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Abstract

In the foliowing paper we will discuss circulant graphs and the semi-

transitive properties of these graphs. We will classify the graphs into
families of circulant graphs, and prove some general results about when M€ bé(-’a’ O~Q
these families are semi-transitive.

1 Introduction

The subject of semi-transitive circulant graphs is not as well studied as other
types of semi-transitive graphs. A circulant graph is a graph represented as
Cw{ay, az,...a;) where N is the number of vertices and ai, ...ay, are called jumps
of the graph. Edges are defined in the manner, v,w is an edges if w = v=+a; mod
N for some a;. To standardize notation, all the jumps a; of a undirected graph
will be integers such that a; < %-'-, since in the undirected case g; and N — q;
are equivalent modulo N. A directed circulant graph denoted by Cwlay, k] is
defined in the same manner as the undirected above, with the exception that
the edges between v and v + a; mod N is now a directed edge in the direction
v =+ v+ a;. In the directed case jumps will be allowed to be greater than %-,
since a; and N — gy still form an edge between the same vertices, but the edges
are pointed in oppostte directions and are thus dd' re%nt edges, ﬁn example E{
a circulant graph and a directed circulant graph : : QUY‘@S

Some important terminology and properties of graphs to our ressarch are au-
tomorphisms of a graph, vertex-transitive graphs, edge-transitive graphs, dart-
transitive graphs, and semi-transitive graphs.

An automorphism of a graph is a permutation of the vertices which main-
talns the edge structure of a graph. So if ¢ is the permutation and {v,w} is an
edge of the graph T' then {ve,wo} is an edge of To. Like the automorphisms of
a group or other structures, the automorphisms of & graph form a group under
compesition, we will be looking at the automorphism group of a graph denoted
by Aui(I'} which is the set of all the automorphisms of a graph.

A vertex-transitive graph is a graph where all the vertices can be consid-
ered to be in the same equivalence class. An equivalence class can be thought
of as an orbit. So if there exists ¢ € Aut(T') 3 vo = w then w is in the orbit of
v. Then if we consider Aut(T") acting on the set V(I'), the set of vertices, then
a graph is vertex-transitive (from here on denoted by V-T) when there is only
one orbit of the action on the vertices.

and 2.

Lemma 1.1 All circulant graphs are verter-transitive.

Proof: Let o be the permutation (1 2 ... N). So this is an automor-
phism of I' and by applying ¢ N-1 times then we can take vertex 1
to every vertex and so I is V-T.

Similarly edge-transitive graphs are graphs where all edges are in one orbit
or equivalence class. If we consider the action of Aut(T") on the set of edges E(T'}
to be defined as {v,w}e = {vo,we} then a graph is edge-transitive (denoted



Figure 1: C5{1,3)
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Figare 2: Cqfl, 3]

E-T) when for all edges {a, b} there exists ¢ € Aut(I') 3 {v,w}o = {a,b}. Soas
you can see this definition means that under the action of Aut(I'} there is one
orbit in E({T').

A dart is a half edge or directed edge of a graph. In an undirected graph,
each edge is made up of two darts pointed in opposite directions. So if E(I')
contains the edge {v, w} then the set of darts, which we will call D(T'), contains
the darts {v.w) and (w.v}. The notation for darts is (v,w). an ordered pair
instead of the set {,w} since there is a direction. So if we define the action of
Aut(l) on D{I'} as we defined it on E(T') then a dart-transitive (I-T) graph is
a graph where there is only one orbit in D(I") urder this action. The undirected
graph shown above 1s V-T, E-T, and D-T.

A simpler explanation of V.1, E-T, and D-T, is concept of similar. We shall
say that vertices v and w are similar if there exists a ¢ € Aui(l'} 3 vo = w,
with the same holding for edges and darts. So we will say that a graph 1s V-T
{E-T and D-T in the same manner}, if every vertex is similar to every other



vertex. When things are similar then they will have the same properties. So if
one vertex exhibits a property, and we know the graph is V-T, then we know
that every vertex has this property.

The degree of a vertex is the number of edges at a vertex. In a directed
graph the in-degree is the number of edges coming inte a vertex and the out-
degree is the number of edges going cut of a vertex.

Definition 1.1 An orientation of a greph is o way of assigning directions to
the undirected edges. A regular orientation 1s a orientation where the in-degree
and the out-degree are equal at every verter and the in-degree of every vertex is
equal.

For the remainder of the paper we will be discussing orientations of circulant
graphs. In all cases the orientations will be regular orientations. Also important
to our topic 1s the idea of circulant and noncirculant orientations. A circulant
orientation of a circulant graph 1s an orientation in which every edge of a jump
is directed either clockwise or counterclockwise. Another way of defining a cir-
culant orientation is that all the jumps point positively (clockwise) or negatively
(counterclockwise). A noncirculant orientation is just the opposite of circulant
meaning it has at least one jump in which some of the edges of the jump are
directed positively and some are directed negatively. We shall be looking at
some circulant and noncirculant orientations of graphs. We have the following
lemma concerning circulant orientations.

Lemma 1.2 If Aut(w) contains an n-cycle where n is the number of vertices
in the graph then w is a circulant orientaion,

Proof: Suppose Autfw} has an n-cycle. Let us relabel the vertices
in such a way that the n-cycle is the cycle (1 2. . . 1), a rotation of
the n-gon. Further, if a jump points from ¢ to & then by this rotation
all jumps must point in the same direction. Thus, w is circuiant by
the definition of circulant orientations.

Now let us define the most important concept to our research, semi-transitivity.

Definition 1.2 A graph ' is seme-transitive {5-T) if there s a semi-transitive
orientation of the graph call ¢t w which is V. T and E-T. Alternatwely a graph
is S-T if there erists a subgroup of Aut(T) such that the subgroup is V-T and
E-Ton ¥ but not D-T.

