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Abstract

An arrangement { is a finite set of hyperplanes in C'. Associated with 4 is a graded
algebra A(4) called the Orlik-Solomon algebra, whose definition is motivated by topological
considerations. Let G be a connected simple graph. There is a natural way to construct an
arrangement {; from the graph G, and the algebra associated with 4 depends only on G. More
generally, the Orlik-Solomon algebra depends only on the underlying matroid of the
arrangement. The additive structure of A(d;) is uniquely determined by the chromatic
polynomial of G.

There are very few examples of non-isomorphic matroids whose Orlik-Solomon algebras
are isomorphic. In each known case, the matroids have the same Tutte polynomial. The Tutte
polynomial is a two-variable generalization of the chromatic polynomial which carries much
information. It is natural to conjecture that the Tutte polynomial is an invariant of the algebra.

We construct, for any graphic arrangement 4, an infinite family of pairs of graphic
arrangements containing {; each of which have isomorphic Orlik-Solomon algebras, but different
Tutte polynomials.

Section 1

Definition 1.1
Given a graph G, a loop is an edge that takes a vertex to itself:

9

Figure 1
An isthmus is an edge such that, if taken away, the graph becomes disconnected or more

disconnected:
=0 = O O

Figure 2

Definition 1.2

Given a graph G, and a set E consisting of the edges of G (called the edge set of G) a
matroid on G is E together with a set I, which is all subsets of £ that correspond to subgraphs of
G that are forests (contain no cyclic graphs). It is denoted M(E, I) or M. (see Oxley) We will
use G and M;; interchangeably.



Example 1.

E={1,2,34,5,6}

Figure 3
I:
all 124 136 235 345 1256 2346
singleton 125 145 236 346 1345 2356
sets, 126 146 245 356 1346
all sets of 134 156 246 1245 1356
size 2, 135 234 256 1246 2345

More simply put, if a subset /; of E does not contain the subset 123 or 456, then /, is in . We are
more concerned with the cyclic subgraphs of G--123 and 456. In matroid terminology, the
subsets of E corresponding to cyclic subgraphs of G are called circuits, and the set of circuits is
called C. Because elements of 1 cannot contain a cyclic subset, 7 can be determined by C, and so
the matroid can be determined by £ and C. '

Definition 1.3
Given a matroid M, the Tutte polynomial of M, denoted T(M; x, y) or T, is a
polynomial in the variables x and y, such that

T1) T(loop)=y; T(isthmus)=x

12y TM; x, y) = T(M\e; x, y)T(e) if e is a loop or isthmus

13) T(M; x, y) =T(M\e; x, y) + T(M/e; x, y) otherwise.
It is a matroid isomorphism invariant, meaning M, =M, implies T,;,=T,,. (see Brylawski and
Oxley)
Property 13) is called deletion-contraction. M\e refers to the deletion of e from £ -- the graph G
without that edge.
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Mie refers to the contraction of e in G -- ¢ is deleted, and the endpoint vertices of e are
identified with each other. This, however, is easiest to explain pictorially.
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(Here ¢ is contracted to a point p.)

Figure 5

Example 2. To find T¢,, deletion-contraction needs to be applied, since C; contains no loops or
isthmuses.

AN

Tes = Tese + Tesre
Figure 6

Since C;\e consists of two isthmuses, Tcy=x” by applying 71 and 72. T, contains no loops or
isthmuses, so deletion-contraction is again applied. We let G be Cj/e.

/NN 9

Tes = x* + Tee + Tee



G\e is an isthmus, so T =x. Gle is aloop, so Tg,=y. Therefore, Tey=x+txt+y.

Example 3. Let G be

Figure 8

T, contains no loops or isthmuses, so apply deletion-contraction.

Figure 9

Notice that G\e consists of C; and two isthmuses. By applying 72 twice, T =x*(Te). Gle
contains no loops or isthmuses, so apply deletion-contraction again. We let 4 be G/e.

T, = ¥ (Tes) + Tae + Tye
Figure 10

A\e consists of an isthmus and C,. By applying 72, T, =x(Tc;). A/e consists of an isthmus and
Cs. By applying 72, T (Tes). Tom (T (T i Tes) =+ y)(Tos (Tl (Tes)-

Definition 1.4

Given a matroid M with edge set E={e,, e., ..., ¢,}, the exterior algebra, denoted A(M) or
E(M), is the algebra with basis E such that e/*e/=¢/e;. (" represents the product of two elements
in E(M).) This leads to e’=e/"e/~0. e/e; will be denoted e, for simplicity. In general, where we
have x, yeE(M), and x and y are of deg(x) and deg(y), x"y=(-1)eatNeethyny '

An algebra is a vector space that is also a ring. It is easiest to picture an algebra as the

structure associated with addition, subtraction, and multiplication of polynomials with real
coefficients.



