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® Introduction

In this paper we will be concerned with the dynamics of wildlife population. The simplest model
representing the change in a population, x, is %’fm = ax. This assumes. that growth is proportional to the current
population size in this model. When a is less than zero the population will decay exponentially, and when a is
greater than zere, the population will g.rbw exponentially. However, in the long {erm, this equation does not give a
very realistic madel. Every population wouid either eventually die off or grow without bounds. A more realisitic
equation would be %)f“ = rx(1- Z) where rand K are constants and K is the carrying capacity of the
environment, so that the population decreases if above K and increases if less than K; but, this model assumes
that eventually alf populations reach a steady state. One probiem with these and simitar population equations is
that they assume that the growth rat¢ is instantaneous. However, there may be factors such as gestation periods
or the time for an individual to mature that can affect the population growth, and sb, the growth is delayad and not
instantaneous. The population growth can be better approximated by using differential equations of the form
& = f(x(d), x(t - ), where 7 > 0 s the delay.

in nature there are certain harmiess species that often lock and/or act similar fo another species. This
relationship between the mimic and its model is calied Batesian Mimicry. Let x be the ratio of models to the total

of models and mimics. If x=0 then there are no models present and if x=1 then there are no mimics present. it

has been conjectured that there exists some optimal ratic, P, between the two species.
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in the simplest case, there exist three fixed points: 0, P, and 1. Thus equation can be modeled with a cubic.

Rescaling so that -1, 0, and 1 are the stable peoints, we get the differential equation

&= —axt)y( - X2ty

For initial conditions where -1<x(f;)<1, all solutions of this equation tend toward C.

-1 ~0--e- -1

But as in other population equations, the change may not be instantaneous. There are three ways to add delay to

the above differential equation;

= ~axt-1)(1-x*(t-1) (1)
L= —ax(t-1)(1- X2(t) (2)
&= —ax(®)(1- X3 (t-1) (3)

Solutions of these have different forms depending of the value of ar. The value of  can be adjusted by

rescaling e. Throughout this paper, we take 710 be 1.

m Linear Delay Differential Equation

The simplest delay differential equation is the finear equation: x' () = —ax(t — ). Unlike the linear nondetay
equation, which decays exponentially to zero for any «, this equation depends on the value of ar. For small ar
(aTiess than %), x'(ty = —ax¢f — 7} does decay exponentially, but as ar grows the solutions change patterns. For

";1;- <ar < 7, all solutions decay in an oscillatory manner. Forer = % the solutions are 2x periodic: x(t)=a cos(t) +



b sin(t). Forar > %, solutions are periodic with the periods growing with ot [8]. We can expect similar

differences in nolinear delay equations.

m Periodic Solutions to x'(f) = —ax(t — 1) (1 —= X3(t — 1))

We will first look at the delay differential eguation in which all terms on the right hand side are evaluated at
t-r. Linearizing about the optimal ratio x = § gives x'({)=-a x{t-r) and locally solutions behave similarly {o this linear
equation. When o is small enough, less than 1? the delay differential equation will behave similarily to the
continuous model and exponentially decay o zero. However, as ar gets larger the response time of the equation
will lead to overcompensation of the solution resulting in an oscillatory pattemn. For —;— <ar < %, ar is small
enough for the solution to decay o the optimal ratic, but e+ is large encugh so that their effect makes the solution
decay periodically [5, 8, 10].

Since equation (1) is a delay differential equation, finding an exact solution may not be passible, but by
relating i to a system of ordinary non-delay differential equations, we may get a befter idea of how our solutions
will behave.

Theorem

Consider the system of differential equations

{X‘=way(1 -v%)
y =ax(1-x2)

(4)
I {(x(t), y{t)} Is a periodic solution of period 4r to (4), then x(1) is a solution to the differential equation

X' = —af(x(f - r)) where ()= x(1 = x?).

Proof [9]

Let f be odd and locally Lipschitzian.

Suppose that (x(),y(1)) is a solution to the system of equations such that {(0),y(0))={0,-c) where ¢>0.
Assume that there exists a t>0 such that y(t)=0. Define r=inf{t>0 » y(1)=0}.

Assume that x(r)=d>0. This will be true close to 0.



The path must cross the line y=-x; thus, there exists a 7 in (0,1) such that x(r)=-y(7).
Define (xo(9, yo(h)=(x(z+), y(r+t)) and (1 (.y1 )=y (r-t), -x{r-t))
X' (=X +H=-ayr+H(1-y2 (r+ D) =—ayh {1 - yo(t)
Yo'(h=y (r+H=ax@+H(1=x2r+5) = a xot) (1 - X2 (1))
XUUO =~y T-H=N=ax-H(1=x* -t = —a y (O {1 -y 2(t)
Y@= -x === —ay(r-H{1 -y (r-t) = a x;(O (1 - x12(t)
(x0(0), Yo (0))=(x(7),y(7))

(X1 (0).y1 (ON=(-y (1), -x(r)=(x(7), ¥{7)}

Both (xp (), vo(D)) and (x4 {f).y1 (1)) satisfy the system of equations and have the same initial conditions; therefore,

for ail t,

{x(f«}«t): ~y(r-0)

yir+t=-x{r-0 o)

From (5) we can see that y(27)=-x(0)=0, and from the minimality of r, this implies that r=27.
x(ry=x{21y=-y(0)=c

We can also see that x(1)>0 for O<t<r

Define (x2(), y2O)={y(t+1), -x(t+n).