From this definition one can see that semi-transitive orienfations imply reg-
ular orientations. Since a S-T orientation must be V-T, meaning all vertices aze
alike, one see that the the in-degree and out-degree of a vertex must be equal
to the in-degree and out-degree of every other vertex, respectively. Further,
if the in-degree of a vertex did not equal the out-degree, then there would be
an unequal number of out-edges and in-edges, which can never happen in any
directed graph. So every S-T orientation must be regular and thus we will only
be looking at such orlentations.



2 Known S-T Circulant Graphs

When we began exploring circulant graphs and their semi-transitive properties
there were three families of circulant graphs we knew to be semi-transitive.
The first family we knew about are the circulant graphs where the jumps form
a subgroup of Uy, the multiplicative group where ¢ € Uy & a < N and
ged(a, Ny = 1.

Theorem 2.1 If the jumps of w form a supgroup of Un, call it 5, and -1 ¢ &
then w is a 5-T orentation of the underlying graph I' and I' is a S-T' graph.

Proof: Let w be the orientation Cyfas,...ax]. Suppose the jurnps
form the subgroup 5 < Uy . Suppose also that a, —a € 5. So there
is an edge v ~+ v -+ ¢ and an edge v + a -+ v, and then there would
be an undirected edge between v and v + o and so this in no longer
an orientation. Thus, if ¢ € 5 then —a ¢ S must be true. Since S
is a subgroup, 1 € 5 and so —1 ¢ §. Now since any element a & §
is relatively prime to NV so the jump a will form an n-cycle. So it
is apparent that by simple rotations we can send an a edge to any
other a edge. Any ¢ arrange the vertices such that the a edges are
sent to the 1 edges on the outside. Let b be another jump of the
subgroup. Since o and b are elements of the subgroup, then ba is
an element of the subgroup and is thus a jump of the graph. After
applying ¢ we must be sure that there are still the b edges. If we
look at vertex v and count down to the b vertex, since the outside
vertices move i o steps, so the b vertex under ¢ is the original ba
vertex and there is a ba edge there, meaning o preserves edges, and
so o € Aut(w)., We can send any a edge to any other a edge and we
can send any z jump into the 1 jumps, thus we can send any edge
to any other edge and so w is E-T. Therefore w i1s a 5-T orientation
of the underlying graph and the graph is S-T.

figores 3 oind Y

An example of a graph and its subgroup orientation is given in she—fos-;ﬁmg
two fignves.

The next family of S-T circulants we knew about before starting our research
was wreath graphs. Wreath graphs are denoted by Wi(n, %) and are comprised
of n bunches of k vertices. The bunches are arranged around a circle and
each vertex of each bunch is connected to every vertex in the two bunches
immediately clockwise and counterclockwise to it. A wreath graph is isomorphic
to the circulant graph Chz(dy,...8;) where all b; = %1 mod n [Onk95]. Betow-ts

example of a wreath graph and its circulant equivalent.ctve Showt ™

™M ‘
Femma 2.1 Wreath graphs Win, k) with n > 2 are 5-T graphs.

Proof: Suppose we have the wreath graph I' = Win, k) withn > 2.
Let w be an ortentation of ', and let w be such that each vertex of
a bunch has its edges peointing out o the clockwise bunch and in

in ﬁ'gufj’ S
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Figure 3: C%(1,2,3)

Figure 4: (7[1,2, 4]

from the counterclockwise bunch. Each vertex of a bunch has edges
pointing to every vertex of the clockwise bunch, then a k-cycle of the
vertices in the head bunch will be an automorphism of w and will
be transitive on the edges between the two bunches. Further, the
orientation 1s similar to a clockwise orientation of the n-gon, then
through a stmple rotation of the bunches we can send edges between
bunches 1 and 2 to edges between bunches x and w. Thus we can
send any edge to any other edge. Therefore w is a S-T orientation
and [' = Wi{n, k) is a 5T graph.

The final family of circulant graphs we knew to be 5-T are known as the
Depleated Wreath Graphs, DWi{n, k). A depleated wreath graph is similar to
the wreath graph in that it has n bunches of k vertices, but the edges are
defined unlike the edges of the wreath graph. If we label the bunches 0, ..n
and label the vertices in bunch 0 {01), (02}, ...(0k), and similary for all other
bunches, then there exists an edge {ij} — —{i + 1k) if and only if j £ k. As

Loy



circulant graphs the graph is denoted as Chi(bs, ... b)) where each b; = 1 mod
n.

Lemma 2.2 All DW{nk} forn > 2 are §-T.

Proof: Let the orientation of DW(n, k} be a circulant orientation
in a clockwise direction. We will first show that the orientation is
V-T. Let (i }) denote the vertex in the i** bunch in the j** position.
Let p be such that (ij)p = (i+1 j) and let o be such that (i jjo =
(1 jo} where ¢ is a permuation of 1, ..., k. We know that (i), (i+1
k) is an edge T ] # k. We can see that these permutations preserve
edges and are thus automorphisms. Since if we apply p n-1, times
then we will be able to move (i }) to every other (x j} for some x such
that @ < x < n-1 and by applying o k-1 times we can send every (i
) to every other (i y) where 1 <y < k. So therefore this orientation
is V-T. So if we look at the edge {(0 1), (1 2}} and {{0 a), (1 B)}
then we define ¢ by 1o = a and 2¢ = b, so then {{(G 1), {1 2)}o
={(0 a), (1 b)}. So we can permute edges in the bunches and by p
we can rotate the edges arcund from bunch to bunch. Therefore the
orientation is E-T and DW(n, &) is 5-T.

3 Initial Research

Armed with these three kmown families of 8-T circulant graphs, we set out to
classify all circulant graphs with 5 < N < 20, We first made list of all circulant
graphs with vertices between 5 and 20. We eliminated many possibilities of
circulant graphs by using the Adam’s Isomorphism Thecremn which says the
following [E'T70, 287-307].

