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Abstiract

The concept of symmetry in dynamical systems is considered. Several
lemmas regarding isotropy subgroups and isotropy equivalence are pre-
sented. A theorem regarding the density of symmetry preserving maps
in C*(M, V) where M and V are real vector spaces is proved. Potential
applications to differential equations with D, and D,, x Z, symmetry are
indicated.

1 Introduction

The phase space of many dynamical systems is of high enough dimension so as
to make it difficult to visualize the attractors (See, for example, [7] in which
the phase space is R'?). We wish to visualize the symmetries of attractors by
mapping them into low dimensional spaces (preferably dim < 3) in such a way
that symmetry is preserved.

Recently, a theory of symmetry detectives has been developed [2, 4, 1]. Sym-
metry detective theory provides a method for computing the symmetry of an
attractor for a dynamical system. The work presented herein proposes a method
in which the symmetry of an attractor is observed visually.

*Advisor: Dr. James W. Swift, Northern Arizona University



1.1 Dynamical Systems
There are two ways to construct a dynamical system from a map:
f:R"=R" (1.1)
1. The function can be used to generate a discrete system in which the orbits:

$0P£$1P£+$giikm3ki+--' (12)

are considered for various starting values zp, € R".
2. The function can be used to generate the vector field of a first order ODE:
i = f(a) (1.3)
In this case, the orbits are the solution curves to the ODE.

If f defines a dynamical system in either of these ways, we will say that the
dynamical system stems from f.

For either a discrete system or an ODE, aftractors are periodic, quasi-periodic,
or chaotic orbits to which nearby orbits “tend.” There is no universally accepted
definition of an attractor, but the following properties are fairly general:

1. An attractor contains a dense topologically transitive orbit.

2. An attractor is contained in an open basin of attraction.

1.2 Symmetries and Dynamical Systems

Suppose that there is a dynamical system which stems from f : R* — R™.
Suppose that some finite group, I', acts faithfully on R™ (for a discussion of
group actions see [6, ch. 4]). If

flyez)=7yef(z) VyeT (14)
then f is said to be I" equivariant.

Lemma 1.1 If A is an atiractor with an open basin of attraction for a dynamical
system which stems from a I’ equivariant function then:

YA=AoryANA=0 VyeT. (1.5)

Lemma 1.1 is proved in [3].
We define the symmetry subgroup of an attractor (or an arbitrary set) to be:

L(A):={y€eT |yA= A}. (1.6)



If A is an attractor for a I' equivariant function, it may not be true that
L(A) = I'. Occurences of this fact can be found even in low dimensional systems
such as the Lorenz Equations:

= -—ox-+0Yy
;= pr —Yy—zxz . (1'7)
z= —PBz+zy

These equations are equivarient under the transformation (z, y, z) = (—z, -y, 2),
which can be considered an action of Z, on R®. Numerical simulations indicate
that at o = 10, p = 93, B = § there is an attracting periodic orbit which has full
symmetry (Z2). At o =10, p = 100, 8 = £ there is an attracting periodic orbit
which has trivial symmetry ({1}).

Nevertheless, if A is an attractor then, given any v € T', vA is an attractor.
If vy € £(A) then vA = A, otherwise v A is said to be conjugate to A.

1.3 Group Representations and Isotropy

If the action of ' on a vector space V is linear, we say that V is a representation
of I' (more strictly, the group homomorphism I' = GL(V) induced by the action
is a representation and V is a representation space).

It is possible to define the symmetry group of a single point z € V:

Z(z) =E({z}) = {y €T |yz =z} (1.8)

If G €T and G = E(z) for some z € V then G is said to be an isotropy subgroup
for the representation V. For a set A C V we define:

T(A):={y €T |y =z Vz € A} (1.9)
T(A) is called the isotropy subgroup of A. Note that:
T(A) = ) Z(=). (1.10)

TEA

In Lemma 2.3 we show that the intersection of two isotropy subgroups is an
isotropy subgroup. Since we consider only finite groups, the intersection in Equa-
tion (1.10) is finite. Thus T(A) is an isotropy subgroup.

