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Background:
We are going o look for invariant curves for quadratic-tke cublc systerns. First, we need to get some
background information. Schiomiuk { 1] and Coppel [2] have both done work with quadiraiic systerms. Firstwe
take alook at two theorems from Coppefl's work thet relate to whet | am doing. Both of these come from
Tugslemma

Theorem 3; Twodosedpaﬂsareopp@he&oﬁerﬁedffﬁweirmmmm
CoOmMon poit,
Theorem4: Two closed paihs are similarly oriented if their interiors have one

common point
Ancther important flem to notice is that 3 critical poirts can never be colinear in the quadatic systems. Thisis
not necessarily true of cubic systems.
SchiomiuK's work gives me the basisto start my work. She established a conneciion between the existence of
invariant algebraic curves in the quadratic systems and the condiions for a center. She used equations ofthe

b_rm.

X =-y-bi2-Oxy- 2
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Y =X +ax2 + Axy + Cy°
The condiions fora center had already been found in the 1920's by Kapteyn{3]. Herwork finding the inesand
conics gves us the following predise commelaion between Kapteyn's 4 center condiions and the existence of
mvaniant algebrac curves.

b+d=0 20r Jinvariant ines
C=a=0 aninvariant ineand conic
0=C+2a=A+3+5d=a2+bd +2d°
aninvariant conic and cubic
A-2b=(C+23)=0 anirwvaiantabic

Quadrgiic-ike aubic systems are a dass of cubic systems for which a modified version of Tung's Lemma hold
so that for example theorems 3 and 4 stated above hold

Vasminj4] found concdiions for the center of quadratic-ike cubic systems. For the equations given at the top of
pegethreethese are:

1 A3=03=0

2 Ay=-4By
Cy=-ABy
Ca=-AgBy

3 4C3=Ahg
16C5=8BAp- 38,2 + 88541 + 3A
16C1 =4A1An- AsBy-4BBy

4 4Ca=Ahg
16C) = 25Aq2- 40A¢Aq +10ByAg + 8B1Ap- 3B +
8A{By +3A°
18C1 =5AxAq +20B4Ag + 4A1Ag- AoBy - 4B(B,
3G = [By-4A12 + (Ag +4B1)2 + 2AgBprA)

Using these conditions as a starting place, we start looking at quiackatic-ike cubic systems.
Project:
Inthis project, we are looking for invariant curves for quadratio-ke cubic equations. We are using equations of
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the folowing form:

x’my+A1x2+(A2+ZB1)xy+(A3-A1)y2+x(C1x2+szy+(03~C1)y2)
ym-x+B1x2+(Bz-2A1)xy~B1y2+y(C1x2+Cg<y+(C3-C1)y2)

To find invariant ines, we use the general equation for a ine:

L=sx+ly+1=0

U=sx+ly
=s(y+A1x2+(A2+2B-;)xy+(A3~A1)y2+x(01x2+02xy+(03-01)y2)+

I(-x+B1x2+(Bz—2A1)xy+B1y2+y(01x2+02xy+(03-01)y2)
=sy+sA1x2+s(A2+2B-|)xy+s(A3-A1)y2+sx(Cix2+szy+(03~C1)y2)
-Ix+iB1x2+l(82-2A-;)xy+ B1y2 + (Cx2 + Coxy +(C3-C1lyd
=5y - I+ (SA+ B4 + [s(Ax+2B1) + By - 2A1 Ixy +[s(Ag - Aq) - BylyZ +
(sx +y)(C@ + Coxy+{C3-CyyD

ltthisis O onl, it must factorto

(s + ly +1) (ax + by +dx2 + fxy + gyd)

ax+(sa+d)x2+sdx3+by+(lb+g)y2+lgy3+(sb+!a+f)xy+(sf+|d)x2y+
(sg + xy?

