MORITA EQUIVALENCE OF C*-CROSSED PRODUCTS
BY INVERSE SEMIGROUP ACTIONS AND PARTIAL ACTIONS

Nandor Sieben

ABSTRACT

Morita equivalence of twisted inverse semigroup actions and discrete twisted partial actions are
introduced. Morita equivalent actions have Morita equivalent crossed products.

1. INTRODUCTION

Morita equivalence of group actions on C*-algebras was studied by Combes [Com], Echterhoff
[Ech], Curto, Muhly and Williams [CMW] and Kaliszewski [Kal]. We adapt this notion for both
Busby-Smith and Green type inverse semigroup actions, introduced in [Sil] and [Si2]. We show
that Morita equivalence is an equivalence relation and that Morita equivalent actions have Morita
equivalent crossed products. The close connection between inverse semigroup actions and partial
actions [Sil], [Ex3], [Si2] makes it easy to find the notion of Morita equivalence for discrete twisted
partial actions. In Section 4 we work out some of the details of discrete twisted partial crossed
products, continuing the work started in [Ex2]. The fact that Morita equivalent twisted partial
actions have Morita equivalent crossed products will then follow from the connection with semigroup
actions. In [AEE] Abadie, Eilers and Exel introduced Morita equivalence of crossed products by
Hilbert bimodules. We show that this definition is equivalent to our definition of Morita equivalence
on the common special case of partial actions by Z.

The research for this paper was carried out while the author was a student at Arizona State
University under the supervision of John Quigg. I thank Professor Quigg for his help during the
writing of this paper.

2. PRELIMINARIES

In this section we recall some basic definitions to fix our terminology and notation. Our refer-
ences for Hilbert modules are [JT] and [Lan].

Let B be a C*-algebra. A (right) B-module is a complex vector space X with a bilinear map
(2,6) = 2 -b: X x B— X such that (z-8)-c =2 -(b-¢) for all z € X and b,c € B. A (right)
inner-product B-module is a B-module with a map (-, -)p : X x X — B, called a B-valued inner
product, such that for all A, p € C, z,y,z € X and b € B we have
(a) (&, Ay +pz)p = Ma,y)B + p(z, 2)B;

) {x,y-b)p = (x,y)Bb;
) <$’ > < >B’
) {(x,z)p > 0;
e) (=, x>_00nlyifx—0

In an inner product B-module we have a norm ||z||p = ||{z, J:>B||1/2 satisfying ||z- b||B < ||z|| 8]0
and |[{z, ¥) || < ||2||||y|| for all #,y € X and b € B. A (right) Hilbert B-module is an inner-product
B-module, which is complete in the norm || - ||g. A Hilbert B-module X satisfying

(b
(c
(d
(

span{{z,y)p 2z, y€ X} =B
is called full.
Left modules are defined similarly, with the left inner product linear in the first variable. For a
left inner-product A-module we use the notation 4(,-) for the A-valued inner product.
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Lemma 2.1. Let X be a full right Hilbert B-module and b € B. If x -b =0 for all x € X, then
b=0.

Proof. TFor all #,y € X we have (x,y)pb = (x,y - b)p = 0 which implies that 6 = 0 by fullness. O

Let A and B be C*-algebras. An A — B-bimodule 4 Xp is a right B-module X which is also a
left A-module satisfying
a-(z-b)=(a-2x)-b

for all a € A, # € X and b € B. Note that a bimodule satisfies (Aa) - (z - b) = a - (x - (Ab)) for all
AecC.

Definition 2.2. Let A and B be C*-algebras. A Hilbert A — B-bimodule is a bimodule 4 Xp
which is a left Hilbert A-module and a right Hilbert B-module such that

A<l‘,y> 'Z:l"<y,Z>B

for all z,y,z € X.
A Hilbert bimodule which is also full on both sides is called an imprimativity bimodule.

Note that for any Hilbert bimodule 4 X there is a corresponding imprimitivity bimodule 4, Xp,
where Ag = §pan 4(X, X) and By =span (X, X)p

Lemma 2.3. If 4 Xp is a Hilbert bimodule then
(a) (a-z,y)p =(x,a"  y)B;

(b) alz-b,y) = alz,y-b7),
foralla e A, b€ B and z,y € X.

Proof. Part (a) follows from the following calculation:

I(a-z,y)p — (z,a* - y)p|°

={a-z,y)p —(z,a” - y)p) (a2, y)p — (. - y)B)l|

=|y,a z)pla-z,y)p + (¢ -y, x)p(r,a" - y)B
—(y,a-x)p(z,a” y)p — (" -y >B<a z,y) Bl

={y,a -2 (a-x,y)p)p + (" -y, 2 (x,a"  y)p)B
—(y,a-z-(z,a" y)p)p — (" y,x-(a z,y)p)s8l|

= Ky, aa(z,a - 2)y)p +(a” - y,a {2, z)a” - y)p
—(y,aa(z,z)a" - y)p — (a” - y,a(z,a ) - y)p||=0.

Part (b) can be proved similarly. |

Definition 2.4. The triple (¢4, ¢, ¢p) is called an isomorphism between the Hilbert bimodules
aXpand ¢Yp if ¢4 : A — C and ¢p : B — D are C*-algebra isomorphisms and ¢ : X — Y is a
map such that for all x,y € X and a € A, b € B we have

(a) ¢(l‘ b) = ¢(x) - ¢B(b);

) o((z,y)B ) (o(x),0(y))p;

) o(a- ) pala) - o(x);

; alalz,y) = c(o(z), 6(v));

e) ¢ is surjective.

(b
(c
(d
(

The following lemma shows that we can relax some of these conditions. Note that part (ii) is
an improvement of [Kal, Lemma 1.1.3].
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Lemma 2.5. With the notations of Definition 2.4 we have
(1) if ¢ satisfies (b) then it is a linear isometry;
(ii) if ¢ satisfies (b) then it also satisfies (a);
(iii) if ¢ satisfies (b) and (c¢) and ¢Yp Is an imprimitivity bimodule then ¢ also satisfies (d) and (e)
so that it is an isomorphism between X and Y.