We define the fixed point subspace of a subgroup:

Fixv(H)={z €V |he =z Vh € H} (1.11)
where H < T. Note that:

1. Fixy(H) is a vector space,

2. If H < G then Fixv(G) C Fixy(H).



2 Isotropy Equivalence

The work on symmetry preserving maps contained herein and the work on sym-
metry detectives in [1] depend on the notion of isotropy equivalent representations.
In this section, we develop some theory regarding this notion.

Definition 2.1 We say that two representations of a finite group ', V; and V3
are isotropy equivalent if H is an isotropy subgroup for the action of I' on V if
and only if H is an isotropy subgroup for the action of I on V,

We will use the notation V; ~ V, to indicate isotropy equivalence when the group
I’ is understood. Note that ~ is an equivalence relation.
The following three lemmas develop several properties of isotropy subgroups.

Lemma 2.1 Let I' be a finite group with representation V. Let H < I'. The
following are equivalent:

1. H is an isotropy subgroup.
2. For oll G €T such that G 2 H, Fizv(G) = Fizy(H) if and only if G=H.
3. Fizy(G) C Fizy(H) for all G < T such that G > H.

We take C and < to mean proper subset and proper subgroup respectively.
Proof:

(1 = 2) Assume that H is an isotropy subgroup. Let G < T such that G > H.
Clearly if G = H then Fixy(G) = Fixv(H). I Fixy(G) = Fixy(H) then
there exists v € Fixy(H) such that H = ¥(v) (since H is an isotropy
subgroup). But then v € Fixy(G) and since H = Z(v), G < H. Thus
G=~H.

(2 = 3) Assume that or all G < T such that G > H, Fixy(G) = Fixy(H) if
and only if G=H. Let G < T such that G > H. Then Fixy(G) # Fixv(H).
But, Fixy(G) C Fixy(H), so Fixy(G) C Fixy(H).

(3 = 1) Assume that Fixy(G) C Fixy(H) for all G < T such that G > H. Let
G ={G <T | H < G}. Now Fixy(G) C Fixy(H) for all G € G. But each
of the fixed point subspaces are subspaces, consequently, there exists

v € Fixv(H) \ | Fixv(G). 2.1)
GG

But this implies that H = £(v), so H is an isotropy subgroup.



Lemma 2.2 Let T be a finite group with representation V. If H < T then there
evists F < T such that H £ F, Fizy(H) = Fizy(F), and F is an isotropy
subgroup.

Proof: Let F be the subgroup of pointwise symmetries of Fixy(H), i.e.:
F={yel}|yw=v YveFixy(H)}. (2.2)

Clearly, H < F and Fixy(F') = Fixy(H). Now let J < T such that J > F. Then,
there exists j € J and v € Fixy(H) such that jv # v. Thus, Fixy(J) C Fixy(F).
Thus, by Lemma 2.1, F is an isotropy subgroup. n

Lemma 2.3 Let H,G < T be isotropy subgroups for a representation V. Then
H NG is an isotropy subgroup.

Proof: If H = G this is trivial, so assume H # G. Clearly Fixy(G) C Fixv(G N
H) and Fixy(H) € Fixy(GNH). Let F <T such that F > GNH. Then thereis
f € Fsuch that f € Gor f & H. Since H and G are isotropy subgroups, either
Fixv(G) € Fixv(F) or Fixy{H) ¢€ Fixy(F). Thus Fixy(F) # Fixy(G N H).
Thus by Lemma 2.1, H N G is an isotropy subgroup. O

Note that I' is always an isotropy subgroup. If the action of I' on V is faithful,
then 1 is an isotropy subgroup, otherwise the kernel of the action is an isotropy
subgroup. In fact, Lemma 2.2 indicates that every subgroup is contained in a
“smallest” isotropy subgroup.

Now we present two lemmas. The first of these provides a method for showing
that two representations are isotropy equivalent. The second allows us to reduce
the size of representations by removing isotropically equivalent representations
which are “redundant.”

Lemma 2.4 Let T’ be e finite group with representations Vi and V3. Suppose
that:
Fizy, (G) = Fizy,(H) <> Fizy,(G) = Fizy,(H) (2.3)

whenever H < G <T. Then Vj ~ V5.