The Orlik-Selomon algebra, A(}), is the exterior algebra with basis E (the edge set of
M) and with the restriction that wherever ¢,;, e,,, ..., ¢, is a circuit of M,
d(ey ey e, )=0(e;..,)=0. @ refers to the boundary of that circuit, and

P .
a(eilm---ip)mz(' 1 )!-le ilefjip
J=1

Example 4.

e )y=en-ente,

Figure 11

Definition 1.5

Given a graph G, the chromatic polynomial of G, denoted W(G; 1) or ¥, is the number
of proper colorings of G in ¢ colors, or #-colorings of G.

A coloring of G is proper if the colors of the endpoints of an edge are colored differently:

red blue This means a loop has po proper colorings.

N\ 9

Figure 12

If G contains a loop, ¥;~0. If e is a multiple edge, ¥ =% ;..

Example 5. Let Gbe v3, r-1

VS, -1 Vl,t

v2, t-1

vé4, t-1

Figure 13

Choose a vertex v;. There are # possible colors for v,. Each of the two vertices connected to v,,
v, and v;, have 7-1 possible colors. The remaining vertex connected to v,, v,, is not connected to
any vertex besides v,, so it has -1 possible colors. We follow similar reasoning to conclude that
the final vertex, vs, has #-1 possible colors. Determining the number of possible #-colorings
becomes a simple counting problem from this point; ¥ ;=t(z-1)*. In general, where G is a path
with »n vertices, W=#(z-1)"".



vi,

Example 6. Let Gbe

v2, -1 v3, £-2

Figure 14

Choose a vertex v;. The number of possible colors for that vertex is #. Choose another vertex v,.
Because v, is connected to vy, it cannot be the same color as v,, so there are #-1 possible colors for
v,. The remaining vertex, v;, is connected to both v, and v,, so there are £-2 possible colors for
that v;. Thus, ¥ =(¢-1)(1-2).

If a graph G is small and uncomplicated, such as C,, ¥; is fairly easy to determine. One
would think that ¥,, shown here,

Figure 15

would be equally easy to determine. It seems that ¥ =#(¢-1)(-2)(+-3). However, because
opposite corners in this graph can be the same color, this is not the case. To determine the
chromatic polynomial of these more complicated graphs, there is a deletion-contraction formula
for chromatic polynomials.

This formula is given by ¥ ;=% ,,-¥ ., for a graph G. The 'easy' proof of this formula is
"different = all - same." In the deletion of e from G, the two vertices, # and v that were
connected by e, and therefore must be different colors, are no longer connected and so may be
the same or different colors. In the contraction of e from G, v and v are the same vertex, and are
therefore the same color. Hence, "different = all - same."

Example 7. Let Gbe

Figare 16



We apply deletion-contraction to determine ¥

- ‘FGie

Figure 17

In finding the chromatic polynomial of G\e and GYe, we revert to the previous method of
determination. Choosing the center vertex v in G\e to have ¢ possible colors, the vertices
connected to it by isthmuses each can have #-1 possible colors, since neither are connected to any
other vertex. The colorings of the other two vertices are 1-1 and -2, as above in Example 6.
Thus, ¥ =#(t-1)*(z-2). Following the same logic for G/e and the knowledge that multiple edges
do not affect the chromatic polynomial, ¥, =f(r-1)*(2-2). Therefore, ¥ =#(t-1)*(-2)-1(t-1(-2),
or, upon simplification, ¥ =#(z-1)2(z-2)>. Notice, that ¥ ;=¥ -, )(¥ )/t

Definition 1.6

Given a matroid M, the characteristic polynomial of M, X(M; 1) or X, is the Tutte
polynomial of A with x evaluated at 1- and y evaluated at 0, or X, =T(M; 1-; 0). Like the Tutte
polynomial, the characteristic polynomial is a matroid isomorphism invariant. The characteristic
polynomial is, within a factor of ¢, equal to the chromatic polynomial. More specifically, where
G is the underlying graph of a matroid and %, is the number of connected components of G,
P =X Since we will be dealing solely with connected graphs, 4;=1 and therefore ¥ =X,
for the purposes of this paper. (see Zaslavsky)