Proof. An easy calculation using (b) and the linearity of ¢p shows that ||¢(Aa + pub) — Ag(a) —
po(b)]|? = 0. Tt is also an isometry since

lle()|I* = [{¢(x), é(x))pll = ll¢5(x, )B)I| = |[(z, 2)5]| = |||

Part (ii) follows from the following calculation:

[¢(x - b) = ¢(x) - 65 (b)]I”
= [(¢(z -b) = ¢(x) - 6m(b), 6(2 - b) — ¢(2) - o5 (b)) nl|
= (g (x - 8), ¢(x - b))p — (6 (2 - b), 6(x) - 5 (b))p
—(0(2) - 98(b), ¢(z - b))p + (6(2) - ¢5(b), ¢(2) - 65 (0)n |

=ll¢p((x b, -b)p) —op((x - b,2)p
—op(b")op((z, - b>B)+</>B(b*

To show (iii) let 7 = ¢(X). Then we have

¢p(B) = ¢p(span (X, X)p) C span ¢5((X, X)p)
= span (¢(X), ¢(X))p C5pan(Z, Z)p,

and so D =8pan(Z, Z)p. Z is a left C-module since

C-Z=¢a(A) ¢(X)C (da(4)-6(X))
=¢(A-X)=¢(X)= 7.

D

Z is also a right D-module since

Z D C ¢(X) -span(¢(X), ¢(X))p
= span (c(¢(X), ¢(X)) -6(X)) C Z.
Hence Z is a closed subbimodule of Y with full right inner product, and so Z = Y by the Rieffel

correspondence. This shows that ¢(X) = V since ¢ is an isometry between Banach spaces. For
x,y,z € X we have

= ¢(x)op((y,2)B) = ¢(x)(6(y), 6(2))p
= c(6(x), 9(y)) - 6(2)
which implies condition (d) by Lemma 2.1. |

Note that the proof of (iii) shows that if ¢ satisfies (b) and (c) then ¢ is an isomorphism of X
onto a C' — D Hilbert subbimodule of Y. Also note that the statements of the lemma remain true
if we interchange condition (b) with (d) and condition (c¢) with (a).

An equivalent characterization of isomorphisms between the imprimitivity bimodules 4 Xp and
¢Yp is a Banach space isomorphism ¢ : X — Y satisfying the ternary homomorphism identity, that
is,

¢(x-(y, 2)) = o(x) - ((y), 6(2))p
for all z,y,z € X.
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Lemma 2.6. (id, ¢,id) is an isomorphism between the Hilbert bimodules 4 Xp and 4Yp if and
only if (id, ¢,1d) is an isomorphism between the corresponding imprimitivity bimodules 4, Xp, and
o YDy -
Proof. 1f (id, ¢,1d) is an isomorphism between 4 Xp and 4Yp then

Ag = span 4 (X, X) =5pan 4(¢(X), ¢(X)) =span 4(¥,Y) = Co..
Similarly, By = Dy and so (id, ¢,id) is an isomorphism between 4, Xp, and ¢,Yp,. Now suppose
that (id, ¢,1d) is an isomorphism between 4, Xp, and ¢, Yp,. If a € A and # € X then x = ¢ -2’ for
some ¢ € Ay and ' € X and so

dla-z)=¢(a-(i-2")=ai-¢(x')=a ¢(i-2')=a- ¢(x).

Hence (id, ¢,1d) is an isomorphism between 4 Xp and 4Yp by Lemma 2.5. O

3. MORITA EQUIVALENT TWISTED ACTIONS

Recall from [Rie] that if 4 Xpg is an imprimitivity bimodule then there is a bijective correspon-
dence (often called the Rieffel correspondence) between closed subbimodules of X and closed ideals
of A. If I 1s a closed ideal of A then I - X is a closed subbimodule of X. Note that by the Cohen-
Hewitt factorization theorem we do not have to take the closure of 7-X. Similarly X - J 1s a closed
subbimodule of X if J is a closed ideal of B. On the other hand if YV is a closed subbimodule of
X then ;Y7 is an imprimitivity bimodule, where I is the closed span of 4(Y,Y") and J is the closed
span of (Y,Y)p. We call 1Yy an imprimitivity subbimodule of X.

Definition 3.1. A partial automorphism of the imprimitivity bimodule 4 Xpg is an isomorphism
between two imprimitivity subbimodules of X. We denote the set of partial automorphisms by

PAut(X).

Let A be a C*-algebra, and let S be a unital inverse semigroup with idempotent semilattice &,
and unit e. Recall from [Si2] that a Busby-Smith twisted action of S on A is a pair (7, v), where for
all s € S, Bs : Ag» — Ag 1s a partial automorphism, that is, an isomorphism between closed ideals
of A, and for all s, € 5, v, ; is a unitary multiplier of A,;, such that for all », 5,2 € S we have
(a) Ae = A;

(b) Bs Bt = Ad Ust © Bst;

(¢) vs,e = 1nr(a,,) if s or t is an idempotent;

(d) ﬁr (avs,t)vr,st = Br(a)vr,s Urs,t for all a € A« Ay,
We refer to condition (d) as the cocycle identity.

Also recall that a covariant representation of a Busby-Smith twisted action (A4, S, 3, v) is a triple
(m,V, H), where 7 is a nondegenerate representation of A on the Hilbert space H and Vj is a partial
isometry for all s € S, such that for all 7, s € S we have
(a) V; has initial space m(A;+)H and final space n(A;)H;

(b) Ver — F(vr,s)vrs;
(c) m(Bs(a)) = Vim(a)Vy fora € Asn.

Definition 3.2. The Busby-Smith twisted actions (A, S, a, u) and (B, S, 3, v) are Morita equivalent
if there is an imprimitivity bimodule 4 Xp and a map s — (a5, ¢5, 55) : S = PAut(X), such that
¢s : X+ — X5 where X := Ay - X = X - Bs and for all s,t € .5 we have

¢s¢t = Ust " ¢st(') : U;t .
We say that (X, ¢) is a Morita equivalence between (o, u) and (3, v), and we write
(A, S a,u) ~x 4 (B, S, 5,v).

Note that ¢ ¢, and ¢4 have the same range X,y and so X C X;.
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Lemma 3.3. Using the notations of Definition 3.2 we have
(a) ¢5(Xs* : Bt) = Xst;

(b) ¢5(As* : Xt) = Xst;

(C) mas(A<Xs*aXt>) :Asta

for all s;t € S.