Theorem 3.1 If ged(n, m} =1 then Cylay, an,...ax) = Cr(ma;, mas, ...mag)

A proof of this fact 1s given in Ricahrd Onkey’s 1985 REU paper. This
theorem allowed us to eliminate many possibilities of different circulant graphs,
by finding all the circulant graphs isomorphic to each other. After creating a
list of all possible circulants, excluding isomorphisms, we had 489 graphs to
consider. We then set about to find all E-T graphs in this list. Using the
program (roups and (Graphs we determined whether or not the graphs were
E-T. First we noticed this following fact about circulants graphs. In any graph
if the graph is V-T and the stabalizer group or subgroup of a vertex is transitive
on its neighbors {imeaning vertices sharing an edge), then the graph is E-T. In
the circulant graphs, since we can reverse any edge then it is also true that if
the graph is E-T, then the stabalizer of a vertex will act transitively on the
neighbors. So using this fact, we locked at the graph, found the automorphism
group and then the stabalizer of a vertex and determined if the graph was E-T.

After finding all E-T circulants with N < 20 we began to lock at which
of these we knew were 3.T because they either had a subgroup orientation



or were wreath graphs. We alsc eliminated E-T circulants which turned ocut
to be disconnected graphs, such as the graph Cy9(2,4). We eliminated these
possibilities since they are multiple copies of smaller graphs, and any thing we
would find for the smaller graphs would apply to the bigger graph. At this
point we were looking at about 49 poessible S-T ecirculant graphs. After finding
all the subgroups and wreath graphs we took this number down to 22 possible
S5-T circulants and 27 5-T circuiant graphs for which we had an orientation and
an explanation.

4 Methods of Finding Semi-Transitive Orienta-
tions

As we began studying and researching whether or not graphs were S-T, we
began to develop and a variety of methods to help us in our work. The most
straight forward but least effective method was the plug and chug method, We
would try all possible circulant orientations of a graph and see 1§ they were E-T
and thus were a 5-T orientation of the graph. This method, although tedious
and not the most advanced way to think of the orientations, yielded a surprising
number of results. Through this method we were able 1o eliminate possibilities
of circulant orientations for a number of graphs.

The next method we brought in $o study the graphs is what we call triangle
analysis. Triangle analysis, as its name implies, involves studying the triangles
of a graph, if there are any. The triangles we Iook at are either inconsistent or
consistent triangles. A consistent triangle is a triangle with a cyclic or circulant
orientation. So if vertices «, b, ¢ are in a iriangle, then the triangle is consistent
if the edges look something like @ =» b, b — ¢, and ¢ — @. An inconsistent
triangle would then be a triangle would then be a triangie which does not look
like this. Moreover an inconsistent triangle is one with edges looking something
like this, @ — &, @ — ¢, and & — ¢. An example of a consistent and inconsistent
triangle are given in Figure 7.

The way to study these triangles is to count them and then use the following
fact,

Lemma 4.1 If an orientation w is 5-T, then if E 15 the number of edges and
T is the number of inconsistent or consistent trigngles, it must be irue that

E(3xT.

Proof: Let w be 5-T and suppose E does not divide 3« T, Since
every edge 1s aliice, each must be a part of the same number of incon-
sistent and consistent triangles. Let T be the number of consistent
triangles. if E is the number of edges, then T, the number of
consistent triangles each edge will be Tp = % since each triangle
consists of 3 edges. Further T must be an integer since there is no
way to have a fraction of a triangle. So then T * E = 3T and so

E|3xT. —rée



Using triangle analysis we counted the number of consistent or inconsistent
triangles (generally inconsistent because they are easier to count) and found
whether the number of edges divided three times the number of triangles. This
provided a quick test for non-semi-transitivity and helped lead us to some gen-
eral results.

Our final general method for exploring the possible graphs was to look at the
automorphism groups of the orientations in a abstract ways. We used theorems
such as the Sylow theorems and Cayley’s theorem to genaraiize what the auto-
morphism group must look like and contain. Also we studied some subgroups
of the undirecied graph’s automorphism group, and éried to find a subgroup
which would provide a 5-T orientation of the graph.

5 Complete Graphs with Odd Vertices

The first set of graphs we began to explore were the complete graphs with an
odd number of vertices denoted by K,. A complete graph K, is a graph with n
vertices and every vertex shares an edge with every other vertex. Figure 3, which
was denoted as C7{1,2,3) iz also the complete graph of 7 vertices or K7, We
noticed, K7 has a S-T orientation, defined by the subgroup of Uz 5= {1,2,4}.
So we had one complete graph which was S-T, and this inspired us to look at K.
After studying circulant orientations of Ky and not finding any that were 5-T,
we applied triangle analysis on the graph. We found that K35 had 5 inconsistent
triangles, but it has 10 edges. So obviously 10 does not divide 3*5=15, and so
K5 can not be S-T.

At this point it is important to point out how we studied the inconsistent
triangles of the complete graphs. First note that since every vertex is connected
to every other vertex, then no matter what two edges you pick, there will always
be an edge to form = triangle. Also it is true, since we are only looking for regular
orientations, that each vertex has out-degree 221 in any orientation. When
iooking at inconsistent triangles, you can see that any inconsistent triangle has
one vertex in which the two edges connected to it are out edges or in edges.
Without loss of generality, we chose to look at the cut edges. So we know there

are 2L out edges at each vertex, and any two of these forms a inconsistent

n=1
triangle, then we know that each vertex is a part of ( 2 = 1 triangles.

2
Then there must be n ¢ = T inconsistent triangles in any orientation. So for
K3, there are 2 out edges and so t = 1, which gives us 5 inconsistent triangles.
The facts we knew about Ky and K7 puzzled us. What is so different about
5 and 7. The first important observation we made is that 5 = 1 mod 4 and
7 2= 3 mod 4. This fact led us to the next lemma.

Lemma 5.1 Ifn=1 mod 4 then K,, 15 not 5-T.

