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L Background

Matroids and their Representations

The most basic objects we deal with are matroids. It is from these that we build up
the main structure of interest, the Orlik — Solomon (OS) algebra. So first we look at
definitions and examples of matroids and their representations,

Definition 1.1: Let § be a finite collection of points and g a non empty family of subsets of
S satisfying

L IfAcBandB e gthen A eg and

i If A, B € gand |A] < |B| then there exists b € B — A with A Uib} eg.
The pair M = (S, g) is @ matroid. The members of g are called independent and all other
subsets are called dependent [3, 4],

An altemnative way of describing matroids is through their dependent sets. For any
matroid we say a € S depends on A C S ifeithera € A or Bu {a} is dependent for
some independent subset B of A. If A is a subset of S, the set of all points dependent on
A is the closure A of A. If A = A then we say A is a flat of §. If a flat F contains a flat G
and for another flat H, F o H o G implies F = H or H = G then say F covers G [3].

Theorem 1.2: Let S be a finite collection of points and F a family of subsets satisfying:
FIL.SeF

F2.A,Be Fimplies AmBeF

F3. forany A € ¥, S — A is partitioned by members of F that cover A (i.e.everys
£ A 1s in one and only one flat covering A)
Then F 1s the family of flats of the matroid M = (S, g) where A e g iff. every proper
subset of A is contained in some flat not containing A [3].
Matroids can be represented pictorially in different ways. In particular we will
make use of arrangements to represent matroids throughout the rest of the paper.

Definition 1.3: Let K be a field and Vg a vector space of dimension . A hyperplane H in
Vi is a vector subspace of dimension{ - . An arrangement Ax = (Ay, Vi) is a finite
collection of hyperplanes in Vg [1, 2].

Example 1.4: If we consider R® as our vector space then the collection S = {x + 3z,x + z,
X-2,X~3z,X+y,y+3z,y+z,y-2,y- 32, x-v, z}, of planes through the origin in
R’, is an arrangement. (Notice that for the rest of the paper we will restrict our attention
to the projective space associated with R”, or the collection of all lines through the origin

in R’. We call lines through the origin projective points, and planes through the origin
projective lines.)

Two more important ideas in the theory of arrangements are the set of all
intersections of elements of an arrangement and the rank function. The set of all



intersections of an arrangement A s denoted L = L(A). The rank {unction is simply
defined as r(X) = codim(X). Thus in example 1.4, r(R“) =Candr({ziy=1landr(lz} M {x
+y})=2. :

Notice that now, given an arrangement {of planes through the origin in R’), we
can associate a matroid with it. Let G be an arrangement of n hyperplanes. Let S = {H,
..., Hp} be a sub-collection of these hyperplanes, and let [S| = p. S is independent if r{(nS)
= p and dependent if r{nS) <p. Then if g = {S G| S 1s independent}, we can show that
(G, g) is a matroid. Call this matroid the matroid associated with the arrangement G.

Example 1.5: Let G= {a, b, ¢, d, ¢, { g, h, 1, ]}, k}, whose points correspond to the
hyperplanes in example 1.4, (say ‘a’ corresponds to x + 3z and ‘k’ corresponds to z),
Also consider the family of subsets of G, g = {all singletons, all doubles, all coilections of
three hyperplanes not intersecting in a projective point}. Then the matroid M = (G, g)
corresponding to the arrangement in example 1.4.

We can render arrangements more simply in two ways. The first way is to
consider cross-sections of a particular arrangement. As we are restricting our attention to
the projective space associated with R’ any plane not through the origin will intersect all
hyperplanes not parallel to it. This works because given one plane not through the origin,
only one plane through the origin runs parallel to it. One pictonal representation of the
arrangement in example 1.4 1s Fig 1.a.

FIG 1. A{picture of the 11 line picture).