We know that non-isomorphic matroids may have isomorphic Orlik-Solomon algebras
(A(M,)=A(M,) does not imply M,=M,). The matroid examples presented here show this as well.
The question addressed here is:

Do matroids with isomorphic Orlik-Solomon algebras have equal Tutte polynomials?
(Does AMM)=A(M,) imply T,,=T,,7)

In order to answer this question, we need to understand the isomorphism A(M,)=A(M,). We
consider A(M,)=A(M,) when ¥,,=¥,, and there exists a &: E(M,)~E(M,) such that & is
bijective and takes the circuits of M, to the circuits of M,. If A(M,)=A(M,), we then find T,, and
T,p and determine if T,,=T,,.

Section 2
Let C;¢C; and C;|C,oC, (C, is used here to represent the isthmus on the graph. It is not

standard notation.) be the following graphs. (The second graph is called a parallel construction,
but no standard notation has been found for it in the literature.)



C3'C3 C3IC3.C2
Figure 18

As has been shown above, ¥ ¢;.c;=#(t-1)(1-2)>. Notice that ¥ oy, c;=(F o)1

Figure 19

Wesicnc2 €an easily be found. Choose a vertex v, There are ¢ possible colors for Vy.
There are {-1 possible colors for the vertex v,, which is connected to v, by the isthmus. Choose
another vertex v; that is also connected to v;,. There are #-1 possible colors for v;. There are -2
possible colors for v,, a vertex connected to both v, and v;. The remaining vertex, v, is
connected to both v; and v,, so there are -2 possible colors for v, Therefore, Pesicae =
HE-1Y(1-2=T 3. c5.

These examples have the same chromatic polynomials. We will now show that this is the
case for general pairs of graphs, C,¢C,, and C,|C,,*C,.

Theorem 2.1. Let A and B be graphs. ¥ ,.,=(¥ (¥t
Proof:

Let G, be the graph 4+B. Let G, be the graph formed by the disjoint graphs 4 and B. In the case
where 4 is C; and Bis C,, G, and G, are respectively

Figure 20

It is obvious that the matroids formed by G, and G, have the same set of circuits, and so are
isomorphic. Since the characteristic polynomial is an isomorphism invariant of the matroid,
XKz k=1, 50 P5=tXg;,. Similarly, k=2, 50 U,=FX . We/t=¥/f and thus



Yo=%ft. ¥ is determined by P, and ¥, These are independent of each other since 4 and B
are disjoint. Then ¥ 5,=(¥ )(¥p), and therefore ¥, ,~(F Y} W)/t

In our case, if 4is C,and Bis C,, then ¥, (T (P, )1,
It is a more involved task to show that ¥, mer=(F e, )(Per)/t. We first prove that
Yo, =(-1Y'(--D[1-(1-1)"'] Vn=3.
Lemma 2.2. ¥, =-1)"t-D[1-(I-)~'] ¥V n= 3.
Proof: W =t(1-1)(¢-2), as shown above in Example 6.
D=0 =CDE- DI
=(-1)(-D[1-(1-2¢+7)]
=(-1)(-1)2t-1)
=H(t-1)(t-2)=F
Yo, =C-1-DI-(-0"] = P =(-1)" (- DI1-(1-2)

Assume ¥ =(-1)"(--D)[1-(1-f*']. By deletion-contraction,

n+l Cn*!\e Cn*l',e

O

Figure 21

C,.1\e is a path with n edges and n+1 vertices since C,,, has n+1 edges and n+1 vertices. C,.,\e
is a path with » edges, so, as shown above in Example 5, ¥.,.,,=#(¢-1)". For similar reasons,
Co/eisC,s0¥, | =V..

n+l

/

Then: lYCnH $t(t'l‘)n - lPCn
=t(t-1)" - (-1)"@-1)[1-(1-)*'], by our assumption.
=)D + ) 1-(1-9]
=(-IN1)"H1- + ('U"“[I"(]')"'I])
=1 IV 19 + 1-(1-9™
=D E-IN + (1™ - (g™
= a-IM + @-D-p™)
=(-1)" ! (-D1-(1-)"]

By induction, ¥, =(-1)(¢-1)[1-(1-"].



Theorem 2.3. Let G be a graph. ¥ ci6.cr=(F e (1.