Proof: H is an isotropy subgroup for V] if and only if for every G < T such
that G > H, G = H whenever Fixy,(G) = Fixy,(H) (see Lemma 2.1). Thus by
hypothesis, H is an isotropy subgroup for V] if and only if for every G < T such
that G > H, Fixy,(G) = Fixy,(H) whenever G = H. Therefore by Lemma 2.1
H is an isotropy subgroup for V; if and only if H is an isotropy subgroup for V;.
Thus V; ~ V5. 0

Lemma 2.5 Let T be ¢ finite group with representations Vi, Vi, and V,. If
irnWVathen ViV~ V. @ W.



Proof: Clearly, if H is an isotropy subgroup for V. @& V; then H is an isotropy
subgroup for V; & V; & V,. Now let H be an isotropy subgroup for V; @ Vi @ V5.
We claim that H=F N G; N G, for some isotropy subgroups F for V., Gy for V4
and G, for V,. To show this, note that if H = X{(vy,v1,v2)) then elements of H
must fix (vy,v;,v;) coordinate-wise, thus H < F N Gy N Gy where F = X(v,),
Gy = Z(v1), G2 = £(vy). However, any element of ' G N G fixes (vy,vq,vs),
so FNGy NGy = H. By Lemma 2.3, G; N (G, is an isotropy subgroup of V.
Therefore H is an isotropy subgroup for V, @ V4. a

3 Symmetry Preserving Maps

3.1 Some Definitions

Let M and V be real representations of a finite group I'. Suppose that the
action of T' on M is faithful. Let a dynamical system stem from a I' equivariant

fiM—= M. Let
AM)={AC M| Ais compact and YANA=BoryA=A VyeT} (3.1)

Then, by Lemma 1.1, all bounded attractors for the dynamical system are ele-
ments of A(M).

Let CE(M, V) be the set of all k times differentiable I' equivariant functions
from M to V. This is a topological space under the standard C* distance (see

(5])-

Lemma 8.1 For any ¢ € CE(M, V), AC M:
1. I(4) < B(4(4))
2. T(4) < T(4(A))

Proof: Let p € X(A). Then pd(A) = ¢(pA) = ¢(A). Thus p € E(¢(A4)). The

remaining item is similar. O

3.2 A Theorem Regarding Symmetry Preserving Maps

Note that V = R™ for some m. We consider $™~! C V. We can represent all
elements v € V, v 5 0 uniquely as a product:

v=r$ (3.2)

for some r € [0,00) and § € $™!. Because we consider S™~1 C 'V, I’ can act on
elements of S™~!. We assume that the action is orthogonal so that 4§ € §™-1
for all y € ' and 4 € S. Thus, given r3 € V, v(r§) = r(43) for all v € I'.



Suppose we have a compact set U ¢ V. We define Xy : §™! — [0, 00):

u r maximal such that ra € U
Xu(8) = { 0 ifr3gU for any r € [0, 00) (3.3)

The compactness of U/ guarantees that it is closed and bounded, so this function
is well defined at every point.

Theorem 3.1 Let T' act faithfully on M and orthogonally on V. Let A(M) be
defined as above. Let A € A(M). If T(A) is an isotropy subgroup for V, then:

1. There exists an open dense set O C CE(M, V) such that T(¢(A)) = T(A)
forall ¢ € O.

2. If $ € CH(M, V) such that there is some point a € A for which ¢(a) has
isotropy T(A) then there exists ¢ € CE(M, V) arbitrarily close to ¢ (with
respect to the C* topology) such that:

£(4) = £($(4)) (3.4)

Proof: Suppose that 1 € Ck such that T(15(A)) > T(A). Pick a point a € A
such that £{a} = T(A). Pick v € V such that E(v) = T(A).

Let 4 > 0 such that Bs{a) N yBs(a) = @ for all v € T, v & T(A). Let
7 : M — R have support Bs(a) with p{a) = 1.

Let € > 0. Define:

¢(z) = ¥(z) + € 3_ yun(y7'z) (3.5)
el
Now ¢(a) = ¢(a) + €|T(A)jv. For ¢ small enough, E(é(a)) = T(A). Thus,
T{¢(a)} < T(A). But ¢ is I equivarient, so T(¢(a)) > T(A). Since € may be as
small as we like, O is dense.
Openess is clear since points with isotropy T(A) are dense in Fixy/(T(4)).
This concludes the proof of item 1.