Proof. We know from [Si2] that §;(B;« B:) = Bt and so we have
¢5(Xs* : Bt) = ¢5(Xs* : Bs*Bt) = ¢5(Xs*) : 65(Bs*Bt) =X, By =Xy,

showing (a). A similar calculation shows (b). Finally (c) follows from the calculation:

Spﬁo‘s(%\<)(s*a)(t>) :mas(A<As* Xs aXt>) span ( <Xs aAs* >)
ZWA<¢S(XS*)a¢s(As* )> HA<X5aXst> = Ay 0O

Proposition 3.4. Morita equivalence of Busby-Smith twisted actions is an equivalence relation.

Proof. It is easy to see that (A,S a,u) ~a. (4,5 a,u). It is also easy to check that if
(A, S a,u) ~x 4 (B,S,5,v) then (B,S,3,v) ~% 3 (A, S, o, u), where ¢(z) = ¢(z) . To show
transitivity, suppose

(A,S,OZ,U) ~X,p (BaSaﬁa U) ~Y (Ca S,'y,w) .

Let Z be the balanced tensor product X ®p Y, that is, the Hausdorff completion of X © Y in the
C-valued inner product determined by

(1@ Y1, 22 @ Y2y = (Y1, {x1,22)B - Y2)C

It is well known that Z is an A — B imprimitivity bimodule. We are going to define a map 6 such

that (4,5, a,u) ~z¢ (C,S,v,w). For all s € S we have

ZSZ(X®BY)~CSZX®B(Y'CS)
:X®B(Bs'Ys):(X'Bs)®BYs:Xs®BYs~

For all s € S the map 6" : X« x Yo — Z; defined by @' (x,y) = ¢5(x) @ 5(y) is bilinear, and so we
have a linear map 6/ : X« @ Y« — Z; satisfying 07, (x @ y) = 0/ (x, y). The following computation
suffices to check that ' is isometric:

(0 (21 @ 1), 07 (22 @ y2))o = (Ds(21) @ Uy (y1), ds(w2) @ Vs (y2))c
= (s (y1), (95 (21), 05 (22))B - s (y2))c
<1/)s(y1) (<l‘1,l‘2>B y2)>

= s(<y1 <l‘1,l‘2>B ~y2> )

=y {(z1 @y, 22 @ Y2)c) -

So 07 extends uniquely to an isometric linear map 6, : Z;« — Z;. The above calculation also shows
that 0 satisfies Definition 2.4(b), and it is routine to check Definition 2.4(c). Finally for all s, € S
we have

9 Ht ¢ ¢t®1/) 1/)t—ust ¢st() 'v;t®vs,t'¢st(')'w;t
= Ust " ¢st(') ® vsytvs,t . 1/)st(') . w:yt = Ust " gst . w:yt . O
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Recall [BGR] that two projections p and ¢ in the multipliers of a C*-algebra C' are called
complementary if p 4+ ¢ = 1. The two corners pC'p and ¢C'q are also called complementary. The
projection p is called full if the corner pC'p is full, which means pCp is not contained in any proper
ideal of C or equivalently C'pC' is dense in C'. If the C*-algebras A and B are Morita equivalent
then they are isomorphic to complementary full corners of the linking C*-algebra

(2 3)

of 4 Xp, where X is the reverse module of X and the operations on C are defined by
a x ¢ z\ _ fac+ alx,w) a-z4wz-d
g b w d) \g-e+b-w (yz)p+bd

(S f)*: (x b%) '

In fact, we can identify A and B with pC'p and qCq respectively, where

_ (1aay O (0 0
p_< 0 0) and q_<0 1M<B>>'

Here we identified the multiplier algebra M (C') with

(M(A) M(X))

M(X) M(B)
as in [ER, Appendix]. On the other hand if two C*-algebras are isomorphic to complementary full
corners of a C*-algebra, then they are Morita equivalent.
Note that if the actions (A4, S, a, u) and (B, S, f, w) are Morita equivalent then the C*-algebras
A and B are also Morita equivalent. We have a natural action of S on the linking algebra of A and

B:

Proposition 3.5. If (A, S, a,u) ~x 4 (B, S, 3,v) then the formulas

(5 )=t i) = ()

define a Busby-Smith twisted action (C,S,v,w) on the linking algebra C of 4Xp. Moreover,

(Y,y(")[Y) implements a Morita equivalence between (C,S,vy,w) and (B,S,3,v), where ¥ =

(S)Bf)c(]

Proof. 1t is well-known that ¢ Ypg is an imprimitivity bimodule if Y inherits the inner products from
the C*-algebra C', that is, c(yl,y2> =yys for all yy,y2 €Y and <( v, (8 B = (z,2)p +b*d for
all 2,2 € X and b,d € B. It is easy to check that

A, X,
=% 3)

is the closed ideal of C' which is in Rieffel correspondence with B, via the imprimitivity bimodule
cYp. The calculation

(G 3G 2)) (

(a z—l—x d))
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shows that v, is a homomorphism for all s € S. It is easy to verify that ~; preserves adjoints and is
bijective, hence is an isomorphism between Cy+ and C;. We only check the cocycle identity in the
definition of Busby-Smith twisted actions. It suffices to show that for a € A, As¢, b € B+ Bs; and

xr,y e Xr* meta
a x w _ ar(aus,t)ur,st ¢7‘ (l‘ : vs,t)vr,st
ks 37 b ot o ¢7‘(us,t : y) : ur,st ﬁr (bvs,t)vr,st

Yy ( Ci Il;) wr,swrs,t — ( ar(a)ur,surs,t ¢r(x)vr,svrs,t)

Y ¢r(y) CUr,sUrs,t BT(b)vr,svrs,t

are the same. The diagonals are clearly equal. We check the upper right corner. Since z = z, - a,
for some z, € X, and a, € A« we have

er(xvs,t)vr,st = ¢7‘ (xr : arvs,t) = er(xr)ﬁr (arvsyt)
= ¢r (xr)ﬁr (ar)vr,svrs,t = ¢r(x)vr,svrs,t .

