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Definition A knot is a circle “embedded” in three-space R®. More precisely, a knot is the
image of the unit circle S! under a one-to-one differentiable function S* — R®. A lnk is a
collection of knots that are pairwise disjoint. Here are some examples:

(@) (e) :) (f)

FIGURE 1.1. Examples of knots and links

Two links are considered to be equivalent if they become identical after some continuous
(orientation-preserving) transformation of R®. Here are a pair of equivalent knots:

B\

A diagram of a link is a drawing of the link in the plane, with all crossings consisting of
one strand passing over another - no three strands cross at the same point, no strands are
tangent to each other. (The formal definition involves the notion of “regular projection.”)

A fundamental theorem was proved by K. Reidemeister in 1933. He proved that two
diagrams represent equivalent knots or links if, and only if, they are connected by a sequence




[image: image2.png]of operations called Reidemeister moves. There are three Reidemeister moves - they are
illustrated below.
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FIGURE 1.11. The Reidemeister moves

In the mid-1980’s, several new polynomial invariants of oriented' knots and links were
discovered. They are defined using “skein relations.” Here is the definition of the “HOM-
FLYPT” polynomial:

HOMFLY (or LYMPHTOFU) polynomial P in two variables z, ¢
() -tP( X =PC) (0.

This is an equation that relates the polynomials P(z, t) of three diagrams. The diagrams
are the same except in a neighborhood of one crossing, where two have the crossing reversed
and the third has the crossing removed. The HOMFLYPT polynomial of a diagram of the
“unknot” (a diagram with no crossings) is defined to be equal to 1. If two diagrams can be
connected by a continuous transformation of the plane, they have the same polynomial, by
definition.

Theorem If two diagrams are connected by any of the three Reidemeister moves, then they
have the same polynomial.

Corollary Diagrams of equivalent knots or links have the same polynomial. Equivalently,
diagrams with different polynomials represent inequivalent links.

One can compute the polynomial for any diagram by “switching and smoothing” crossings
until one has a collection of unknots and unlinks.

1Place an arrow on each component. the answer is independent of how one chooses the oreintation.
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A useful result, generalizing the example above, is

Lemma The polynomial of an unlink with ¢ components is (z — t)°~%.

Group Exercises Calculate the HOMFLYPT polynomial of the right- and left-handed
trefoil, from the diagrams below.
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