Define
R = max|¢(z)| = max Xyu($) (3.6)
Pick g € T such that
Xan (875ey) = mae e (1 ) G0

Let 6 = B3eh. Let b€ A such that ¢(8) = Xg(a)(5)b.

Note that ¢{A) C Br(0) and ¢(b) < R. We wish to define an invertible I'
equivarient function v : V — V such that

1) ¢ o¢(A) € Br(0)
2)  Yogb)=R (3.8)
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We wish 3 to be invertible and I' equivarient so that:
E(y(U)) = E(U) (3.9)

for any set U CV.
Define H : ™1 — [0, 0o} with the following properties:

1) H(8) = 185 — L.
2) H(3)=0VYse S™1, 59 (3.10)

We define a I" invariant extension of H:

H(3) = v 3 H(78). (3.11)

H satisfies two properties, similar to those of H:

1) f}(qa);ﬁmquer.

2) H(8)=0Vse 8™, § # b for some v € I. (3.12)

Note that for any v € T, |E()| = [E(y9)] = |T(A)|. Consequently, by the
choice of §:

(14 H(E))X5a(8) < RV3 € ™1 (3.13)
We can use H to define an invertible function, ¥ : V = V:
¥(rd) = [r(1 + H(3))] 5 (3.14)

It is easy to check that ¢ is T' equivarient and satisfies the properties in Equa-
tion {3.8).

Let & > 0 such that Bs(pb)N A = § whenever p & L(A) and Bs{pb)N B;(b) = @
whenever p & T(A). Let 7 € C*(M, R) have support Bs(b) with n(b) = 1.

Let € > 0. Define ¢:

o d(z) = (1 +ey. n(vm)) P o é(z) (3.15)

~el

It is easy to check that 1 o ¢ is I equivarient. Thus:
5(A4) < B4 0 §(4)) (3.16)

Note that |10 (b)| = R+ ¢€|T(A)| and [0 (z)| > R if and only if z € pBs(b)
for some p € Z(A). 3 5

Let p € X() o (A)). Then there exists ¢ € A such that ¢ 0 ¢(c) = pp o §(b).
Thus, [yo¢(c)| = R-+¢[T(A)| > R. Thus, there exists d € Bs(b) such that ¢ = p'd
for some p' € E(A). Now, if d # b, we can choose §; < § so that d ¢ Bs, (b).
Then there exists di € By, (b) such that ¢ = p,'d for some py’ € ¥(A). However,
because the actions of p;’ and p are invertible linear transformations, we must

8



have p,’ # p’. Consequently, since T is finite, we must be able to choose § small
enough that d = b. Therefore py o ¢(b) = p't> 0 $(b). Thus:

P p € (o ¢(B)) =T(A) < £(A). (3.17)

Consequently, p € T(A) and £(A) = (s 0 $(4)) = B($(A)).
By definition of 1, ¥(r§) = r¢(3), so

() = ¢ [(1+ €Tyern(y2)) ¥ 0 ¢(s)]
= (1+ eZyer n(12)) é(z). (3.18)

Thus, 3
¢ — élicx < elTHlinlicxlidllcr (3.19)

which can be made as small as possible.

Corollary 3.1 Let T’ act faithfully on M and orthogonally on V. Let A(M) be
defined as above. Let A € A(M). If M ~ V then there erists an open dense set
O C CE(M, V) such that for all $ € O:

I(A) = X(¢(A)) (3.20)

Corollary 3.2 Let T act faithfully on M and orthogonally on V. Let A(M) be
defined as above. Let A € A(M). If T{A) is an isotropy subgroup for V then
there exists an open dense set O C CE(M, V) such that for all ¢ € O:

T(A) = B(4(A)) (3.21)

4 Systems with D, and D, x Z; symmetry

Two common classes of symmetry groups for differential equations are:

1. Dy =(p,e|p*=k*=1, pr = rp™})

2. Do xZo = (p,k,0|pt=xk*=0=1, ko = 0k, pk = £p, pr = Kp"1)
We define

2

Twi=(p,r,0|p" =r*=0" =1, ko = ok, pk = xp, px = kp"™1) (4.1)

and consider D,, < T,..
It 1s common for Ty, to act on M = R" as follows:

pe (239, Tiyreey xn-d) = (-Tﬂwlfzﬁ, T1y... smn*fo’) (4'2)
K@ (20,2Z1,...,Tno1) = (Toy Tn_1,---,T1) (4.3)
oe (330, Liyunn ,zn—l) = (—:Bo,'—'.'ll, ey ——a:,,_l) (44)
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Since this action is linear, let pys be the matrix of the action of p, k) and ops
similarly, We use the notation (pa):; for the 1,7 component of pas where ¢ and j
range from 0 to n — 1.