The equality of the lower left corners follows similarly. For the other part, the conditions of Definition
3.2 for the pair (Y, v(-)|Y) follow from routine calculations. O

and

A similar proof shows that in the previous theorem (C, S, v, w) and (A4, S, 3,v) are also Morita
equivalent. Recall [Si2] that two Busby-Smith twisted actions (o, u) and (5, w) of S on A are exterior
equivalent if for all s € S there 1s a unitary multiplier V; of E; such that for all s, € S
(a) Bs = Ad V; o ay;

(b) Ws t = Vsas(lM(ES*)Vt)us,tV;;

Theorem 3.6. If the twisted actions (A, S, a, u) and (A, S, 3, w) are exterior equivalent, then they
are also Morita equivalent.

Proof. Let V implement an exterior equivalence between (o, u) and (3, w). We show that (A, ¢)
implements the Morita equivalence, where ¢; : A;» — A; is defined by ¢;(a) = a;(a)V]". TFor
a,b,x € Ag» we have

¢s(w-b) = as(@)as (D)5 = ag(2) V7 0:(b) = 65 (x) - 6s(2)
verifying Definition 2.4(a). If z,y € X+ = A;», then we have
as(af®,y)) = as(ey”) = as (@) V(s (1) V7)" = a(s(2), 95(v)),

which verifies Condition 2.4(d). By the note after Lemma 2.5, it remains to observe that if z €
X(st)* = A(st)* then

(¢s00)(x) = as (o (2) V)V
Nues ¢ Vi Vseus yos (Tarca, ) Vi)™V
Jwy ¢ O

= o; (o (2

= us,tqj)st(x

Recall [Rie] that if 4 Xp is an imprimitivity bimodule then every representation = of B on a
Hilbert space H induces a representation 7% of A on the Hilbert space H* defined by 7% (a)(z®€¢) =

(a-z)® &, where H* is the Hausdorff completion X @p H of the algebraic tensor product X © H
in the seminorm generated by the semi-inner product

(zellyon) =y x)p) [ ng = (€[ ~(z,v)s)n)H -

Note that (z - b) @& =z @ n(b)¢ for all € X, b € B and & € H. The following is the semigroup
version of [Com, Section 2].
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Theorem 3.7. If(A,S, o, u) ~x 4 (B, S, #,v) then every covariant representation (w, V, H) of (3, v)

induces a covariant representation (7%, VX HX) of («, u) on the Hilbert space HX = X®p H, where

7% is as above and

VX (2 @€) = ¢s(x) @ Vi(€)
for all elementary tensors x ©® £ € HX = X« ©@p H.

Proof. First note that if x € X; and £ € H then x = y - b for some y € X, and b € By, hence
r@E=(y-b)@é=yarb) So HX = X, @p H, where H;, = n(B;)H = V;H. To show the
existence of VX define T': X;» x H — X, @p H, by T(z,€) = ¢s(x) @ Vi€. T is clearly bilinear so
there is a unique linear map 7" : X« © Hge — X4« @p Hyw such that T'(z @ €) = T'(x,£). We check
that 7" is isometric. For z,y € X,+ and &, n € H, we have

(T'(x@&) | Ty @m)ux = (¢:(2) © Vil | 6(y) @ Van)mx
= (7((95(v), &5 (2))B) V& | Vin)u
= (m(B:((y, 2)B))Vs& | Vin)u

= (Vir({y, 2) )€ [ Ven)m

=

(g, 2)B)E [ mu = (x @& |y @n)yx

So T" determines an isometry 7" from HZ2 to HX. If we define VX to be 7" on HX and 0 on
(HX)* then VX is a partial isometry with initial space HX = (Ag - X) @p H = 7% (A )HX . Tt
follows that the final space of VX is 7% (A, )HX.

We can check the covariance condition for elementary tensors. Let a € A+ and e @& € X O H.
Since H = H, @ H}, we only need to consider the two cases £ € H, and £ € H. If £ € H, then
& = m(ab)n for some a,b € A; and n € H. Hence 2 @ & = x - a ® m(b)n and so we can assume that
x € Xs. Thus,

VX (@) (V) (2 @€) = dula- 07 () @ ViV (€))
= (au(a) - 2) @ & = 7% (ay(a))(z @ ).

On the other hand if ¢ € (H,)* then for all y € X and n € H we have

(@& lyopnm = (| 7z, y))n)m =0

and so x @ £ € (HX)L. This means (VX)*(z @ &) = 0. Since a(a) -z is in X it is of the form y - b
for some y € X and b € B,. Thus,

™ (as(a))(x @ ) = (as(a) 2) ©E =y @ n(b)E =0

as well. =

Of course the inducing process works the other way too, that is, every covariant representation
of & induces a covariant representation of 3.

Recall [Si2] that the crossed product A x4, S of a Busby-Smith twisted action (A4, S, o, u) is
the Hausdorff completion of the Banach *-algebra

={x cl'(S,A) : x(s) € A, for all s € S}

with operations

(a: * y)(s) = Z ar(afl(x(r))y(t))um and  27(s) = u; e (2(s™)Y)

rt=s
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in the C*-seminorm || - || defined by
l|2]|o = sup{||(m x V)(&)|| : (7, V) is a covariant representation of (A, S, o, u)}.
Alternatively, generalizing Paterson’s approach [Pat] to the twisted case, we could define
l|2||o = sup{||¢(x)]| : ¢ is a coherent representation of L}

where a representation ¢ of L, is coherent if it satisfies ¢(ax,s+) = ¢(axe) for all s € S. So if I, is
the closed ideal generated by elements of the form ay;s+ — axe, then the crossed product A x, S is
the enveloping C*-algebra of L, /I,.

If x5 denotes the characteristic function of {s}, then ax; is an element of L, for all a € A,.
The canonical image of ay, in A X4 S will be denoted by ad,. Then A x, , S is the closed span
of {ads : a € As, s € S}. Note that we have the following formulas:

asds x aidy = ag(a; ag)a)us 165

(ads)* = a;l(a*)u* Ogv.

"
s*.s

The idea of the proof of the following theorem comes from [Com], [CMW] and [Kal].

Theorem 3.8. If (A, S,a,u) and (B, S,5,v) are Morita equivalent actions, then the crossed
products A Xo 4 S and B xg, S are also Morita equivalent.