»

B
-

C
:

Tcs[c-cz = T::3|G-c2\e - lPCB]G-CZ’e

Figure 22
Proof: In C,|G+C,\e, vertices v, and v, are each connected to one vertex in G, so there are £-1
possible colors for v, and 7-1 possible colors for v,. S0 Py .ca=(t-1YF;. In C;|GeCy/e, there

are #-1 colors for vy, for similar reasons as in C;|G+C,\e. Also, because edge j in C;|G+C,/e is
contracted to a multiple edge, it does not affect Wey g.con. S0, Wesyoucre=(t-1) T

‘PCS'f&CZm‘PCB{G-@w'TC3IG-C2/e
(1P (-1 ¥
=(t-1)(t-2)¥ ;
=\H-1)(t-2)P o/t
=T )(Fg)/t
Yenoa (Ted(¥ et ~ ¥omijaer=(Fem)(Fo)lt

Assume ¥, 6.0~ (T )(To)t. By deletion-contraction,

/T L ([ L

lFCnH |G=C2 - ‘PCrH-I |G+ Ce - lPCm-! |G+ C2le

C.|GC,

Figure 23

Note that we have chosen e such that C,,,|G«C,\e is 4»G+B where 4 is a path with n vertices (2
vertices from C,,; are in G, only one of which is connected to 4) and B is a path with 2 vertices,
one of which is connected to G. As shown above in Example 5, ¥ ~/(¢-1)*' and ¥ =t(z-1). By
applying Theorem 2.1 twice, ¥ cupjgocn=~(+-1)"F6-

10



Penrjooc=(-1Y"F; - Yoo
=(t-17F 5 - (¥, )(F 5)/t, by our assumption.
=\(z-1)" (‘Pc%/ 1= (T )t
=\t(t-1"9 T )/t
=¥ .. (¥, by Lemma2.2.

By induction, ¥,g.o=(Fc ¥ o).

In our case, if G is C,, then ¥ i0ne=(P e, )(Pen)/t. Thus, for general pairs of graphs, C,*C,, and
Cn I CM°C25 qjcn-Cm:tPCn{Cm-CT

Section 3
The next step in determining if the Orlik-Solomon algebras induced by the matroids

formed by C,+C,, and C,|C,+C,; are isomorphic is to find a ®: E(C,+C,)~E(C,|C,»C,) such that
@ is bijective. We look again at C;+C; and C,|C,+C,.

Figure 24

Note that the circuits of C;#C; are 123 and 456; the circuits of C;{C,eC,, 123 and 345. We will
denote the basis of E(C;¢C;) by ey, ..., ¢5 and the basis of E(C;|C;¢C,) by £, .... 5. We will define
@ such that
D(e)= S(e)=1 (e )
DleSftfe  Dled=fifsths D(es)=fs

We define ®' such that

Q' (f )=, - D(f)=e, Q' (f)=e;
O'(f)=es-estes  @'(f)=es-e te @' (f5)=es

Is @'=017 It is trivial that ®'(®(e,)))=e; for I=1,2,3, or 6. For =4 or 5,

O (P(e))=@' (i-fsfo)
=ey-(€5-esteg)tes
=@qy-gyte-este

D' (®(es))=0' (fi-fsH/e)
=es-e tes-(ey-e teg)tes
=gy-eytes-eytemegtes
=e,

11



Thus, ‘=@, and so @ is bijective. The remaining question is, does & take the circuits of C;sC,
to the circuits of C;|C;+C,? To do this, we prove two lemmas, the first of which will be used to
prove the second.

Lemma 3.1. ¢;(G(e;;,..,)) =€, Where i, is in the sequence i,..i

Proof: Recall from Definition 1.4 above that e;=-e; and that

P .
a(e iia---q;):Zl(“ 1 )"le ilffip
=

Then, e;(8(ean-p))e € iuip ~ Cinipuip T = T (1Y €115 + =+ (1 sy 1)
=e (e p..-y-nip) - e e im-.-y.nap) + (1Y e y(e ogieip) T -1y y(e Heijoipi))
=(-1Y"'e(e,1..5..), Since every other term contains €;.;=0.
=(-1Y"'(-1)'e;1.5..» Since xy=(-1)eNdeDpry from Definition 1.4.
=(-1Y'(-1)%e Hi2ijgjmip
=Y e
=g {1jwif-Lifip
=Ci1.ip

Corollary 3.2. @(e;,..))0e,;=(-1)"e;

Proof:  x"y=(-1)eeoeetMyry and deg((e;,...,))=p-1 (There are p terms of p-1 degree each), so
(a(effm.-p))ey:('l)(p-n(]) egs(a(eim...:p))
=(”1)Her‘1mqp