By setiing coefiicients for similar terms equal, we get the folowing equiations:

a=-

%+deA-1 +|B1
sd=5C4

b=s
b+g=5(Az-Aq)- 1By
g=1C3-Cy)
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sb+la+1=5(A> +2B¢) +1(Bo-2Aq)
sf+1d =80 +1C4
sg+f=8(C3-Cq) +1Co

From these equations, i is obvious that a = - and b = 5. Meking these substitutions, we get the folowing set of
seven equations.

D) sl +d=3A_ +IBy

sd=5Cq
is+g=s(A3~A1)-IB1
lg=1(C3-Cy)

2 - P +=5(Ay +2Bq) +1(Bp-2A4)
sf+Id=5Cy + ICy

g+ =8(Cq-Cq} +1Co

1

SO o b W

Once we get o this point, we can have invariant ines horizorially, vettically, and in generic cases.
Horizontal invariant Lines

The first way which is described is with hotizontal invariant ines. In this case, s =0 and k0. With some simple

With these conditions, we will always have:
Cg=0

The rermaining equations give us

5 2+Co=1B5-2A4)

Equation 1 imples thet either | = C1/B4 and B4Cy =0 orthat B =C; = 0. inthe first of these cases, we
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come up with one invariant ine with the condion:

C12+(2A1-BgB1C +B1%Ca0
However, when By =C4 =0, we come up with two possible | vaiues from equation 5:

+(Bo-2A1)l-Co=0
and hence we have two horizonial invariant ines.
Vertical invariant Lines
Fu'mewseofverﬁwlir;vaﬁamin&e,InOands;f:O..SirrpiMngmeemaions,weendmmm:

a=0
b=s
d

C3-Cq=slAz3-A)

3
j s2 + Cy=5{Ay+2B4)

Letus first assume that C4 = A4 =0, using Equaion 1. Inthis case, assuming that AgC3 0, we have s =
C4/A from Equation 3 and thus one invariant Ene with the condiion:

Ca- g+ 2B1)Cafg + Cofg?=0

In a second case, we assume that A4C4 0. By Equation 1 we then knowthat s = C4/A4. Thiswill again
have one invariant ine, but this ime it wil have two condiiions:

A{C3=AgCy
C12+A12Co- AALCH -2A1B1Cy =0
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There is also a third possibiltty, this time using Equation 3 and setfing A4, Ag, C4, C3equaltn 0. Then,
Equation 5 gives us two possbie values for s, and hence two invariant ines.
Generic Case

inthis case, we have sl=0. Using our original 7 equations, we get:

a=-
b=s
2 d=Cy4
4 9=C3-Cy
6)=/) t=Co
and we are left with:
) 5+Cq=sA( +By
3 §+03-C1=SA3-SA1-IB1

5 §2- 2+ Co=5A5+258 + By - 2lA

By acking Equations 1 and 3 we get Cq =5Aq. Let us assume that AgCy #0. We then know that s = Cy/Ag
and = (AgC1-A1{CaM(B1Ag + C3). This wil have one invariant ine, and putiing the s and linto Equiation 5we
come up with the conclion:

B1Ag+Ca)ACa? - ApaCs- 2A9B1Ca+ Cohd) =
AACH - ACaIAGCALC3 + (B - 2A1)B1Ag + Ca)

Butif A3Cy = A1C3and BAg + C3=0we then have s =-B and again have one invariant ine.
However, if we assume that Ag = C3 =0, we can solve Equation 1 for finterms of sand get:

I=01-8A4
S+ 81

By substituting this into Equation 5, we get:
- s +(Co-3B42- 32+ AjBy- 2A81)%+



(4{Cy + ABBp- AgB(- 2778y - 2B, By + 2By Cols +
(B1%Co- B1BLCy - C12+2A4¢B{Cy) =0

Thisis aquarticin s, 50 s has four roots and thus there are four invariant ines.
We can also write this interms of L in this case

5=Ln- 1B
Aq+l

in which case ourquaric expression is:

P+ Boi3 + (2A¢By- 3A12- 3B42- AgB, - Co)i+
(A1%Bp-2A13+4B{Cy +AgCy - AtAgBy - 2A{Cp - 2A1B A+
(AfAC1 +2A1B1Cy - C12-CoA) =0

Sandee Wikams 7
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Summary of Invariant Lines Findings
Horizontal
Awaysnecessaty. Cz=0

Oneinvariantine: B4Cq #0

Cy2+(2A1-BgB{Cy +B%Cp =0

Twoinvarartines: By=C4=0

Vertical
Oreirnvarantine: Aq=Cq=0
AgCg 20
Ca®- (g +2B()Cafg + Cohg™=0
a
AiCqy 20
A1Ca=AgCy |
C12+A12C;-AtAC; -2A1B1Cy =0
Twoinvariantines: Ay -—;A3=C1 =Ca=0
Generic

Oneinvariantine:  AgC3#0
B1Ag+ Cyl2(Cq? - AphaCa- 2AgB(C3 + CoAgd)=
AGHAGCH - ACaAGCH-A(Cy + (Bo- 2A1)(B1Az +C3)
ACy=A1C3
BiAg+C3=0

Fourinvariantnes: Aq=Cg=0
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Horizontal, Vertical, and Generic Invariant Line Combinations

In this we are looking & the various combinations of horizontal, verical and genetic ine combinations. There
can either be one ortwo hotizontals, one or ftwo verticals, and one o four generics. We will ook &t
comiinations of up to eight invarant ines.

2 Horizontal, 2 Vertical, ? Generics

First, letus ook &t the case of two horizonials, two verticals, and some generics.

2H By=Cy=C3=0
V. A1 mASWC1 mC-3=0

S0 Ag, By, Co 0. Qurequations then becorme:

X =y+Agy+Cpdy = y(1 +Ax+Cpd)
Y =-x+Boxy + Coxy? = x(-14Boy + Coy?)

With some work it can be shown that there can be no genericinvariant ines. So there are only fourinvariant
ines.

2 Horizontal, 1 Vertical, ? Generics

H B1=Cy=Cg=0
Wi A1=C1=0,;Ag8Ca#0 XContradicion
OR

A1Cy#0 XContradiction

Sotis impossible to have 2 horizortals and one vertical, with any number of generics.
1 Horizont_al, 2 Vertical, ? Generics

2V A1 =A3=01 =03z0
1H 1=Cy/B,

However,Cy =0 = 1=0solis notaline. Soitis aiso impossible to have 1 horizontal and two verticals, with
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any number of genencs.
1 Horizontal, ? Generics
H C3=0; BG4 #0

G2+ (2A{BB{Cy +B,2Cp=0
4G: Ag=Ca=0

With the conciiion, the constant term in the quartic for s cancels out, 80 an s can be factored out. Since weve
alreadly taken care of when sis 0, there are three possibiities for the s value. Sowe can have up to 4 invariart
ines. '

1 Vertical, ? Generics

4G Ag=Cq=0

1V: AgCq #0 XContradiction
(R
A4Cy =0

G2+ A0y~ AACy - 2A(B{Cy =0
Again, with the condition, the constant term in the quartic for | cancels out, so an | can be factored out. Since
we've already taken care of when lis 0, there are three possibiiies for the [ value. So once again, we canupto
4 invanant ines.

2 Vertical, ? Generics

V. A= Ag=Cq4 =(Cq=0
4G Ag=Cg=0

1=(C1 - sA¢)(s+B4) =>0in vertical case
So, #isimpossbie to have vertical ines and genetics with no hotizontals.
2 Horizontal, 7 Generics

2“;: B-iﬂc-! =C3=0
4GZA3=C3=0
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&2 Ass +Co- 3A¢2 + AB5=0
1wil have one value, but s can have two values forup to four invariant ines.