Proof. Let (X, ¢) be a Morita equivalence, and let (v, w) be the Busby-Smith twisted action of S
on the linking algebra C' of 4 Xp as in Proposition 3.5. It suffices to show that A x, , S and Bxg, S
are complementary full corners of C' x ,, S. Let

~ (agay O {0 0
p_< 0 0) and q_<0 1M<B>)'

It is clear that pd. and ¢d. are complementary projections in M (C' X, S). We show that ¢d. is a

full pI'OjeCtiOIl. If
C = <~s xS)ECS aIld d—<~t xt)ECt
Ys bs Ye bt

_ (uspas(alor (@), u) 65 (95 " (xs) - be) ~vs,t)
6(55 * qée * d(st — ((Z)s(ﬁ;l(bs) 'yt)~ CUs g Bs(ﬁs_l(bs)bt)vsyt (5st .

We can check fullness on the four corners, and this can be done easily using Lemma 3.3. A similar
calculation shows that pd. is also full.
Now we show that Bxg .S = ¢ *(C x4 S)*¢d.. We use the fact that Bx g, S is the Hausdorft

completion E”'”ﬂ

then

of Lg in the greatest C*-seminorm || - ||3 coming from covariant representations

of (3,v), while C' X, S is the Hausdorff completion H”'HV of L, in the greatest C*-seminorm || - ||y
coming from covariant representations of (y, w). Since

(](58(0 Xy w S)qée = q(se(H”.HV)qée = Xe * L'y *qXe Il = EH”V )

it suffices to show that the seminorms || - ||s and || - ||y are the same on Lg, where we regard Ls as
a subspace of L,. If (7, V) is a covariant representation of (y,w) then (7|B,w(¢)V) is a covariant
representation of (8, v) and so || ||y <||-|lg on Lg. On the other hand, a covariant representation
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(m,V, H) of (8,v) induces a covariant representation (7Y, VY HY) of (y,w), where ¥ = (0 X),

HY =Y®gH and o
(6 D9-( pind)ee
(8 3)09 (5 54)ove

The image of (8 2) Xs € Lg under 7Y x VY evaluated at an elementary tensor (8 2) @& of HY is

08 (6329 = (0 sl ) ome
(01) @ n(B(d)vie
(0 0) © V,r(d)E .

If d € B and £ € H then

(o) edi =((0s) el (hy) @O

=(n(((o ) (50 ))m)E 1)
= (r(d )¢ | ) = (w(d)¢ | m(d)€)n
= |lm(d)elfs

Hence if b; € B, foralli=1,...,nand f =5 ., bixs, € Lg then

7 < VY5 5) @Ol = Ilm x VH)n(d)eln

On the other hand

_ i I x VA r(@)E|lm
llm < V ()|l = sup{ T (Delln :de B, (e H}

I < VY (N ( (5 ) ©E)llmv

1(5s) @&l
<II=" x VY (Pl

= sup

:deBte H}

which implies that ||-]|y > ||-||g on L. A similar argument shows that Ax, .S = pde*(C' Xy o .S)*pde.
O

The proof also shows that if we use the notation X Xy 44 S 1= pde(C X S)¢gd. or simply
X x S, then
A Xau S ~X xS B XBw S.

We now have two different ways to induce representations of A x, S from representations of
B x5 S. The next result shows that they are essentially the same. For simplicity we only state the
untwisted version of the result because that is all we need later. The proof closely follows that of
similar results in [Ech] and [Kal], and goes back ultimately to [Com].
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Proposition 3.9. If (4,S,«a) ~x 4 (B,S,8) and m x V is a representation of B xg S on H, then
the induced representations 7 x VX and (m x V)**#* are unitarily equivalent.

Proof. LetY = X x4 S. The map
4 Y / 0x
T X x H— HY defined by T(x,g):(oo)ée@@g

is bilinear and so there is a unique linear map 7" : X ® H — HY such that 7" (z @ £) = T"'(x,¢§).
We check that T" is isometric. For z,y € X and &, n € H we have

' @o | T wonm = ((7;)eoel () on),,

= ({325 (325 €1),
= ((
= (x

mx V)((y,2)Bd)E | n) y = (7((y,2,)B)E | 1)
©¢lyo )

So we have an isometry 7' : HX — HY such that T(z®¢) = (8 g) de ®E&. T is onto since if z, € X,
and ¢ € H then there are x € X and b € B such that z; = x - b and so

(8 ff)as@g:(g g)a(g 2)55@95:((8 g)(se.b(gs)®€
_<8 0)5 @7 x V(bés)é =T(x @ m(b)Vi€) .

Carrying the above calculation a little further, we have

(8 “38)5 96 =T((x - b) @ Vié) = (8 “38)5 DV,

and we need this fact in the verification that T intertwines 7% x VX and (7 x V)Y: for a € A, and
r®E& € X ©H we have

(rx V)Y (a8) T @ &) = (ad, - () 6) 06
=((‘33)58(33)5e)®f=%(7?1(§3)(“))Wf
(8 orlo x)mg_( bu(a; 0<>ae>)5e®vs€

= T(64(a; 1<> 2) © Vi€) = TV 7 (a7 (a) (2 © €)
=T (V¥ (206 = <7r X V) (a8,) (0 ). 0

Let A be a C*-algebra, let S be a unital inverse semigroup with idempotent semilattice E, and
let N be a normal Clifford subsemigroup of S. Recall from [Si2] that a subsemigroup N of S is a
normal Clifford subsemigroup if it is normal, that is, E C N and sNs*C N, and it is also Clifford,
that is, n*n = nn* for all n € N. Also recall from [Si2] that a Green twisted action of (S, N) on A is
a pair (v, 7), where v is an inverse semigroup action of S on A (that is, a semigroup homomorphism
s> (s, Ase, As) © S = PAut (A) with A. = A) and 7, is a unitary multiplier of A, for all n € N|
such that for all n,i € N we have
(a) yn = Ad 7p;
(b) ~s(m) = Tsns» for all s € S with n*n < s*s;
(€) Tam = Tl
The following is the semigroup version of [Ech, Definition 1].
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Definition 3.10. The Green twisted actions (A, S, N, «, 7) and (B, S, N, 3, p) are Morita equivalent
if there is a Morita equivalence (X, ¢) between the untwisted actions (A, S,«) and (B, S, ) such
that 7, - = ¢n(x) - p, for all n € N and = € X,,. We say that (X, ¢) is a Morita equivalence
between (4,5, N,a,7) and (B, S, N, 3, p), and we write (4, S, N, o, 7) ~x 4 (4,5, N, 3, p).