Proof: Suppose m = 1 mod 4, so n = 4k + 1. The number of



inconsistent triangles at each vertex 1s

( 2l dhgl-l 2k k! 2k(2k — 1)
i 2 = 2 = o E -
2 2 2 212k — E)T P

k(2k — 13
So T =n« k(2k — 1}. The number of edges in K,

n n* 4k .

So

3T 3xnxk(2k—1) 3«k(2k-1} _ 3(2k-1)
E w2k - 2k B 2

Since 3 and 2k-1 are odd, so the numerator is odd and so 2 does not
divide 6k-3 and so F does not divide 3 % 1" and so there can be no
S-T orientation of K,,, s¢ A, is never 5-T.

We had now eliminated a substantial portion of our list of possible 5-T
graphs with this fact. In addition, we were very intrigued about why none of
the n =1 mod 4 complete graphs were 5-T, but we knew that at least one of
the n = 3 mod 4 was S-T. We had already determined through calculations as
in the proof above that we could not disqualify any K,. where n = 3 mod 4.
Therefore we began locking at other complete graphs with n = 3 mod 4, such
as {1y, Kis, and Kis. In examining Ky and Kip, we found subgroups which
provided the necessary jumps and defined a 5-T orientation. We then noticed
both 11 and 19 like 7 is prime, and vsing a number theory argument we were
able to prove the next statement.

Lemma 5.2 If n 13 prime and n = 3 mod {, then K, 15 5-1T.

Proof: First note that every K, is defined by 5—5—1— jumps. Recall
from number theory the idea of quadratic residues and quadratic
reciprocity modulo a prime p. So if we let » = p, then remember
that there are 9-5—1— distinct quadratic residues. Also since if a = b2
and ¢ = d? mod n, then obviously ac = (bc)? and e~ = 677 mod
1, meaning that the set § = {a1,...ax-1 | ¢; = b* mod n for some
b e U} is a subgroup of U,,. Further it is a fact that -1 is not a
quadratic residue for n = 3 mod 4 [Ste52, 143}. Therefore we have
a subgroup S of Uy, of size 25! and such that —1 € 5, so by our
theorem above w = (,[S] is a S-T orient ation of K, and so K, Is
a 5-T graph,

These two facts had allowed us to classify a number of possible graphs from
our list, and gave us hope that maybe we could show that K, is 5-T only when
n = 3 mod 4 whether or not it is prime. To begin on this study, we began



exploring the only other K, with less than 20 vertices we had no hard evidence
on, His. We struggled with this graph for quite a while. We tried the plug
and chug methed by locking at every possible circulant orientation (of which
there are only 16 thanks to the Adam Isomorphism theorem, a list is given in
the appendix}. When this did not work, we tried to make up some noncirculant
orientations and also tried finding an orientation by looking for subgroups of
the undirected graph’s automorphism group. Finally we determined that if K5
had a 8-T orientation, then it must be a circulant orientation {S. Wilson private
conversation]. Using Groups and Graphs we iooked at all 16 possibilities and
none of them worked. So we concluded K5 is not 8-T.

6 Depleted Complete Graphs

After classifying all complete graphs, we turned our attention to a family of
circulant graphs known as the depleted complete graphs. A depleted complete
graph DK, is a graph with n vertices and a vertex v is connected to every other
vertex except for the vertex v+ %. Every depleted complete graph has an even
number of vertices since there is no § jump in a graph with an odd number of
vertices.

The fizst group of depleted complete graphs that we looked at was DK,
where n = 2 mod 4. We already knew DK; was 5-T since it is the wreath
graph W(3,2) and we had found a circulant 5-T orientation for Dy, We
therefore knew some DK, graphs were 5-T and began looking for some general
cases. We began looking at these graphs using the concept of mates. Two
vertices are mates il there is no edge between them. What we realized is that
if we pair these mates together then we get a two-four copy of Kz, A two-four
copy means for every vertex in Kz there are two vertices in DR, “and for every
edge of K there are four edges in DK,. When we arranged D Ks and DK 4
into mates we noticed their -7 orientations in this structure mirrored the S-T
orientasions of K and Rz, This fact lead us to the following:

Theorem 6.1 DK, wheren =2 mod 4 15 5-T of and only if Kg 15 5-T

Proofi Let n = 2 mod 4 and let ¢ and b be vertices of DK, and
o’ and b be the mates of ¢ and b respectively. We will look at the
out-edges of ¢ in any regular orientation of DK, There are 3:,—2
out-edges, or if n = 45 + 2 then there are 2/ out-edges. So one of
two cases can occur. Case 1: I a points to b then & points to a. If ¥/
pomts to a (b;hen for every vertex ¢ where a points to ¢, ¢’ points to o
(see figurd)® Then there exists an edge between every pair of vertices
a points to. Further, this happens at every vertex, and so we can
apply triangle analysis on the orientation. There are 2K out-edges at
K
2
triangles 1t is a part of, where it is the vertex with two out-edges.
Then the total number of inconsistent triangles is T' = n{ K (2K —1)).

every vertex, so each veriex has = K(2K - 1) inconsistent

10
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The number of edges 1s £ = ( g

> — % =n{2K). So then we have
the following:

3T _Sn{K(2K-1)) _6K -3
E n(2K) T2

"Fhis shows that E does not divide 3T and therefore there will be no
S-T orientation of this kind. Case 2: If g points to b then a points to
b, So this means that a points to mates, meaning for every ¢ that
a points to, then a also points to ¢’. Suppose d points to g, since if
a pointed to d' this would imply that a poined to d, which can not
happen. So d' polnts to a as well. This tells us that when a points
to b then o’ points to b and a’ points to §'. Then we know a set of
mates polnts to another set of mates (see ﬁgurr? ngmangle analysis
does not allow us to rule this case out, so therefore this is the only
possibility for a S§-T ortentation of DK, where n = 2 mod 4. When
we arrange the vertices in mates we then get a two-four copy of K.
Suppose we had a S-T ortentation of DK, then when we arrange the
vertices as mates to form the two-four copy of the smaller complete
graph, and we know mate pairs point in one direction to another
mate pair we can use the 5-T orientation of DK, and form a 5-7T
ortentation of Kz We will obtain the orientation by making mates
act as one vertex and all four edges act as one edge. Since the big
graph is 5-T then the new way of thinking of the graph must be 5-T
and therefore Az must have a S5-T orientation and so must be 5-T.
Therefore we have shown that if DK, is 8-T then Kz 1s 5-T. We will
now show the converse. Suppose Kz has a 5T orientation and let
us direct the edges of DK, arranged as Ky in this S-T orientation.
So if in the smaller complete graph ¢ pointed to b so now 2 points to
b and o’ points to b and ¥. Let ¢ be the permutation which takes
the edge (a,b} to the edge (¢, d). So acgx = ¢ and bop = d. Now
let & be a permutation which acts like a3, but also has the property
that a’c = ¢ and d'e = d'. So o sends the edge (a,b) to the edge
{¢,d}) and ¢ sends (@', V') to (¢, d'), and all other combinations. So
o defined in such a manner sends each bunch of edges to every other
bunch of edges. Now let p be a permutation which switches a and o,
g0 p = {aa'). So pis obviously an automorphism of the orientation
and p will seand (2,8) to (@/,8). Let 7 be a permutation such that
T = (bb'). Again, 7 is an automorphism of the orientation and
sends (a,b) to {a,¥). So g and 7 will send an edge in a bunch to all
other edges in that bunch, and & sends every bunch to every other
bunch, so this orientation is E-T and therfore DK, is §-T.

Thus, using this fact, we were able to see that DI,o and DFKyg are not
5-T and gave us an explanation as to why DA and DKy are S-T. Having
classifed all DX, where n = 2 mod 4, we began to look at all DK, where
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n = 0 mod 4. Our smallest exampie is DKg. We began exploring this graph
using all our previous methods that would apply, but found no $-T orientation.
Then while playing with subgroups of the undirected graph we came across an
unusual subgroup that provided a S-T orientation for the graph. The subgroup
was generated by the two cycles (1256)(3478) and (1241(568). The orientation
we found wish the subgroup was simplified by switching and renumbering the
vertices 1 and 5. The simplified orientation is given in Figure €

We began studying why this orientation worked and if it could be applied to
other graphs. As a result of our studies we developed the concept of bendability
and bendableorientaiions {S. Wilson private conversation) which allowed us to
come up with a 8-T orientation of DR 1. The orientation we found is the most
unusual S-T orientation we have found thus far. The S-T orientation of Diys
5 shown in Figure &IBa\‘otice this orientation does have a pattemn teo it, the 1.4,
and 7 jumps are all circulant. The 2 jumps are almost all positive except the
edges (10, 8) and {2, 16). The 3 jumps are almost all negative except for the
edges {1, 4), (6, 9}, (9, 12), and (14, 1). Similarly the 5 jumps are almost all
negative except for the edges (1, 6), (4, 9), (9, 14), and (12, 1), Finally, the 6
jumps are almost all positive except for the edges (3, 2) and (16, 10).

Unfortunately the method that allowed us to find the orientation for DKs
has yet to allow us to find S-T orientations for K12 and DKz, We strongly feel
that they are not S-T, but until we have full explored the concept of bendablility
we will not know for sure.

7 If?n,?n,?n,ﬁn

A graph Kn . _n means a graph with m bunches where m is the number of n's
and n vertices in each bunch. Vertices are bunched together if they are mates,
and each vertex is connected to every. other vertex in every other bunch except
in its own bunch. Particularly we focused on the graph Cys(1,2,3,5,6, 7} which
is isornorphic to K444 We noticed that DK which is 5-T is also Kas92
and therefore we tried using the orientation of DR to derive an orientation for
1{414‘4,4.: We did this be keeping the 1,2, and 3 jumps the same, but we noticed
that 5= —3 mod 8, 6 = —2 mod 8 and 7 = —1 mod 8. Therefore we made
the 5,6, and 7 jumps oriented in the negative direction of the 1,2, and 3 jumg\s
respectively. This gave us a S-T orientation for Ry 444 which is shown Belet.
In further research on this subject we again used this method to come up
with a S-T orientation of K646 This lead us to the following conjecture.

Conjecture 1 Every graph Koy 2s 00,20 18 S5-T with a S-T orientation derived
From the 5T orientation of Kyg 22

_______

We are still working on the proof of this conjecture, but strongly feel it to
he {rue.
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8 Orientations Dependent on the Number of Ver-
tices

The first graphs of this type we looked at were graphs with a prime number of
vertices, Soon affer we started studying these graphs we were able to narrow
the possible S-T orientations the graphs could have to circulant orientations.
We did this 18 by proving the foliowing lemma.

Lemma 8.1 A graph with a prime number of vertices is 5-T if and only if it
has a 5-T circulant orientaion.

Proof: Suppose [ has a prime number of vertices p and a S-T
ortentation, w. So w must be V-T and so the orbit of vertices ander
the action by the automorphism group is of size p. Then the Orbit-
Stabalizer theorem tells us that |G = Aut(w)| = p* [85(v}| where v
is any vertex, this means then that p | |Aut{w)}[Fra67, 155]. Cayley’s
theorern then tells us that Awt(w) has an element of order p, which
I our case must be a p-cycle [Fraf7, 72]. Meaning then that by
lemma 1.2 w must be circluant. If T has a prime number of vertices
and 1s 5-T then the 5-T orientation is circulant. The converse is true

since by definition if I' has a 5-T circulant orientation, and therefore
I'is 8-,

Using this fact we studied and eliminated all the possible circulant orienta-
tions of Cha(1, 5}, C17{1,4), and C17{1,2,4,8}. A list of the possible circulants
is given in the appendix.