1 Horizontal, 1 Vertical, ? Generics

H C3=0 -Cy2+(2A1-Bo)B{Cy +B{2Cs=0
WV AgCy #0 XCortraciction
R

A{Cy#0 =>Ag =0 by Equaiions 1) and3)
Ci2+A1°Cy- AACy - 2A1B{Cy =0
4G: Ag=C3=0

We know at least one of the four generics wil cance! out, because of the two conditions the constant inthe
quartictermin either the s or | wil cancef out. But can there be five invariant ines? No.

Jhecem
Yasmin's Center Condiion 1. (A =Cg =0) conesponds predsely to the concition that a quadratic-ike aubic
system has 4invarant ines.

Proaf:

Aq=C3=0gves four generics unless the quacdkatic expressions for sor | (p.7) degenerate. This happens for
example if A{AC{ +2A1B1C; - C12-Catr12 =0, in which case there are only 3 generics. However, this
condition is precisely the condition for a horizontal invariant ine give at the top of p.5. Other cases are similar.

We remark that Kooij has shown that any cubic system with 4 invariant ines is integrablef5), and so tis no
surprise that 4 invariant ines imply a center for the system under considesation here.



Sargee Wiliams 12

Invariant Conics for Quadratic-i.ike Cubics
Now, with the same equations as before, we are looking for invariant corics. The form of the conic wil be:
D= px+qy+rx2+ Bxy+vy2+1 =0

D'={p+2mx+ By)X + (q+ Bx+ 2wl
= (0 + 2 + By)ly + Ap@ + (Ap +2B4)xy + (Ag - A2 + G+ Cody +
(C3-C1pyd) +(q + B+ 2vy)(x+ Byx2 + (By - 2A1xy - Byy2 + Cy +

Co92 +C3Cild)
¥ this is going 1o be 0 it must factor to:
(px+qy+rx2+Bxy+vy2+1)(éx+ ‘I—'y+d»c2+axy+uy2)

Whenwe set equivalent terms equal, we end up with 14 equaiions.

1. a=-q

2 ¥Y=p

3 P¥+ga+d=p{Ar+2B4) + 2r + q(Bs- 2A¢) - 2v

4 pa+q¢+ﬁP+Bé=p02+2r(A2+281)+BA1 +QCq + B(Bo - 2A4) + 2vB4

h pu+qa+'B‘P+vé=p(03-C1)+2r(A3-A1)+B(A2+EB1)+q02-BBﬁ-
vBo-2A)

G pé+€b=pA1+qB1-B

7 Q¥ +p=p(Ag-Aq)+ B-gB4

8 pd + rd=pCq + 2rA¢ + BB4

g C[.L+V‘I’=B(A3-A1)+Q(C3-C1)*2VB1

10 0 =21Cy

1. w=2v(C3-C4)

12 1o + Bd=2rC» + 2BC4

13 L+ Bd + v®=2r{C3-Cq) + 2BCs + 2vC4

14, By +vo=2B(Cy-Cq) + 2vCy

Simpfying some equations gives uss the following resuls:
1 a=9q



2 Y=p

10 ®=2C¢ orr=0

1. p=2(Cz-Cq)orv=0
This gives us four cases to work with.

Casel: ®=2C4; u=2(C3-Cy)
Casell:r=0;u=2(C3-C4)
Case l: @=2C¢;v=0
CaseVir=v=0.

Case I:
First assume ®=2C4; 1=2(Cg-C4).

We can next ind o with some substiions and we get:

10 =204
. u=2(C3-Cy)

13 d=2C,

So, our cofadior coeficients are:
1. a=-q

2 ¥Y=p

10 tbm201

1. p=2{Cs-Cy)

13 a=202

Using equations 6 and 7, we can find p:
7. p=2

A3

Sandee Willarms 13

Ifwe now simplfy using the coefficients of the cofactors, we get the following resuits. Notice that equations 12

and 14 are natincluded because they reduce 10 0=0.