The crossection is the intersection of z = | with the arrangement. The circle
represents the hyperplane z = 0. As z = 0 runs parallel to z = 1, and thus never punctures
z = 1, it must receive special notation. Notice that points of intersection in the picture
represent lines of intersection in the arrangement. This also means that as {x + 3z, x + z,
X —z,x — 3z, z} all meet in a line in the arrangement, they must meet in a point in the
figure. This point is on the circle or ‘at infinity” in the direction of the paralle! lines. In
general, parallel "lines’ meet at infinity [8].



_ TTTTTEU 4 v mUHIIMLE d LLUSS-SECTION
ot the lines normal to the hyperplanes in a given arrangement. Notice that if n projective
lines intersect in a projective point their normal vectors are co-planar. and if we draw
projective points in the direction of these normal vectors and take a cross-section of these
projective points we get three points that are co-linear. These are the points we use. .

Example 1.6: Let <a, b, ¢> represent a projective point in the direction of the vector <a, b,
¢>. The projective points normal to the hyperplanes of the arrangement in example 1.4
are {<1, 0, 3>; <1, 0, 1>; <L 0,-1>;<1,0,-3>; <1, 1, 0=; <0, 1, 3> <0,1, 1>; <0, 1, -
12, <0, 1, -3>; <1, -1, 0> <0, 0, 1>}. The cross-section of z = 1 with the arrangement is
the set of points {(1/3, 0, 1); (1, 0, 1); (1,0, 1); (-173,0, 1); (1, 1, 3 €0, 173, 1); (0, 1,
100, -1, 1); (0, -1/3, 1);(1,-1, 0); (0, 0, 1)}. We can then plot these as points in the
copy of R*, z = 1.

Notice that if the "z coordinate of a particular pointis | it is a regular point and if
the *z” coordinate is 0 then it is a point at infinity in the direction of the coefficient of y
divided by the coefficient of x. This convention is needed because just as projective lines
may not puncture a particular cross-section, projective points may not either. This 1s how
we artived at the picture for Fig 1.b.

.
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FIG 1.B(picture of the 11 point example)

The dotted lines represent points at infinity in the direction that they point. In
other words a line through a point will have one extra point on it if it is parallel to a
dotted line. Notice that I have not drawn in the lines that would intersect with a point at
infinity.

The Orlik — Solomon algebra [5,6,9]

Here we build up the main structure of interest, the Orlik — Solomon al gebraofa
matroid, and discuss the main problem.

Let G be a simple matroid of with a ground set [n] = {1, 2, .. n}. Let &= Ale,
.--» €n) be the free graded exterior algebra [7] on elements ¢, corresponding to the points
of G (assume the ground field is C here). Define o: F— & byd(en..nen) =5, ., (-
¥ ena.. A&k A€ Where the underlined factor represents an omitted factor. Note
that if S =(i), ..., i) is an ordered p tuple then €;;A... Ae,, is denoted es.



Definition 1.7: The Orlik - Solomon (0S) algebra A = A(G) of G is the quotient A where
I is the ideal {Oec | S is dependent) [s, 6].

One of the main objectives regarding OS algebras is classification, up to
isomorphism of graded algebras. There are several approaches. In this paper we explore
specific invaniants called resonance varieties Ry(B). More specifically we look at the first
resonance variety R (A). The first resonance variety provides information about the
combinatorial features of G; it tells us how to check whether or not a matroid has certain
special characteristics. We say then that it supporis resonant weight. If a matroid G
supports resonant weight and a matroid G contains G then Ri(A) must contain an
element corresponding to G” and a copy of G’, or another representation of the OS
algebra constructed from G* must appear in any representation G. The goal 1s to find as
many matroids supporting resonant weight as possible or to find a consistent method of
generating them [5, 6, 8]. In this paper we show seven new examples contrasting the
original six. We also present a potential method of finding new examples more
consistently,

Resonance Vareties

Here we define the term resonance vari ety, discuss the main theorem related to
Ry(A) in connection with OS algebras and show how to use Ri{(A) to help distinguish
between non - isomorphic OS aj gebras,

By cohomology [7] of A = A(G) we mean the cohomology of the complex (A, d;)
where d, 1s the degree one mapping defined by left multiplication by a fixed element a; =
2" Az in Al Asd, squares to zero,

0-2a°>a'» . a0
1s a co-chain complex. Note that if A is the set of hyperplanes P; of the arrangement
corresponding to G and ¢ = C'\ Unea Pi then the cohomology H'(Ag, d;) 1s isomorphic to
the cohomology of C. [5, 6].