Lemma 3.3. d(e;,.,)=(€re;)(es-€,) (eip-eip-l)'
Proof: d(ennn)=ens - enn + enn
(en-en)es-en)=€nn - €nn - €ia T €un
=€ - s T €12~0(Cipa)
a(éiErZ«;;D):(er?'ei[)(eB"ezZ)"'(erjp-e{p-l) - a(eiir'2mipPE)=(e12"ei1)(eawer2)"'(erpﬁ"elp)
Assume (e, ) (en-en)(e g €a){(€peip1)-

P
a(e,w,_,w3)=;(—1)’"e it
=

= -iprl = Eit3ep1 T eiiﬂittl---ipt-l -t ('1)}1‘3;&..-:3:-.:;9
=(€neip = Citizip T €1 ieip = T (‘1)"“13;;---;,‘.--:}1)3@4-1 + (-1¥ei..5.ip
ﬂ(a(en-..ip))ewt + ('1)}’(-1)Pl(a(eii---go))e:ps

(since (a(e(,-gz(...,-,,))e)y;(-I)F*‘eil_j,,-p if i; is in the sequence i,--i, by the corollary above.)
O Cit.ip) NCipr1 = Eip
m(ei?.'eil)(eB'ea)"'(eip"erp-])(er'pﬂ'eljp)s by our assumption.

By induction, o(e i) =€ n)es-e 2 €pep).

12



We will now determine if ®, given above, will take the circuits of C;¢C; to the circuits of
C;]C4+C,. Recall that the circuits of C;oC, are 123 and 456; the circuits of C;|C;¢C,, 123 and
345. It is natural to take € 10 fiy3 and e, t0 fys.

D (3(e1))=®[(e; - ))e; - 8,)]
=(f> - - 1)
=(f123)

D(F(e455))=D[(es - es)(e5 - €5)]
=(fafstfe - (BastfWs - ffsHfe)
=(faf st st s - fuSsthe)
=(fs - )5 - o)
=0(f145)

® does, then, take the circuits of C,¢C; to the circuits of C;{C;+C,, and @ is bijective.
Therefore, we can say that A(C;¢C;)=A(C;|C,0C,). We will now show in a similar fashion that
A(C,+C,)=A(C,[C,2C)). '

Theorem 3.4. Let B be C,2C,, and C be C,|C,sC,. A(B)=A(C).

Cn. Cm Cn | Cm. CZ
Figure 25

Proof: In B, let the edges of C, be labeled 1 through » and let the edges of C,, be labeled n+1
through n+m. The basis of E(B) is ey, ..., €,.,. 1he circuits of B are 1..n and nt+l. .ntm.

In C, let the edges of C, be labeled 1 through #, let the edges of C,, be labeled » through nt+m-1,

and let the edge of C, be labeled ntm. The basis of E(C) isf,, ..., fi=,- The circuits of C are 1.1
and 7 ... ntm-1.

Define @ to be
®(e) = f, 1<i<n and i=ntm

(I)(ef) xﬁ-l-.fm’md—{_f prtm Otherwise.
We claim that ® is bijective.

Define &' to be

P(f)=e, 1sisn and i=ntm
D(f)~e,-¢,, e, otherwise.

13



It is trivial that, for 1<i<n and i=n+m, ®'(®(e))=f. For i=n+l,

D (P(e1 )= (frfremar o)
=€~ (en'em 1 +en+m)+en+m
=en'en+en+1'erri-m+en+m

=

For all other i,

Q' (@)= (firemrFrm)
=en'en+l+€i-(en'en+1+€n+m)+en+m
=€,mCp E+ei-en+em 1 "emm+en+m

®'=@!, and thus, ® is bijective. We will now determine if ® takes the circuits of B to the

circuits of C. Recall that the circuits of B are 1..n and n+1..+m; the circuits of C, 1.7 and

n..ntm-1. It is natural to take e, , 10 f; , and €.,y 10 £ pupr. It is also trivial to take e, , to £, .

so, without loss of generality, we will show only the other case.