The next set of graphs we turned our attention to were graphs with an even
number of vertices and jumps ay, ..., 2 such that a; is odd for all i. The first
of these graphs was 4{1,3). Notice in these graphs, because all the jumps
are odd, then no even vertex will share an edge with any other even vertex,
and similarly for odd vertices. Using this fact and the fact that 10 must divide
the order of the antomorphism group of any orientation w, we knew that either
there was a 1{-cycle, or a an element made up of two H-cycles. If there was a 10-
cycle, this meant the orientation was circulant, but this possibility was quickly
eliminated by the plug and chug methed. So we knew that there had to be an
element of two S-cycies for there to be a 8-T orientation, and we also knew that
we could relabel the vertices, using the permutation (1357 9)(24 6 8 10). This
means that any jump, which goes out or in from 1, would have to do the same
at 3, 5, 7 and 9. The even vertices would have to act similarly. So the only
other posstble orlentation would be where a specific jump would go out one of
parity of vertices and into the other, Using one of these orientations, we found
a S-T orientation of the graph. The orientation if denoted by Cigf+1-~, —3+]
meaning the 1 jumps peint out from evens and the 3 jumps polnt out from the
odds. A picture is given in Figure 12.

Using this orientation and the fact about graphs with even number of ver-
tices and realitively prime jumps we were also able to come up with new S-T
orientations for the graphs Ch9(1, 5} and Ca(1,3,7.9).
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When looking at our list of S-T circulants thus far, the graph Cypi{1,3) was
one of the oddest we had. 1t had no family we could put it in. So we studied
the graph to see what sort of properties 1t had. One of the properties of the
orientation we found was that since ged(3,i0)=1, then we could generate a
automorphism which would send the 3 jumps and make them act as one jumps.
The automorphism we used was to send the 0 vertex te the 1 vertex and then
arranged the vertices around in 3’s. The final permutation looked like ¢ =
{018T)(2563)(49). So we began to look at what allowed such an automorphism
to exist. We first realized that 3 and 10 were relatively prime, but more than
that, we saw that 3% = —1 mod 10. So we took the next odd number, 5, and
looked at Cys=sa.01{1,5), gave it a similar orientation to our Cyp(l, 3) orientaticn
and found that it was 5-T. So we were then able to generalize it into the following
fact.

Theorem 8.1 Ifu is odd, N = a?-++1, then Cy(1,a) is S-T, with an orientation
w = Cn{+1—, —a+].

Proof: Suppose a is odd and n = ¢? 41 and let w be the orientation
described above. Let ¢ = {135...n— 1}{024...n — 2) when we apply
this permutation it is obviously an automorphism and it sends a
positive 1 jump to every other positive 1 jump. Let 7 = (02)(n —
13)..{3 — 15 +1). When we apply 7 this sends the positive 1 jumps
to its negative 1 jump counterpart. By these permutations we know
that all the 1 jumps and by the same argument all the 3 jumps
are similar. Let p = f{z} where f{z) = ax — ¢. This permutation
sends 0 1o 1 and then arranges the remaining vertices clockwise so
that for a vertex v the vertex clockwise to 1t is the vertex v + a.
Further o changes the parity of each vertex so that even vertices
must now act as the odd vertices did before the permutation and
vice-versa. It i1s apparent that we have sent the 3 jumps to where
the 1 jumps were before and therefore must now act as the 1 jumps
did before the permutation. Since in the original graph the 3 jumps
at the even vertices acted like the | jumps at the odd vertices then
by sending the 3 jumps to the 1 jumps and changing the parity of
the vertices, thus, the 3 jumps are again oriented correctly after the
permutation, We must ensure that the 1 jumps have now moved to
the 3 jumps. Since on the outside each vertex moves 3 steps, so the

a vertex away from any vertex is now the a” away vertex. We know
P

a? = —1 mod n, and therefore this vertex is also the v — 1 vertex of
the original graph. Then there must exist an edge there which must
be the original 1 jumps and by a similar argument from above these
jumps are also oriented correctly. Thus, the 1 jumps moved to the 3
jumps, and o is an automorphism of the graph. So by applying o we
can move an a edge into a 1 edge and thus will move all the edges
around. Therefore the orientation is E-T and the graph is 5-T.



Next we turned our attention to the graph (i5(1,3,5,7) thinking we could
use the same method to find a 5-T orientation of the graph. We soon realized
that the 3 jump was a problem because it was not realitively prime to 18. We
noticed that in order to keep the graph regular, a 5-T orientation would have
to have all circulant jumps, all jumps like those of Cig(1,3), or two circulant
jumps and two like those in Cp{1,3). But similarly to the argument for the
graph of Cya(1,3) we know Cy5{1,3,5,7) must have a 18, 9, 6, 3, or 2-cycle. If
it had an 18-cycle then the 5-T orientation would be circulant, but we tried all
the circulant possibilities and none were S-T. If 1t had a 9-cycle then the graph
would have an orientation with either two jumps acting as those in Cig(1,3} or
four jumps and we have alsc exhausted these as possibilities. Therefore if this
graph does have a 5-T orientation it will be one we have not yet seen,

Further study into the graph C1s{1,3,5,7} reveals that it is a part of the
family of graphs known as DK, ,. These graphs have iwo sets of n vertices
which do not share an edge, and every vertex in a bunch shares an edge with
all but one vertex in the opposite bunch. When n is odd, we know that DK, ,
is iscrnorphic to Ca,(1,3,5,...,n — 2). So the jumps are all odd numbers up
to, but not including n, meaning there are ”2;1 jumps. We will not deal with
the case when n is even, since the degree of a vertex would be odd, and so the
grapk would not be regular. Thus, Ci{1,3,5,7)is DEyge. Other S-T graphs of
this type are, Cio(1,3) is DRs 5, and C14{1,3,5) is DKz 7. Both of these have
two orientations the first being the orientation we have explained in the DRy 5
case, and the second orientation being a subgroupXS. We then generalized our
thoughts and were able to prove the next fact.

Theorem 8.2 If p is prime and p = 3 mod 4, then DK, , s 5-T.