The proof of the following theorem is modeled on Echterhoff’s proof [Ech] in the group case.

Theorem 3.11. If (A,S,N,a,7) and (B, S, N, 3,p) are Morita equivalent Green twisted actions
then the crossed products A xS and A xg , S are also Morita equivalent.

Proof. Let (X,¢) be a Morita equivalence. Suppose (m, V, H) is a covariant representation of
3 which preserves the twist, that is, w(p,) = V;, for all n € N. The induced representation
(7%, VX HX) of a also preserves the twist, since if z,y € X,, and &, € H,, then

(T (m) (@8 |lyonux = (@& |y@n)gx = 7y, 7 - 2)B)E | Nu
= (7, ¢n(2))BP)E | M) = (7((y, 60 (2))B)Vaé | M)H
= VX (@@&) ly@n)ux

and so 7 (1,) = V.X. A similar calculation shows that if (7%, V*) preserves the twist then so does
(m, V). By [Rie, Proposition 3.3] the kernels of 7 x V and (7 x V)X *¢* are in Rieffel correspondence.
By Proposition 3.9, 7* x VX and (7 x V)**#* have the same kernel. Hence the twisting ideals of
I, and I, are in Rieffel correspondence and so the quotients are Morita equivalent by [Rie, Corollary

3.9].

4. CONNECTION WITH TWISTED PARTIAL ACTIONS

The close connection between partial actions and inverse semigroup actions [Sil], [Ex3], [Si2]
makes it possible to get quick results about the Morita equivalence of crossed products of twisted
partial actions. First recall the definition of a twisted partial action from [Ex2].

Definition 4.1. A (discrete) twisted partial action of a group G on a C*-algebra A is a pair («, u),
where for all s € &, o : A;-1 = A is a partial automorphism of A, and for all », s € G, u,, is a
unitary multiplier of A, A,, such that for all », s, ¢ € G we have

(a) Ae = A, and a. is the identity automorphism of A;

(b) ar(Ar—lAs) = A Aps;
(¢) ar(as(a)) = umars(a)u:ys forallae A;c1 Aj—1,-1;
()

(e

Uet = Ut e = 1M(A)a
(U ¢)Up st = p (@) Uy stps ¢ Tor all @ € Ap—1 A Ay,

Definition 4.2. The twisted partial actions (A, G, a, u) and (B, G, p, w) are Morita equivalent if
there is an imprimitivity bimodule 4 Xp and a map s — (as, ¢, ps) : G = PAut (X), such that
¢s : Xs+ — X5 where Xy = A; - X =X -Bs and forall s,t € Gand x € X - B,—1,-1B;,-1 we have

¢s¢t($) = Us;t - ¢st(x) : w:,t .
We say that (X, ¢) is a Morita equivalence between (A, G, «,u) and (B, G, #, w), and we write

(Aa Ga a, u) ~X,p (Ba Ga/'La w) .
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Recall from [Ex3] that for a group G, the associated inverse semigroup S(G) has elements
written in canonical form [g1][g7'] - - [9m]l95 ][s], where g1,...,9n,s € G, and the order of the
[9:][9;7 '] terms is irrelevant. Multiplication and inverses are defined by

[9)l97 '] - [gm] 97 10s] - [AaJ[RT 1] - - - (] [, 1]
= [9)[o7 '] - [9m]lor Ns)ls ™ [sha)[(sha) '] - - [shm][(shom) '] [st]
and
([o)lor '] - [omllom 10sD)™ = [5™ " gm]l(s™ ) ™11 - - [s™ o] [(s ™ Hgn) (s ™1

Thus [¢] is an identity element for S(G) if e is the identity of G, so we can write [91][g7"] - - - [gm][9:}]
for [g1]lg7 ] [ mll9m][e], and these are the idempotents of S(G). Recall from [Si2, Section 4]
that if (A, G, o, u) is a twisted partial action, then the corresponding Busby-Smith twisted action
(4, S(G), ,v) is defined by

Ap = Ag, -+ A, A
By =g oty ala
P — Y91 g Im =" gm S
Up,q = lM(qu)usvt’

where

p =l '] lomllom' 1), @ = [Ra][AT] - [ha) R 1E)

Theorem 4.3. The twisted partial actions (A, G, a,u) and (B, G, u, w) are Morita equivalent if
and only if the corresponding Busby-Smith twisted actions (A, S(G),,v) and (B, S(G),v,z) are
Morita equivalent.

Proof. Suppose (A, S(G),B,v) ~x,6 (4, 5(G),v,z). If we identify the element s € G with [s] €
S(G), then ¢ : G — PAut (X). For s,t € G and € X - By-1,-1 B;—1 we have

P50t () = G191 () = V11 - 1 (%) - 2y 11
= sl l] - Pl () -+ 2 1)
= V][] Vst], [t- 11 '¢>[ A9 (%) * 2t [ 10 7o) [0
= Ut Prse)(x) - w since, e.g., Vst fe-11e] = La (g

= Us,t~¢st(l‘)~w§t~

)

Now suppose (A, G, a,u) ~x,4 (B, G, p,w). We can extend ¢ to S(G) by defining
¢p = ¢gl ;11 s '¢gm ¢g;}¢>s
for p = [g1]lg7 "] - - [9m]lo;, )[s] € S(G). We verify Definition 2.4(d). If

T,y € Xpw =X 'Bp* = Bng:nlBg:nlg:nl_l "'Bg;zlmgl—l s

then
By (alz,y)) = gy O‘;11 o 'O‘gma;,ias(A@a Y))
= A<¢gl ;11 o '¢gm ¢;,i¢s($)a ¢gl ;11 e '¢gm QS;;LQ/)S (y)>
= 4(¢p(2), 0p(¥)) -

Similar calculations show that Definition 2.4(a) is also satisfied, which is enough by Lemma 2.5. O
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Starting with a twisted partial action (A, G, o, u), Exel [Ex3] builds a semidirect product C*-
algebraic bundle B over G in the sense of Fell. He defines [Ex3, Introduction] the crossed product
A X o4 G as the enveloping C*-algebra of the cross sectional algebra L'(B). We show that the
corresponding Busby-Smith twisted action has an isomorphic crossed product:

Proposition 4.4. If the Busby-Smith twisted action (A, S(G), 8, w) corresponds to the twisted
partial action (A, G, o, u) then the crossed products A X, G and A xg ., S(() are isomorphic.
Proof. We are going to show that the Banach s-algebras Lg/Is and L'(B) are isomorphic, which
suffices since the crossed products are the enveloping C*-algebras. The formula

Xy, g 1) = X
defines a bounded *-homomorphism ¢’ : Lg — L*(B). Since

¢/(aX[gl]...[g;1][e] - aX[e]) =axe—axe =0,

¢’ takes I to 0 and hence determines a bounded *-homomorphism ¢ : Lg/Is — L'(B). Going the
other way, the formula

blaxs) = axg) + Ip

defines a bounded *-homomorphism ¢ : L*(B) — Lg. It is clear that ¢ o ¢ is the identity map. To
show that i o ¢ 1s also the identity map, consider ¥ o (b(ax[gl]m[g;l][s] + Ig) = axps) + 3. We can
choose elements b, ¢ € A[gl]m[g_l][s] such that a = be. Hence

WX[gy)-fg7 ]~ XL = (X[, 1ty — OXEeD) * X1 € L5 O
Using Theorems 3.8 and 4.3 we now have:

Corollary 4.5. Morita equivalent twisted partial actions have Morita equivalent crossed products.
We now develop the basic theory of covariant representations for twisted partial actions.
Definition 4.6. A covariant representation of a twisted partial action (A, G, o, u) is a triple
(m,U, H), where 7 is a nondegenerate representation of A on the Hilbert space H and for all s € G,

U, is a partial isometry on H such that

(a) Us has initial space m(A,-1)H and final space m(A;)H;
(b) U;U; = m(ust)Use for all s,t € G

(¢) m(as(a)) =Usm(a)U; for all a € A,-1.

Note that we have U,» = 7w(us 5)US for all s € . Every covariant representation gives a
representation of the cross sectional algebra:

Definition 4.7. The integrated form m x U : L1(B) — B(H) of the covariant representation (7, U)

is defined by
(rx U)(x) =Y w(x(s)Us,

where the series converges in norm.
The proof of the following proposition is essentially the same as that of [Si2, Proposition 3.5].

Proposition 4.8. 7 x U is a nondegenerate representation of L1(B).
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Lemma 4.9. Let (A, S(G), 3,v) be a Busby-Smith twisted action corresponding to the twisted
partial action (A, G, a,u). If (7,V) is a covariant representation of (8,v) then (m,U) is a covari-
ant representation of (o, u), where Us := Vi, for all s € G. Conversely, if (m,U) is a covariant
representation of («,U) then (m,V) is a covariant representation of (3, v), where

‘/[91][91_1]"'[9n][g;1][s] =Py, Py Us

and P; denotes m(17(4,)) for allt € G. Moreover this correspondence between covariant represen-
tations of (o, u) and (8, v) is bijective.

Proof. The only nontrivial condition to check for the first part is Definition 4.6(b):
UsUs = Vi Vi) = 7 (01, 5) Vistts—11ts) = T(Laz(ag g, -1y o ,t) Visits =251
= s )T (s Ay, Vislls=110s) = 7 (2, ) 7 (052, o)) Vistts =21 Vist)
= ﬂ-(us,t)‘/[s][s—l]‘/[st] = ﬂ-(us,t)Ust .

To show the second part first notice that the P;’s commute since the 17(4,)’s are central projections
in the double dual of A. Therefore Vgl o= 1] is well defined since P, --- P, does not depend on

the order of the idempotents [g1][g7 ], - - -, [9n][g; !]. Tt is clear that Vig] - [g=1[s] 18 @ Partial isometry.
This partial isometry has the required final space since

71'(‘/[91],“[9;1][5])[{ =Py, P UH=P, - Py m(A;)H
=Py, P P.H=mn(Ay - Ay A)H
= ™A,z ) H -

We can show that it also has the required initial space by taking conjugates. To check multiplicativity,

let p=[g1]- - -[9:}][s] and ¢ = [h1]- - -[h;1][t]. Then we have

VoVg =Py, - Py, U Py, - P Uy .
We first simplify a piece of this expression:
UsPp, = U, U UUR, Uy
= Pym(us pn, )Usn, Uy,

= Psﬂ-(usyhl)PShlUShthl_lTr(uhl,hl_l)*

= PsPshlﬂ(Us,hl)W(“shl,h;l)Usﬂ'(uhl,h;l)*
= PsPshlﬂ'(us,hl)USU;F(ushl,hl—l)Usﬂ'(uhl,hl—l)*
= h)I\I]PsPshlﬂ'(Usyhl)Usﬂ'(as_l(e)\ushlyhl—l))Tr(uhlyhl—l)* ,

where ey 1s an approximate identity for A; Agp,

= h}I\I]PsPshlﬂ'(Usyhl)Usﬂ'(u:_lysas—l(6)\U5h17h1—1)Us—lys)ﬂ'(uhlyhl_l)*
= h}I\nPsPshlﬂ'(Usyhl)Usﬂ'(u:_lysO[s—l(6)\)U5—lyshluhlyhl—1)F(Uhlyhl_l)*

= PsPshlﬂ'(Usyhl)Usﬂ'(uz_lysus—lyshl)

= li}l;nPsPshlUsU;ﬂ(euusyhl)Usﬂ'(u:_lysus_lyshl)

= hinPsPshlUsﬂ-(as_l(euus,hl))ﬂ-(u:—lysus—lyshl)

= h}?lPsPshlUsﬂ'(U:_lysO[s—l(euusyhl)Us—lys)ﬂ'(u:_lysus—lyshl)
= liinPsPshlUsﬂ'(U:_lysas—l(6u)us—lysueyhluz_1yshl)ﬂ'(us—lyshl)

= P, P, Us .
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Repeating this calculation n — 1 times we have

vaq = Pgl "'Png5P5h1PSh2 "'PShnUsUt
= Pg1 .. 'Png5P5h1 .. 'Pshmﬂ'(us,t)Ust

= T(0p, ) Vigu ] lgm Tislls = 1ls - [sh 2 s t]

= W(“p,q)qu .