P(O(€ps 1. mem) Pz - EmiCns = ) (Cram = €prmr)]
=(frﬂl “frﬂm-i +fn+m - (fn 'fm»:-—l +fmm))“n+2 'fm»ﬂ +fn+m - (frrf] _wal +fn+m))(fn+m
- (fn“t"m-Z “fmm-i +fm-m))
ﬂ(fnﬂ _fn-*-m-l +fn+m 'ﬂr +fn+m-i -fm"m)(fn-f-z -frr!-m-l +fr:+m "fm-l +fn+m-1 'fn+m)"'(fn+m -
frr+m-2 +fn~+m-1 "fn-(-m)
ﬂ(fnﬁ ‘ﬂ)(fmz “fwl)"‘(fmrn—l 'fn+m-2)
za(f;-:..nﬂivz»-l)

® is bijective, and takes the circuits of B to the circuits of C. Therefore, A(B)=A(C).
Bis C,eC,and Cis C,|C,*C,, s0 A(CsC,)=A(C,|C,*C,).

Section 4
We have established that, in the general case of C,»C,, and C,|C,,*C,,
A(C,2C,)=A(C,{C,2C,). Itis left to determine if Te,c,=Tepemico- Again, we look at the case of
C;¢C; and G,|C;0C,.

We have shown that Te;,o=(Toa)(Tey)=(+xy)(x24x+yy=x*+ 25+ 233+ +2xy+y%. Look
at C3 [ C3'C2.

Figure 26

14



In applying deletion-contraction, choose e to be the isthmus. Then Teacajco=x(f), where j is some
polynomial in x and y. Note that the expansion of Tc,.; contains 3 as a term. Regardiess of the
value of j, Tcaucs e, Will never contain a y? term; all terms will have x as a factor. Therefore,
Tese* Tesesjen-

Having one counterexample, we can now conclude that given matroids M, and A,
A(M,)=A(M,) does not imply that the Tutte polynomials are equal. However, we will now show
that in the general case of C,»C,, and C,|C,+C,, Tencn? Tememcr

We know that Tes.c5=(Tes)X(Tes.). We will now prove that in the general case of C »C,,
that TCmCmﬂ(TCn)(TCm)‘

n-I
Lemma 4.1. 7, =Y (¥} +yVn2 3.
J=1
Proof:
Tes=x*+x+y by Example 2 above.

z(y)+ym§ @) +y

F=1

=taty=Tey

n-1 n
Tea=Y D +y=Tem=) H+y

g s
nl
Assume T, =Y (¥)+y. By deletion-contraction,

Wt

.

= TCn+1\e + TCrrE-l."e
7 isthmuses C,
Figure 27

n-1
Temy =X"+ Y, () +, by our assumption.

=1

ﬂEi () +y

n-1
By induction, T, =Y (#) +y Vn23.
=i

135



Theorem 4.2. Te,.c = (T, ) (T

I B

) )

“V‘

i

Tess Tesge + Tezcre
Figure 28

Proof: Applying T1 and T2 twice, Tes,q,=x(Tg). We let 4 be the graph C;oGle.

+ Tri\e + TA."E .
Figure 29

Applying T1 and 72 to A\e T,=x(T;). Applying 71 and 72 to 4/e T ,.~(T). Therefore
Teag=(+x ) Ta=(Tes)(Te)-

Tewe = (Ted(Te) = Temig = (TemiX(To)

Assume Te,.q = (T, )J(Ts). By deletion-contraction,

U

Terrea = Tertegue + Tentacre
C,.1*G\e has n isthmuses C,CG
Figure 30

Applying 71 and 72 repeatedly, Te,iuie =X (Tg). Thus, Teppg = 37+ T, ) (Te) =
(Ten)(Tg), by the above lemma and our assumption.

Therefore, by induction, Te,. = (Tc)(Ts) V n23.

16



Letting G be C,, Tepem = (T Ten)-

Applying the same logic used above to the case of C;¢C, and C,|C,¢C,, look at C,|C,+C,.

o\

Figure 31

Tenjcmz = x(J) where j is some polynomial in x and y. Tecm = (Te)(Ten). In the expansion of
(T, )T, there will be a term 37, since both (Tg,) and (T¢,,) have a term y. Tenjcmen Will have no
term with only y as factors; all terms will have x as a factor. Therefore, Tencw * Tencme

Since we have n, meN and n, m=3, we have an infinite family of counterexamples with
which to conclude that given matroids M, and M,, A(M))=A(M,) does not imply that the Tutte
polynomials are equal.

Questions of the existence of two-connected graphs (connected graphs for which given G,
VecE((), G\e is connected)} which have isomorphic Orlik-Solomon algebras and non-isomorphic
Tutte polynomials will be considered in the future. Currently, graphs of the form C,|C,|C,, and
C,|C,,|C, are being examined. '
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