V= R"*"
W = span{vy,...,v,}, subspace of V' where vy,...,v, € V
W =convergent sequences, subspace of V' =sequences
W =continuous functions on R, subspace of V =functions on R

fact: subset W of V is a subspace of V iff
nonempty: W # ()
closed under addition: Yu,v e W, u+ve W
closed under scalar multiplication: Ve e RVYue W, cu e W

9. LINEAR INDEPENDENCE
v1,...,0, linearly independent: Y ! , ¢;u; = 0 implies Vi, i = 0
linearly dependent: not independent

parallel vectors: one is scalar multiple of the other
notation u||v

properties:
u, v linearly independent iff u||v
vectors are dependent iff one of them is linear combination of the others
subset of lineraly independent set is linearly independent
columns of matrix A are independent iff AX = 0 has only trivial solution
columns of square matrix A are independent iff A invertible iff detA # 0
v1,...,v, independent, v, 1 ¢ span{vy,...,v,} implies vy, ...v,4+1 independent
v1,...,v, independent, Y i ¢;v; = >, d;v; implies Vi, ¢; = d;
rows of row echelon matrix are independent
leading columns of echelon matrix are independent
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10. BASES

S spans W: spanS =W
S is a spanning set of W

basis of V: linearly independent spanning set of V'
maximal independent set in V'
minimal spanning set of V'

standard bases FE = {ey,...,e,} for V:
{(1,0),(0,1)} for R?
{1, 2,22} for P3

(8] Toa) [00] [o0] ) dormee

properties:
spanS =V, T CV,|T| > |S| implies T dependent
all bases of V' has same number of vectors

dimension of V: dimV =number of vectors in a basis of V'

examples:
dimR"™ =n
dim{0} =0
dimR™*"™ = mn
dimP,, = n

dimP = oo
dim(span{u}) =1

properties:
W proper subspace of V' implies dimW < dimV
independent subset of V' can be extended to a basis of V'
spanning set of V' contains a basis of V'

11. ROW, COLUMN AND NULL SPACES
notation: sizeA =m x n
row space of A: RowA =subspace of R™ spanned by rows of A
row rank of A: dim RowA
column space of A: ColA =subspace of R" spanned by columns of A
column rank of A: dim ColA

algorithm for basis of RowA:
(i) reduce A to echelon form B
(ii) take nonzero row vectors of B

algorithm for basis of ColA:
(i) reduce A to echelon form B
(ii) take columns of A corresponding to leading columns of B

fact: row rank A equals column rank A
rank A: this common value

null space of A: NullA = {z | Az = 0} =solution set of homogeneous system, subspace of R"

properties:
A, B row equivalent implies RowA = RowB
A, B row equivalent implies colums of A and columns of B have the same dependence relations
Ax = b consistent iff b € ColA
rankA + dim NullA = n
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12. COORDINATES
notation: B = {by,...,b,}, D ={dy,...,d,} bases for V, E = {ey,...,e,} standard basis for V'
fact: each v € V can be written uniquily as v = ¢1b1 + - - - + ¢ by
C1

coordinates of v in basis B: [v]g = (¢1,...,¢,) = ifo=>3"¢b;

huge fact: v+ [v]g : V — R" is an isomorphism (R" are the ’only’ finite dimensional vector spaces)
transition matrix from basis B to basis D: TE = [[b1]p -+ [ba]p] square matrix
properties:

[vlp = T5 [v]s

TBﬁ _ (7;5);1 EN—17E

T =TPTE = (T5) T}

[T5 Tg]=[1 TR
algorithm for finding a basis for W = span{v,...,v,} in V:

(i) find a bases B for V' (use standard if possible)

(ii) put the coordinates of the v;’s as rows (columns) for a matrix A

(iii) find a basis for the rowspace (columnspace) of A

(iv) use this basis as coordinates to build the basis of W

13. LINEAR TRANSFORMATIONS

notation: B = {by,...,b,} basis for V, D = {d;,...,d,} basis for W, E standard basis for V'
linear transformation: L : V — W such that for all u,v € V, a € R

L(u+v) = L(u) + L(v) additive

L(au) = aL(u) multiplicative
kernel: kerL = {v € V | L(v) = 0}
range: ranL = {L(v) |v € V'}

ranL = span{Lby,...,Lb,}
L is one-to-one (1-1): L(u) = L(v) implies u = v
L is onto W: ranL =W

properties:
L(0)=0
kerL subspace of V
ranl subspace of W
L is 1-1 iff kerL = {0}
matrix of L: [L]E =[[Lbi]p -+ [Lbwm|p]

properties:
(LR =T (L)% = (ThH)'[LI5
(LR = (T5) 'LIETE itV =W
[Lv]p = [L]B[v]B
R, S are similar matrices: S = P~!RP for some P

fact: R, S are similar iff R = [L]B, S = [L]5 for some L:V — V and bases B, D for V
(P is the transition matrix)

rank of L: rankl = dimranlL

properties: M = [L]2

[ranL]p = ColM

[kerL] g = NullM

rankl = rankM

dim kerL = dim nullM
rankl + dimkerL = dimV
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14. EIGENVALUES AND EIGENVECTORS

notation: L : V — V linear transformation, A = [L]5 matrix of L, z = [u]p coordinates of u