3 PP - QP +2C0=pAp + 284D+ 21+ Bp- 2A(q- &V
4 02p+C1q+rp-Bq=2rA2+4B1r-M1+BBQ + 2vB4
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Cap-Cip+Coq + - vy =2rAg - 2tAq + BAo + BB + 2vBo - 4vA4
-m+2C1 mpA-; +QB1 -B

w-l -rqurA1 +[B1

Q;q-01q+\¢)== IXAS-A1)-2VB1

o o o Wn

Now thet we have out equations set up, we are going 1o look for combinations of invariart ines and conics.
There are many possibiities that we could have for combinations of ines and a conic. Forthe cases shown
impossible by contradiction, | am only showing the contradiciory conditions.

1 Horizontal, 1 Vertical, and a Conic

Horizonial  B1C4 #0
Vetica:  A1=C4=0

Sowemammm,mmm@mmammammwMimmmmm
case.

R

Hozontal:  Cg=0
B1Cy#0
Verfical: A1C1 #0
A1C3=AzCy =>0=ACy =>0=Ag

Since Ag =Cg3=0, we have fourinvariant ines.

1 Horizontal, 1 Generic, and a Conic

Hotizontal: CG:O
8101 #0
Generic. AgCz=0

Agzin, we have a contradicion so we cannot have a horizontal and generic ine with aconic

R



Hoizontal C3=0

8101 #0
Gereiicc A{C3=AzCq =>0=A3C; =>0=A3
Sinoe Ag=C3=0we again have four invariant ines.
2 Verticals and a Conic

Verdical:  Ay=Cq=0
Verical:  A{Cq %0

Obviously, we have a contradiction in this case.
R

Verica:  Ay=Ag=C1=C3=0
Here, we have four invariant ines. So we cannot have two vertical ines and a conic.
2 Horizontals and a Conic
The conciion for two horizontal ines is:

By=Cy=C3 =0
Since p = 2Cq/Ag, this implies p = 0.
By simpifying the remaining six equations for the conics, we get:

q2+202-=2r+q82-2A1q-2v
-qu2rA2~BA1 +ﬂBz
C;_ﬂ"Vq=2fA3-2I’A1 +rM2+2V82-4VA1
0= -0

m=2rA1

0=0

Ce i s o o ) B & 1 B SR 4

Sandee Wkams 15
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So Equation 9. will recuice o 0 =0, given that B=0. We also have from Equation 8 thatq=-2Aq orthat r=
0. However, if r=0there are no x tems and we are back to invariant ines. When we make these substitions
into the remaining equiations, we have:

3 -2A12+02==!'-A182+2A12-V
4 0=2rA,
5 *A-ICQ-F-ATV:{‘AS“FA-‘ +V82~2VA1

Equation 4 implies that eitherr= 0 or Ay = 0. Since if =0, we must conclude that Ao =0.

So,insummary:

p=0

q=-2A4

r=(8A1-BaldA( - ABp-Col-AiCy
Ag-4A1+B,

B=0 |

v=r+4A42-A1Bp-Co

A2 o 81 - C1 e 03 =0
1 Vertical, 1 Generic and a Conic
Casei:

Verical:  Ay=Cy=0
ACa#0
C- (g + 2B1)Cefg + Cphg=0
Genetc: - AgCy=A(C3
ByAg+Cg=0

SoCg3= -AgB4 by the second generic condiion.
Putiing that into the third vertical condiion, we get:

APB12 + AoABy + 2AZB{2 + ACp=0
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Since Aq #0, we come up with
%:-%12'/\281

p=2C3 =-2AgB = 2By
Az Az

G2~ Bog- 2r + 2v=-2B42

(6B1 + 2A0)r + 2BV + BoB + qB = 2A0B12 + 6B43

(AoB1 +3B12)q + (381 + Ag)B+ 2Az + 2Bpv + vq=2812Ag
2B1q=B4q-B=>B=-Biq

q=-81%q

A3B1q = Aaﬁ =>B= B4q

0 .o oM ;AW

Sor=B420rq=0.