Definition 1.8: The p™ resonance variety Ry(A) is the set {2 € C" | H'(A, a;) =0} [5].

Ry(A) s, up to ambient linear isomorphism, an invariant of A. Moreover, Ri(a)is
known to contain combinatorial information about the underlying matroid G. A theorem
explains how to use R,(A) to retrieve this information [5, 6, 9]. First, we need a
definition.

Definition 1.9: 4 partition ITof [n] is a neighborly partition of G if in N X] 2\X| - 1
implies X < 7 for each block 7 € ITand each flat X e L( GJ of rank two {5). Notice that
by a neighborly partition of an arrangement we mean a neighborly partition of the
matroid associated with that arrangement.



kxample 1.10: If H consists of three blocks n4 = X+z,x-z,y+32,y-3z}, ng = {y+
Y-z, x+3z,x =3z} and me = {x +y, x -y, zy, then I11s a neighborly partition of the
arrangement in example 1.4, To see this more clearly consider the flat X; = {x + 3z, y+
z} € L{G) of rank two. Notice jng m Xi| Z [Xj] - 1 and this implies that X; < ntz. Also
notice that if we consider the flat of rank two Xo={x+3z,x -y, y+3z) € (G) we get
X2 @ 7a and this implies In, N X,) < X/ -1.

There is a simple algorithm to find a neighborly partition, not necessarily non-
trivial, of an arrangement of projective lines or a simple matroid. Consider arrangerments.
Start by coloring each hyperplane differently, i.e. I consists of n blocks corresponding to
the n hyperplanes at first. Next, starting with m = 2 and continuing untilm =n, if m
‘lines’ intersect in a point and m — 1 are colored the same then color all m lines the same.
This implies that if 2 lines intersect at a point then they automatically must be colored the
same. Also if a color is changed from say C to B then everything colored C before must
be changed to B as well.

There may be different neighborly partitions of a single arrangement or matroid.
For instance consider the arrangement of 9 hyperplanes A = {x + z, x —z, 2x + y +2,2x%
tY-2,ytz,y-2z,2x-y~2,2x+y—-2z z}. The blocks Ma={x+z,2x-y~22x+y
—Z}, Mp={X~2,2x+y+z, 2X~y+z}ac={y+z,y-2z 2z} forma neighborly partition
of A, which is seen in Fig l.c. The blocks ns = (X +2,2Xx-y-2,2x +y—z}, mg = {x -
Z,2X+y+z,2x~y+z}, ne={y+ zh,mp={y-z}and ng = {z} form a neighborly
partition of A as well [8]. This partition can be seen in Fig 1.d. The algorithm will find
the second of these partitions because isfinds the partition with the most blocks.

FIG 1.C{pappus arrangement line piciure first coloring fewer colors)



FIG 1.D (second coloring)

Theorem [.11: X € Ry(A(G)) if and only if there exists a submatroid G of G and a
neighborly partition I of G’ such that: :

1. A elpand

1i. there exists u € L not proportional to A such that <A, u>n =0 [6].