Finally we check the covariance condition. If p = [¢1] - - - [¢.,!][s] and a € Ap- then

m(Gp(a)) = m(as(a))

= n(ag,ag, - ag, 0y a(a))

_ * -1 *
= Uglﬂ-(ugfl,glagfl ag, o) O‘S(a)ugl—l,gl)Ugl
_ -1
- U.‘]lﬂ-(u;l_lygl)Ugl_l 7T(O[92 e agnagn O[s(a))U;;1 Tr(ugl_lygl)U‘(;l
-1
= Uy, Uy m(ag, - ag,ay as(a))U;:_l Uy
=Py, - Py Usn(a)US P} --- Py,
= Vpm(a)V,".
It is clear from the construction that the correspondence is bijective. O

Proposition 4.10. If (A, G, a,u) is a twisted partial action then (w,U) — m x U is a bijective
correspondence between covariant representations of (o, u) and nondegenerate representations of the
crossed product A x4, G.

Proof. We know that there is an isomorphism ¢ between A xg, S(G) and A X, G where
(A, S(G), B, v) is the corresponding semigroup action. We also know that there is a bijective cor-
respondence W +— (7%, V¥) between nondegenerate representations of A xg, S(G) and covariant
representations of (3, v) such that ¥ = 7% x V¥. We define a bijective correspondence ® + (7% U?®)
between nondegenerate representations of A X, , GG and covariant representations of («, u) satisfying
® = 1® x U?® using the following diagram:

Rep (A XauG) < Rep(A xg, S(G)) ) < UV=0qo¢
! !
CovRep (o, u) CovRep (5, v) (7%, U%) & (7% VY)

If ® is a nondegenerate representation of A x4, G then ¥ = ® o ¢ is a nondegenerate representation
of A xg, S(G) and so ¥ = 7¥ x V¥, Let (7%,U?) be the covariant representation of («,u)
corresponding to (7%, V¥) as in Lemma 4.9. If a € A, then

® x U¢(a55) = 71"I>(a)U‘I> = W‘I'(a)V[;Ii = V(ad[s)) = P(ads)

and so 7® x U® = &. O
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5. CONNECTION WITH CROSSED PRODUCTS BY HILBERT BIMODULES

Recall from [AEE] that the crossed product A x4 Z of the partial action (A, Z, a) is isomorphic
to the crossed product A xx Z of A by the Hilbert bimodule 4 X4, where X is the vector space A;
with module structure

a-jo=aj, j-a:=a(a]l(f)a)
and inner products
Al k) =gk, (jok)a = a7 (k)

for j,k € A1 and a € A. In other words, we can get 4 X4 by converting the standard A; — A3
imprimitivity bimodule A; into an A; — A_; imprimitivity bimodule via the isomorphism a;y, then
extending it canonically to a Hilbert A — A bimodule.

Definition 5.1. The Hilbert bimodules 4 X4 and gYp are called Morita equivalent if there is an
isomorphism (id, ¢,id) between the Hilbert bimodules X ® 4 M and M ®pY for some imprimitivity
bimodule s Mp.

Abadie, Eilers and Exel show that if 4 X4 and gYp are Morita equivalent bimodules then the
crossed products A xx Z and B xy Z are Morita equivalent. They note that Hilbert bimodules
corresponding to Morita equivalent actions of Z are Morita equivalent. We show that the Morita
equivalence of Hilbert bimodules corresponding to partial actions of Z is equivalent to the Morita
equivalence of the partial actions, in the sense of Definition 4.2.

Suppose we have two partial actions (A, o, Z) and (B, 3, Z) with corresponding Hilbert bimod-
ules 4 X4 and pYp. We show that the two notions of Morita equivalence of the actions coincide.

Proposition 5.2. The partial actions (A, «, Z) and (B, 3,7Z) are Morita equivalent if and only if
the corresponding Hilbert bimodules 4 X4 and pYp are Morita equivalent.

Proof. If 4Mp 1s an imprimitivity bimodule then
span (M @p Y, M @p Y)p =span (Y, (M, M)p -Y)p
= span 87 (Bf (M, M)pB1) = B_1,

hence the imprimitivity bimodule corresponding to M @p Y is of the form p (M ®p Y )p_, for some
closed ideal D of A. Similarly, the imprimitivity bimodule corresponding to 4 (X ®a M)p is of the
form 4, (X ®4 M)¢ for some closed ideal C' of B. Tt is routine to check that the map m @l — m-{
form € M and | € By extends toamap v : M®pY — M - By such that (id, v, 1) is an isomorphism
between p(M ®p Y)p_, and the imprimitivity subbimodule p(M - By)p, of 4 Mp. Similarly, the
map j®m — a_1(j) -m for j € A; and m € M extends to amap p : X @4 M — A1 - M
such that («_1, u,1d) is an isomorphism between 4, (X ®4 M)¢ and the imprimitivity subbimodule
A_l(A—l ~M)C of AMB~

Suppose now that the Hilbert bimodules X and Y are Morita equivalent. Then by Lemma 2.6
and the above there exists an imprimitivity bimodule 4 Mp and an isomorphism (id, ¢, id) between
the imprimitivity bimodules 4, (X ®4 M) and p(M @ Y)p_,. Then A1 = D and C' = B_; and
so (ay,vovopu™t 3) is an isomorphism between 4_, (A_1-M)p_, and 4,(M - By)p,. This implies
that (A, X,Z) ~x,4 (B,Y,Z), where ¢,:= (votopu=')" for n € Z\ {0}. The situation can be
visualized by the following diagram:

4(X®a M)p 4, (X ®a M)c Lozupi), a_ (Ao - M)e

l l(idﬂﬂyid) l(ah%ﬁl)

A(M®4Y)p p(Me@pY)p_, () p(M - Bi)g,
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Going the other way, if (A4, o, Z) ~ar 4 (B, 3,Z) then ¢; is an isomorphism between 4_,(A_; -
M)p_, and 4, (M -By)p,. So C = B_;, D = A; and (id, v~ 0 ¢1 o p1,id) is an isomorphism between
4, (X ®a M)c and p(M @pY)p_, and so the Hilbert bimodules X and Y are Morita equivalent by

Lemma 2.6. O
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