Proof: Suppose pisprimeand p = 3mod4. So DK, , 18 Cop(1,3,5,..,p—
2). Since p is a prime, then 2p has a primitive root. Further since
$(2p) = p -~ 1 then there are 3«3»;& quadratic residues mod 2p, and
-1 iz not a quadratic residue. So the subgroup of quadratic residues
has the correct size we need and does not include -1, but can we be
sure the right jumps are in the subgroup. Let a be one of the undi-
rected jumps. Either a is a quadratic residue, meaning a is in our
subgroup and we are fine, or a 1s not a quadratic residus. Suppose a
is not a quadratic residue, so « = ¢! mod 2p. But since we know
—1= g2k+1 mod 2p, $0 —a = g‘3k+192m+1 = g2k+‘2m+‘2 = g2ﬁk+7n+1)
mod 2p. So either a or -a is in cur subgroup S, the subgroup of
quadratic residues, and never both. So then C3,[51 is & $-T orien-
tation of DK, and so DK, ; is 5-T.

Alsc we feel strongly that soon we will be able to prove the next conjecture.
Conjecture 2 If p is prime and p = 1 mod 4, then DK, ; is S-T.

The proof of this will rely more on permutations, and the relationships of
relatively prime numbers. The orientation for these graphs will be something
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like the orientation of C1g(1,3). We are still looking for ways to prove things
about DK, , when i is odd and composite.

9 K i1s Wonderful

A wise man named Steve Wilson once said, “Sometimes in math, your hardest
smallest case can be used to give you answers to larger problems” We have
found this statement to be very true for seme of our larger graphs, in which
we have used the graph of Ky to eliminate them from cur list of possible 3-T
graphs. The first case is the graph C45{1,2,3,4,6,7) also known as the graph
K3,3,3,3,3-

We have found the graph C:s{1,2,3,4.6,7) not to be S-T. This is because
the graph must have regular degree then each vertex has 6 in and 6 out edges.
Let the bunches be called 0,1,2,3,4. If there is a vertex in bunch 0 that has an
out edge to one and only one vertex in bunch 1 then that would leave 5 other
out edges to poiat out to the 3 remaining bunches. But 3 does not divde 5 and
therefore we would two bunches with two in edges from bunch 0 and two bunches
with 1 in edge from bunch zero. Without losing generality assume bunch 0 has
1 out edge to bunches 1 and 2, and 2 out edges to bunches 3 and 4. Then we
could never find an automorphism from bunch 1 to bunch 3 since they are not
similar and therefore an orientation of this kind could never be 5-T. A similar
argument telis us that a vertex from bunch 0 could not have two and only two
out edges to two vertices in bunch 1 because this would leave 4 out edges to be
divided among 3 bunches. Therefore if a vertex in bunch 0 points to a vertex in
bunch 1 it must point to all vertices of bunch 1. Meaning the vertex in bunch
0 will point to all vertices in exactly two bunches, assume these are bunches 1
and 2 and so does not point to the vertices in bunches 3 and 4. Therefore all
the vertices in bunches 3 and 4 must poini to all the vertices in bunch 0. So by
our argument above this means that each vertex in one of these bunches points
to every vertex in bunch {} and so this happens at every bunch. Thus, Kza33.3
becomes a three-nine copy of K5 and therefore if there was a 5-T orientation
of the copy there would be a S-T orientation of 5. We know K5 has no such
orientation and therefore Ci5(1,2,3,4,6,7) is not 5-T.

The next graph we locked at was Cy(1,2,3,6,7,9) which we found to be
isomorphic to K4 » K. A cross product of graphs, T'y x I, is a graph whose
vertices are ordered pairs (v,w) where v is a vertex of I'; and w is a vertex
of ['y. With edges {(v,w), (y, 23} if {v,y} and {w,z} are edges of ['; and T,
respectively. If you arrange the vertices in 5 groups of 4 with the bunches being
{1,6,11,18}, {2,7,12,17}, . . . then this arrangement is similar to K5. Between
bunches every vertex is connected to every other vertex except for the vertex
which is a jump of a multiple of 4. So 1 and 17 are not connected and 2 and
14 are not connected. Between bunches there are 3 edges at each vertex and
from a similar argument above we know any possible S-T orientation will be
arranged such that all edges from bunch « to bunch & will be oriented 1n the
same direction. So this graph can not be S-T by the same K5 argument as
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above.

'The last graph in this group is C0(1,2,3,4,6,7,8,%) which is also K4 4444
Through much analysis we have many restrictions on possible orientations, but
as of yet no definite conclusions about them.

10 Conclusion

In conclusion, we have studied all E-T graphs with the number of vertices be-
tween 5 and 20. We have determined whether or not 45 out of the original 49
graphs were S5-T. To those graphs we have found to be 3-T we have assigned
them to one of the following families: subgoups, wreath graphs, depleted wreath
graphs, complete graphs with a prime number of vertices, p where p = 3 mod
4, Depleted complet graphs where the number of vertices, n is congruent to 2
mod 4 and the graph Ky 1s 5-T, Bendable graphs, Ksp 21 24,20, and coddities.
We have general theorems about these families and general results about these
graphs and those with greater than 20 vertices. We still have much te do in
completing our studies of the four unknown graphs. In addition, we hope to
obtain more general results so that we will be able to tell if any graph is 5-F
just by studying the number of vertices and jumps of the graph.
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E-T Circulants