(x2(1), v2(1)) satisfies (4) and has the same inital condition as (x({f),y(t)): therefore, for all t

X({t) = y(t+r)
{Y(t) =-x({{+71) ©
Since y(f)=-x(t+r) and y{t)<0 for O<t<r, x(t)>0 for r<t<2r. Thus x(t)>0 for O<t<2r.
X{20=y(y+r=x(l} = x(t+28)=-x(t) 7

Define (x3{t), ya(D)=(-x(),y{(-H).

{(xs(}), ya(D)) satisfies the system of equations and has the same initial conditions: therefore, for all t

{x(t) = —x(-1)
yhy = y(=)



This implies that x(-f)=-x(t}.
X' () = —ay®) (1~ y* ()

= —a(—X(t + 1) (A = (=x(t + %) from (8)
= —aX(t - (1 = x2(t - ) from (7)
= —af(x(f - )

where f(x)=x (1 - x?)

Therefore, x(t) satisfies x'(Y)=-o f(x{t-1}}=

Not only do solutions to (4) imply solutions to (1) but also these solutions are 4r periodic. This can be seen by the

symmetry in the proof.

The phase protrait of system (4) shows five critical points: (0,0), (1,1), (1,-1), (-1,1), (-1,-1).
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Near the origin, the system can be approximated by the system of linear equations



X' =—ay
{y'za.x

The solutions are —2—;3 periodic. As solutions get closer to the bounds of the inner region, the period approaches
infinity. Therefore, by the Intermediate Value Theorem, there exist periodic solutions of every period between i—”
and infinty.

By the refation between the system of equations and the differential equation x' () = ~af(x(t - r)) we are
guaranteed at least one soiution that has period four, as long as et is greater than Z. ltis also possible to
have solutions with a greater period. Using the Adams-Banshforth 3-step methon, numerical approximations to
the solutions of (1) show that as et
increases there exist solutions of period greater than four. For o between Fand about 3, solutions approack a
stable orbit of period 4, but from near 3 to about 3.7 ths stable pericdic solution has period greater than 4. After
ar=3.7, solutions appear to no longer be periodic; however, they still appear to be oscillatory. Eventually, the
solutions tend to become wildly chaotic and leave [-1,1], which makes no sense in this model. Ladde,

Lakshmikantham, and Zhang show that for a1 > % every solution oscillates [5].

mX M= —axtt-1)1-X*>@1)

Assuming o < %, Kaplan and Yorke show that x'(f) = —o x(f—7) (1 - x?(t)) can be written as
¥ (6 = —af(y(t - 1)), where
fivy= —g—i%and y(t) = 3 In(F=) [4]. Using the same analysis as we did for X' () = —a x(t—1) (1 - X2(¢ ~ 1)),
since fis odd, locally Lipschitzian, and can be written as a system of equations, there are

4r periodic solutions [9] of

X' =—afly)
{ y'=afix) @)



{See the phase portrait of {9) below, which correspond to soiutions of the delay equation.}
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Because there is only one critical point and periodic solutions of (9) extend to infinity, we may not be guaranteed

the possibility of solutions of any particular period. But

for ar > Z- numerical approximations do show stable orbits of period 4 for the delay equation.

EX D= —ax®)(1~ x2t-1)

The delay equation X' (t} = ~aXx ) (1 - x* (t - 1)) acts differently from both of the other variations of the
Batesian Mimicry equation. With initial conditions -1<x({t)<1, 1 - x2(t) is always positive; therefore, x(t) will
dominate the differential equation, and solutions to the equation will behave similarily to the linearization,

X' (f) = —ax{f). All solutions to (3) will decay exponentially to zero.



m Appendix A

Below is the Mathematica code for numerically approximating solutions to the delay differential equations.
We used the Adams-Banshforth three step method. The variables a, h, and d represent o, the step size, and the
delay respectively. The differential equation used inthis case is X' () = ~ax{t ~ ) (1 -2 {t - 1)) Because of the
intrinsic nature of the method at least the first d+3h values must be keyed in; however, we found that often more

initia! values were necessary.

Clearfa, b, 4, x, ¥p, t];
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®pit_] i=xplt] = ~axx{t-d] + (I~ (x{t-d])*2);

xft_ ] t=x(t] =x(t-hl+ h/12) » (23 »xp(t-h] -16+xpft-2+h] +5*xplt~3=xh]);
data = Table{{n, x[n]}, {n, 0., 30.0, .031}1;

ListPlot{data, PlotJoined -> True, PlotRange -> All]
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