eigenvalue problem:

transformation version L(u) = Au, u # 0
eigenvalue: A\
eigenvector of L associated to X\: u
eigenspace associated to \: ker(L — Aid)

matrix version Az = Az, z # 0
eigenvalue: )\
eigenvector of A associated to A\: =
eigenspace associated to A: Null(4A — \I)

characteristic polynomial: det(A — AI)
if A ~ B then charpoly(A) = charpoly(B)

characteristic equation: \ eigenvalue of A iff det(A — \[) =0

15. DIAGONALIZATION
A diagonalizable: A similar to diagonal matrix D, D = P~'AP
fact: D = P~ AP implies

P=Jvy - v,]
Ai 1=17
D = [dij]’ dij = {Oz i
A’Ui = )\Z
{v1,...,v,} is a basis of eigenvectors with associated eigenvalues in the diagonal od D
properties:
if v1,...,v, eigenvectors associated to distinct eigenvalues then they are independent
if sizeA =n x n and A has n distinct eigenvalues then A diagonalizable
A1, ..., Ay distinct eigenvalues, By, ..., B, bases for eigenspaces implies B; U---U B,, is independent

algorithm for diagonalization:
(i) solve charachteristic equation to find eigenvalues
ii) for each eigenvalue find basis of associated eigenspace
iii) if the union of the bases is not a basis for the vectorspace than not diagonalizable
iv) build P from the eigenvectors as columns
v) build D from the corresponding eigenvalues

(
(
(
(

16. BILINEAR FUNCTIONAL
product of U and V: U x V = {(u,v) |u € Uyv € V}

bilinear functional on V: f:V x V — R such that for all u,v,w € V and o, € R
flou+ Bv,w) = af(u,w) + Bf(v,w)
f(w7 ou + ﬁv) = af(w’ u) + ﬁf(w7 v)
fact:Every bilinear functional f on R" is f(u,v) = u’ Av for some A € R"*"
where a;; = f(ei, €;)
The bilinear functional f can be
symmetric: f(u,v) = f(v,u) for all u,v € V
positive semidefinite: f(v,v) >0 forallv eV
positive definite: f(v,v) >0forall0#v eV
negative semidefinite: f(v,v) <O forallveV
negative definite: f(v,v) <Oforall0#£v eV
indefinite: neither positive nor negative semidefinite
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17. INNER PRODUCT

inner product: symmetric, positive definite, bilinear functional (-,-) : V' x V — R

examples of inner products:
dot product (standard inner product) on R™: (u,v) =u-v=>"_ uv; =ulv=u"Iv
standard inner product on C[0, 1]: (continuous functions on [0,1]), (f,g) := fol fg

fact: every inner product on R" is (u,v) = uT Av where A is a symmetric (therefore diagonalizable)
matrix with positive eigenvalues and a;; = (e;, €;)

length (norm): |jv|| = +/(v,v)

unit vector: ||v]| =1

unit vector in the direction of v: ﬁ

distance: d(u,v) = [|ju — v
v)

angle: /(u,v) = arccos W

orthogonal: v L v iff Z(u,v) =7n/2 iff (u,v) =0
S ={v1,...,v,} orthogonal: v; L v; for all i,
fact: nonzero orthogonal vectors are independent
S ={v1,...,v,} orthonormal: S is orthogonal and ||v;|| =1 for all ¢
Cauchy-Schwartz inequality: |(u,v)| < ||u|| - [|v]|
Triangle inequality:

[[u+ ol < [Jul] + [|v]]

d(u,v) < d(u,w) + d(w, v)
Pythagorean theorem: u L v implies ||u + v|| = ||ul| + ||v]|
orthogonal complement: W' = {v €V |v L w for all w € W}, W is subspace of V
properties: W is subspace of R"

W+ is a subspace

wnwt = {0}

W = span(S), u L s; for all i implies u € W+

(RowA)+ = NullA

dimW + dimW+ =n

(basis of W) U (basis of W) is basis of R"

WHt=w

18. ORTHOGONAL BASES AND GRAM-SCHMIDT ALGORITHM
fact: {ui,...,u,} orthogonal basis for a subspace W of V, y € V
p=>", &’ZZ))“Z‘ cWandg=y—pe W+t
ify=p-+gsuch that p€ W and G € W then p=pand ¢ =g
orthogonal projection: proj,,y = the unique p € W such that ¢ =y —p € W+

Gram-Schmidt algorithm: for finding an orthogonal basis {u1,...,u,} for span{vy,...,v,}
(i) make {vy,...,v,} independent if necessary
(ii) let uy = vy
(ii) inductively let w;+1 = Vit1 — PrOjufuy, ..o} Vit 1 = Vit — D5y %uz

fact: W = Col(A), AS = projy vy iff ATAB = ATy

19. LEAST SQUARE SOLUTION AND LINEAR REGRESSION

fact: if W subspace of V, w € W, y € V then ||y — w|| is minimum when w = projy,y
fact: W = ColA, ||y — AB| is minimum iff AT AR = ATy

least square regression line azx + b: data {(z;,y;) |i=1,...,n}
1 I b 1
A=\ 1 |,8= (a)’ y=| : |, 3 makes ||AB — y|| minimum, that is, ATAB = ATy

1 x, Un,