Aoendl
N Jumps E-T ST
5 1.2 Y n_
6 1,2 \ v
7 ’ 1,2,3 Y y
8 1,3 Y y
8 1,2,3 Y y
9 1,2,4 N y
9 1234 Y no___|
10 1,3 Y y
10 1,4 Y y
10 1,2,3,4 Y n
11 1,2,3,4,5 Y y
12 1,5 Y y
12 2.4 Y d
12 1,3,5 Y y
12 1.2,4,5 Y y
12 1,2,3,4,5 Y
13 1,5 Y n_
13 1,3,4 Y y
13 1,2,3,4,5,6 Y n
14 1,6 Y y
14 1,3,5 Y y
14 2,4,6 Y d
14 1,2,3,4,5,6 Y y
15 1,4 Y y
15 3,6 Y d
15 1,4,6 Y y
15 LA 2y A Yo LY
15 1,2,4,5,7 Y y
15 1,2,3,4,6,7 Y o n
15 1,2,3,4,5,6,7 Y n
16 1,7 Y y
16 2,6 Y d
16 2,4,6 Y d
16 1,3,5,7 Y y
16 1,2,3,5.8,7 Y
16 1,2,3,4,5,6,7 Y
17 1,4 Y n_
17 1,2,4,8 Y n B
17 1,2,3,4,5,6,7,8 Y n
18 1,8 Y y
18 3.6 Y g d
18 1,5,7 Y y
18 2,4,8 Y d
18 1,3,5,7 Y
18 2,4,6,8 N d
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E-T Circulants

18 1,2,457,8 Y '

18 123456678 | Y . .n
19 1.7.8 Y LYo
19 1,2,3,4,5,6,7.8,9 % y
20 1,9 Y y
20 2.6 Y d
20 4,8 Y d
20 1,6,9 Y y
20 1,3,7,9 Y y
20 1,4,6,9 Y y
20 2,4,6,8 Y d
20 . 1,3,5,7,9 Y ot
20 12388679 | Y _

20 1,2,3,4,6,7,8,9 Y

20 1,2,3,4,5,6,7,8,9 Y
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S-T Chreulants

—
——

Orientation

# Edges

lAut(G)!

o JAUtO)

Notes _

1.6

1,3,5

Amwbmm

1.4

1A

ﬂ&m

28

1792

896

|42 | 10080 z 42
| 84 645120 2688
[ 30 60 .30

30

45

.,w.w,wmo |

60

30

38880

47
1,2,4,5,7
1,2,3,4,6,7

1248

1,4,7,10,13
203@..:

Amwamma\.

1,7

None

60

75

90

105

720

60

.“ owmmooo

_..933120

5184000

151

T 717

32

4096

32

u
1,2 Zosm o 10 120 5= fﬁoah
e 4 2 48 24 2| w3,2)
1,23 124 1 2f 5040 21 7| Subgroup and 7=3mod4
1,3 18={+1--8+} 16 1152 | 16 14 Subgroup
63 LTI 16 152 ... 64 2 | Subgroup
123 1 12233 24 384 24 .8 Bendable )
24 L B . A Y _..1296 648 3 wWe3) o
1,2,84 B ~ None | 36 . 362880 - i 9=1mod4
1,3 | TT -3+} 120 240 20 5 m<m: <m:_omm o&%mc.mwum
1.4 e 1,6 20 320 160 2 L W(s.2)
1,2,3,4 ~ None 40 3840 R e ) Ems@_m analysis .
1,.2,3,46 .& 3,4,5, @ 55 39916800 - 65 11 mcw@«ocn and 11=3mod4
s 1 16 | 24 768 24 . 3 | Subgroup and W(6,2)
- LT |24 384 |2 Subgroup
LS {#+1-,-54) 24 24 | 6 | even vertices, odd jumps
1,3,5 o 1,58 36 5184 3 ] ,“kfﬁ_wv -
1,2,4,5 147,10 48 41472 4 W(3,4) .
.‘ m m N“. m — mo . s i e .
|15 None 26 ‘ | must have circulant orientation
L 134 1,3,9 _...388 A a3 Subgroup
4 .2,3,4,5, 6 _None 78 . 13=1mod4

W(7,2)
m:cmqo%

o Kn/2)=K 7
Subgroup
... Subgroup

. W(EE)

‘Subgroup

C W(35)
K5 mﬁcamzﬁ
Scmﬁ have circulant o:m%mﬂ_cz

Subgroup and W(8,2)
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S-T Circulants

16

18
16

16

L 1,357
m 1,3,5,7

1,2,35,6,7

16

- 1,2,3,4,5,6,7

17 14

- ‘.__m‘uwnh,_mgmwﬁ_m ..z

1.8
1,5,7

1,3,5,7

Amamwm

Ammpmmﬂm

1,7,8

1,2.3,4,5,6,7,8,9

._wm,_._

1

1,9
1,5,9,13
42,-2},3,{-6,6},9,11
1,{2/(8-6,16-14)}

{-3/(1-4,8-11,9-12,

16-3)},4,{-5/{1-86,

1 8-13,9-14,16-5)},

Am\:m m m 10)},7
Zozm

.1- -m+ m+ +.\ V

32
64

96

1z

64

I

. 4096
L 2MB*3A4%25%49

wwmmmmh
10321920

| 2715737472549 ;

©m4®
mmmm.\m

725760

147101316

A
o 1,9={+1--04)

1,2,3.6,7,9

1,2,3,4,6,7,8,9

1,2,3,4,5,8,7,8,9

None

2A13* INTT 125

dmm.wmﬁmmo

1,7,11

hmmw@ﬁ #mé,\

114

19l

1,11

1,6,11

1,3,7.9

1,9,13,17

T;- -3+,-7+, +9- v

1,6,11,16

m&mqmom

Amwémz‘

.ZO:w

245760

_____ 79626240
2A1773/875/4749

2880

955514880

2A18*3M4*25°7

2048
1327104
4096
6144
336

4608

279936

2n12+3777125]

57
40
10240
120
80
480

20480
39813120

2/14°3/4°5n4]

f;%oo:-p‘r\:

| Subgroup and W(10,2)

- Subgroup
mcgacu and W(4,4)
mc.cmﬂo% ‘
from C_8(1,2,3)
mmsamzm

3. J:ﬁo%
W(9,2)
W(6,3)

B Em:m\_m, mmm_wm_m

.. Subgroup
mcvuqo%‘ and 19= wBo%

mcamﬂo%

DW(5,4)
mcvowo%

Subgroup

__ o,.és <m&o.@m odd Esvm

CW(5.4)
. W(4.5)
K5 argrument
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