Assume 1 =0 so that 3=0 also.
3.v=rB42

whichgives

4.(4B1 +A))r-B13=0
5.(Ag+B1)r-B13=0

Now if r = B42 we have g = B = v =0 and the invariant conic reduces o two verical invariant ines. But i
4B4 + Ao = Az + B1 =0 we get a one-parameter family of invariant conics.
F2B1x + i@ + (r-B1Qy2=0 |

Summarzing, this ooours when
B1Ag+C3=0
A1=Cq1=0
Ap+4B1=0
A{+Ag3=0

Cp=3B12- Aghy =B2
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Now, if g0, r = B2 we have

8.-B42=-B1%q
3 2v=qla+Bp)
4. v=cfg+B)
5.v{q+2Bp)=0

So either q =-Bp, v =0, B= B4Bp which gives for the conic

[-2B1x +B12%2 + B1Boxy - Boy = (1- Byx~ Boy)
whichistwo invariant ines.

Orq=-28Bo,v=B, 3=B1Bx which gives for the conic

|- 2B1x - 2Boy + B12x2 + 2B1Boxy + B2 = (FB1x - Boy)2
which s a double invariant ine.
- Casei:

Verical:  Ay1=C1=0
AxC3#0
Ca2- (Ao +2B4)CaAg + CoA?=0
Geneicc AgCg=0
(B1Ag +Cg(Ca? - AAaCs- 2AdBCy + CoAg?) =
AFAALC - AMCHATCA1Ca + (B~ 2A1)(BrAg + Cg)

Because of the vertical condition, the left side of the generic condition is 0. Bacause A1 =Cq =0, the left side
of the generic condiion is 0.

3 p2-q2-(A2+2B1)p-2r-cBZ+2v==-202

4 02p+rp~[3q-(2A2+4B1)r- %-2‘/51 =0

8 CpiCoq+ Bp-vg-2rAg - BA> -B4B-2vBo=0
8 Pq =qB¢- B

8 - g = 8B4

9. C3q +vp=BAg-2vB4

6 B=B1q+pg

8 r=-B42-Byp
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p=2CqA3

When plugging in everything, can solve forgin terms of v, and then wind up with two condtions.

A3Bq +2A0Bo +3B1Bo=0

Case iii:
Verical:  A{Cy =0
MC3=AgCy
C12+A{2Co-ArALCy -2A1B{C1 =0
| Geneic AgCz=0

B1Ag+CACHP- AgAaCs- 2A9B1Ca+ CoAgd) =
AFAAGC1 - ACNAGCH-A{Cg + (B2~ 2A1)B1Ag +Ca)

The second generic condiion wilt reduce 10 0= 0.

6 B=(2Ca+AsBiX
Az

g v=({AzAQ
2

8 r=284C- AR (203 + APy
AP(2A +9)

Using these and substitfing into 3, 4 or 5, we get a cubic expression in g. Once we know the coeficent
values, we can defermine q and get more condiions.

Case iv:

Vefcal:  A(Cy %0
AC3=ALCt
C12+A12C;- Aty -2A1B(Cy =0

Gereicc  ACy=A1Cy
ByAg +C3=0



Ca=-AgB
AgB1Cy =-AgCy = A=00r Cy=-AsB,

AssmeCy =-AqBy. Thenp=-28,

QP + (Bo- 2Aq)q + 2r- 2v=8B12 +.2Co + 2AB,

A1B1Q+ (6B1 + 2A0)r + (Bo- A¢)3 + 2B4v-qB=-2B4Co
(2A3-2A1)r + (A + 3B1)B+(2Bp- 4AV + Vg =2AgB2- 2A1B42
Biq=8

2A4r + B1B+ rg=2B42A

-B1q= B

0o oo oA W

Since B=B1q=-Biq=B1=00rq=0. But By =0 =>C4 =050 B4 0.