lifi—j=1modn
(pn)ij = { g ogherwise (4.5)

1ifi+7=0 modn
(kar)ij = { 0 oiherwise (4.6)
(om)is = —&y; (4.7)

Where §;; is the Kronecker delta:
)0 i#

613‘“"'{ 1 imj (48)

When using matrix notation, we consider elements of M to be column vectors.
The matrices operate from the left.

4.1 A Symmetry Preserving Map from M into C"

Now, consider the linear transformation Z : M — C” defined by its matrix:

1
(Z)i; = T ’ (4.9)
where w = e .
Note that (ZT),-J- = 71;(.9".", so that:
i 1% ki L ki)
(Z Z),'J' = ;; W W= ; zw = 6.'_,' (410)
k=0 k=0

Le., Z 1s unitary.

Remark 1 We have used the fact that if o is an n** root of unity and a # 1
then

n-1
Z a'=0 (4.11)
i=0
which can easily be verified by noting that:
n-1 n . a-1 n—-1
a) a=)a=1+Y =Y o (4.12)

=0 foml 1=1 1=0

So, Y3 of = 0.
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Thus Z is an invertible linear transformation from M into C". Let V = Z(M),
t.e. the range of Z. There is a natural action of I', induced on V by Z. It is
easiest to express this action in ferms of the matrices of the action:

pv = ZpuZ! (4.13)
wy = ZryZl (4.14)
ov= ZpuZl (4.15)
We now calculate these matrices:
n—l i1 ﬂ.—l -1
(pv)iy = — Z 3w (pa)enw™ = = Z 3w (parin
" k=0 h=0 k...O h“ﬂ
u—I
==Y Wkl o 2 w"('"”) = w;; (4.16)

] ednd ; fi+7=0modn
(kv )ij = — Z Z"" k- hJ (Kae)kn = { 0 ot;ier\iqse " =(ru)i (4.17)

k=0 h=0
1 gty tk—hj 1 = tk—kj
= - Z Ew 51:}. - Z -t = --6,_., = (UM),J (4.18)
k—O k=0 gyt

V must have real dimension n, and is thus a proper (real) subspace of C".
Note that if 2 € V then z = Zz for some z € M and consequently:

n—1 n—1
Zi = Z w"a:,- = E @(n_')ij = Zpei (4.19)

J=0 F=0
So V is the subspace of C™ which is the fixed point subspace of the operator R
defined by:
R
(Zo, Ziyen -,Zn—l) — (Zo, En_l,... ,51) (429)
R is not linear with respect to the complex structure of C", but it is a real linear
operator (if C" is considered as a real vector space (R*")).
Note that zp is real and that for n even, z,/; is real. This motivates defining
the following subspaces of C":

{z€C" | 2o =%, zi =0if i # 0}

il II

V1 {z€eC" |z =0ifi# 1}
VL%J__I; {zrecr|z=0ifis|z] -1} (4.21)
v JlzecCrla=0iti# 3]} n odd

gl ~ z€C"|zp = zg, ;=0ifi3é~’§} n even

Now consider the action of R on these subspaces:

R(Vl@---@vm) n odd

R (V1 B P Vg) n even (422)

vzzmﬂ)=%@m@---evm®{
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Note that the action of x on v € V is to exchange v; with v,_;. However
v; = Uy, 50 K @ v = §. The actions of p and ¢ on V are diagonal. If we take

V'=Vo€BV1€B"'@VLgJ (4.23)

then the action of I', on this space is well defined. Note that themap Z': M — V'
defined by 2’ = P o Z, where P : V — V' projects V onto V' by suppressing
V; for l%r< + < n— 1, is invertible so if preserves symmetries. For theoretical
purposes it is easier to work with Z, but for practical applications 2’ provides
all of the necessary information.