Soassumeq=0,

3 r-v=4B42+Co+AgBy

4 (3By +Agr + Byv=-28,Cp

5 (Ag- A)r + (B~ 2A1\ =AgB12- AB12
8 r==B12

Using equation 5, we can soive forv

a v=1/B2-2A4)

Equations 3 +4 gves us that Ao =0.

o, p=-2B4
q=0
r-.=B12
B=0
v=1/(Ba- 2A4)

Ay=0

Sandee Wikarms 20
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Case Il:
Now let us assume that r=0, v=0. Then we have the following equalions:

3 p°- P+ 9=y +2B1) + (By-2A()q-2V

4 pd +qd- q=Cop+C4q+ (Bo- Aq) + 2Byv

5 (C3-C)P + 0+ Bp-vg = BAp + By) + Cot+ 2B - 2A¢
6 p+P=Ap+Byq-B

7 p+2(C3-C1)=(Ag-Aq)p + B-B1q

8 pP=C1p + BBy

9 (Ca-Cia+w=DiAg-A)-2By

12 B = 2BC;

13 B39 + v = 2BCo + 2vCy

14 vo =2vCop

Equation 14 imples d=2C since v+0. We then know

13 O= 201

Sinos the cosefficients of the cofactor are the same, thisis a subcase of Case L

Case Ili:

Now we assume that v =0, =0 and g="2C4. We nowhave.

3 -2 +9=plAg+2B) +2r + Q(Bp-2A4)

4 pa+C1q+rp-qup02+2r(A2+281)+M¢+B(82-2A4)

5 P+ 00 + Bp + VA =p(Cq- Cq) + 2r(Ag - Aq) + B{Ao + By} +aCo
6 $q+2C1 =pA1 +qB4 -8B

7 pq+p=p{Ag-Aq) + B-qB4

8 Cip+mq=2rA¢ + BBy

a qu=B{A3- A1) +q(C3-Cy)

12 8m2C2

13 u=2(C3Cy)

Once again, the cofactor coefiidents ame the same, which puts us in another subcase of Case L
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Case IV:

Thistime, we assume that both rand v are zevo.

3 PY+qA+d=p(Ag +2B1) + (B - 2A¢)

4 pd +qd+ BA=pCp + BA{ +qCq + B(By - 2A4)
) pp.+qa+B‘P+vé=p(03-01)+B(A2+2B1)+q02-BB1
6 pad+P=pAs +qB¢-B

7 Q¥ +p=p(Ag- Ag) + B-gB4

8 pd=pCy + 8B4

9 qi=B{Az-Ag) +q(C3-C4)

1Q 0=0

n. 0=0

12 =ZBC1

13 Bd = 2BC, ‘

14 Bu =2B(C3-Cy)

Since 30 or it would be lines, we know that ®=2C4 and d=2C. So Case IV is also a subcase of Case
L '

Soin summery, we know thet the cofactor coeficients are always:

a=q

e g

it

p
2G4
=2(C3-Cy)
=2C,

We cannat have a horizonial, vertical and a conic; a hotizontal, generic and a cornic; ortwo vericals and a
conic. However, we can have a horizontal and a conic or a vertical, generic and a conic.

@D =

Something interesting 1o note with the cofactors i that comesponding x and y terms are similar, and for the



(Q"""(I'ilc'm

4
s
Cy

=Cp

~2(03-Cy)
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conic abic
A==
¥Y¥=p
»=2C <o
a=202 Oy

H=2(C3-C) 3C3-Cy)

Sowe know a itfle more about when invariant ines and conics happen. | have begun work onthe invariant
cubics, but havent gotien far enough to indude them in this paper. More work can be done to figure out exactly
when these happen, and which casss they comespond to of Schimiuik's work.

Spedil thanks to Teny Blows without whose hepp this project would not have been possible.
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