Note that Z’ can be represented by a complex [%J X n matrix:

1 1 1

1 w wn-1
zo| 1 W w2n=1) (4.24)

1 wl.%.] see ses  sew w[%_]

The action of T',, on V' is given by:

Kev =7 (4.25)
psv= (vg,wvl,wzvg,...,wl‘zﬂ"JvﬁJ) (4.26)
cev=—v (4.27)

which is linear with respect to the real structure of V* but not linear with respect
to the complex structure.

4.2 Isotropy Equivalent Representations of D, and T,

Notice that because the action of I', on V' is diagonal, there is an action induced
on the spaces V, where 0 < p < [—’:;‘- . Each of these V, is a representation of T,,.
Given V, the action of T, on v € V}, is:

pe v, =uwhy, (4.28)
Koy, =1, (4.29)
TeU, = —v, (4.30)

Theorem 4.1 V, and V, are isotropy equivalent representations of 'y, if and only
if ged(p,n) = ged(q,n). The same result holds if T, is replaced by D,.

We present a proof of this theorem for V, and V, representations of D,. The

proof is very similar for I', but requires a few more cases. We will use the following
facts in the proof of the theorem:

12



1. Let d = ged(p,n). The only elements of I,, which act trivially on V, are
powers of p4.

2. Fixy, ((p°K)) = {re’™®® | r € R}

3. Let G £ D,.. Then one of the following three items must be true:
(a) Fixy,(G)=0.
(b) Fixv,(G) = {re’% [re R} forsomea € Z,0<a<n.
(¢) Fixy,(G) =V,.

Proof:(of Theorem 4.1) Let H# < G < D,,. Using Lemma 2.4, it suffices to show
that

Fixvp(G) = Fixvp(H )= Fixy,(G) = Fixvq(H ). (4.31)
We consider three cases:

1. Fixy,(G) = Fixy,(H) = V;. Then both G and H consist of elements that
act trivially on V,. Note that elements of D, act trivially on V}, if and only
if they act trivially on V;. Thus Fixy,(G) = Fixv,(H).

2. Fixy,(G) = Fixy,(H) = {1r-¢=;'"3::_’r |r e R} for some 0 < ¢ < n. Then G
and H consist only of reflections and elements that act trivially. Suppose
that one of the reflections is p*x for some 0 < b < n. Then Fixy,(G) €
Fixy (H) € {re“?}. Now, Fixy, (G) # 0, since G' contains only reflections
and elements that act trivially on V,. Thus Fixy,(G) = Fixy,(H). |

3. Fixy,(G) = Fixy,(H) = {0}. Then there is some rotation in H which
does not act trivially. This rotation does not act trivially in V,. Thus,
Fixv,(G) = Fixy,(H) = {0}

0
Corollary 4.1 Let P, = {p€ Z* | p|n}. Then:
1. Considering the action of T',,:
R ~Vo6 PV, (4.32)
pE'Pn
2. Considering the action of D,:
R~ DV, (4.33)
pEPy

Proof: Use the map Z’ defined in the previous section and apply Lemma 2.5.
0
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4.3 Examples

We provide two examples of systems which could be analyzed by the means
outlined herein. We have not completed an analysis to date, but examples will
appear in a forthcoming paper.

1. The following system is introduced in [2]. It is a differential equation on R®
which is considered to be R® @ R®. Dj acts on each copy of R? as shown
above. The equations are:

& = yi +oxly;
- i 4.34
{ = ;= (2} = Ny + o(yi-1 — 24 + yir) + Priyi (4.34)

6, A, and f are parameters. The equations have Dy symmetry. Thus, by
projecting an attractor into the spaces V] and we should be able to (in most
cases) analyze the symmetry.

2. The following system is analyzed partially in [7]. It is a differential equation
in R = R® @ RS, The symmetries of the equations are I's. Thus, by
projecting the attractors into Vo & Vi @ V4, we should be able to (in most
cases) analyze the symmetry.

;= —4zi+ i

+(2F + y2)(Pzi — Qui) — M&(zicr + Zig1) — 2(¥i1 + ¥i1))
yi= —x; =4y

+(z? + ¥y (P + Qyi) — M2(zie1 + Tiga) — 4(yic1 + ¥ig1))

(4.35)

P, @}, and ) are paramaters.
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