Example 1.12: Let G be the matroid in example 1.5 and consider the submatroid of G that
is itself, i.e. G’ = G. We already have a neighborly partition of G from example 1.10. The
next step is to look at L. Construct a matrix L with 11 columnns, a — k corresponding to
the 11 points of the matroid, in the following manner. For each multicolored flat add a
row, where the column gets a 1 if the corresponding point is in the flat and a 0 otherwise.
For example the flat F = {a, f, j} 1s multicolored so the columns a, f, and j get 1’s and the
others get 0. There will also be a row of all 1s corresponding to whole set a through k.
Then the nullspace of this matrix is L. Notice that L.r; has dimension 2 and two vectors
that form a basis for Lpare A= (-1 00~110-1 -1 01 Dand p=(-111-101-]1-~11
0 0 ). These two vectors are not parallel. So we can look at the 2 x 2 determinants formed
from pairs of columns in A and p, corresponding to points in the same block of I1, and are
all 0. For instance we would look at the determinant formed by the columns a and d of
each vector because a and d are both in 7. The 2 x 2 determinants being O tells us that
<A, p>n = 0 and therefore A or p € R(A(G)). Furthermore, if a matroid M contains a
copy of G inside it, R;(A(M)) will contain an element corresponding to G.

1 0000 1 00606 1 ¢
1000210090010 9
O 100 0 0 3200 1 ¢
0 1T 0010 0100 0
0 01 ¢ 101000 ¢
L= 0 0 1000 010 109
0O 0011 1000 GO0 QO
0 ¢ ¢ 0 0 00 1 1 ¢
1 11190 000001
6 0000 112110 1
11111111111{

FIG 1.E (the matrix L)



FIG 1.F (L)

Theorem 1.11 suggests the following algorithm for checking whether a matroid
supports resonant weight like example 1.5. Let G be the matroid under consideration.

Step 1: Find a neighborly partition of G. If the partition is non — trivial, i.e. there
is not only one block in I, then look at Lp.

Step 2: If dim(Lp) = 2 then look for two elements in Ly that are not parallel.

Step 3: Look at the two by two determinants formed from columns of the two non
— parallel vectors in L that are in the same block of [1. If these are all O then
accept G as a new example.

Now we will look at an example of how to use this information to distinguish
between non-isomorphic OS algebras. Note that Fig 1.g is an example of a matroid that
supports resonant weight. it passes all three steps. The question is whether Fig 1.h and
Fig 1.i have the same OS algebras. If they were the same they would have to have the
same local and non-local components. The local components of cach are Fig 1.j 6 times
and Fig L.k one time. But Fig 1.h has five copies of Fig 1.g and Fig 1.i has only four
copies of Fig 1.g so we know that they must have non-isomorphic OS algebras.

FIG 1.G(braid dot picture)



FIG 1.H(one of the pictures to be considered)

FIG 1.l(the other)



k1. Examples: Uld and New

Old Examples Over C [5, 6, 8}.

Here we quickly run through some of the original examples of matroids that
support resonant weights over C.

Example 2.1: The smallest known example 1s that of the braid arrangement of rank three.
In one representation the arrangement consists of theset G = {x+z,x -z, x+y,y+z,¥
-z, z}. A neighborly partition of this arrangement is ty = {x +z, y— 2z}, mp= {x -z, y +
z}and ne = {x + vy, z}

FIG 2.A (line picture of braid arrangement)

Example 2.2: A larger example is the arrangement corresponding to the Pappus matroid.
In one representation its nine hyperplanes are {x + 2z, x -2, 2x +y+z,2x+y-2z, y+2z,¥
~Z,2X—y-2,2x~y+z,z}. Aneighborly partition of this arrangement is tp = {x + 2,
xX+y-2,2x~-y-z}ng={xX-z,2x+y+z,2x—y+z}and nec= {y+z,y-1z z}.

FIG 2.B(the picture with fewer colors)
10



Example 2.3: Another arrangement with nine hyperplanes is the arrangement
corresponding to the symmetries of the cube. The arrangement is the collection G = {x +
L XX -2, Xty y+z, y, y—z x - v.Z2} A neighborty partition is 7, = {x+z,x-2, vy},
e = {X,y+z,y-z}and nc = {x+y x~y,z}.

FIG2.C

New Examples Over C

Here we show all six new examples of matroids that support resonant weight over
C.

Example 2.4: The first example that we found was found by adding the projective line x
= 0 to example 2.2 as the second point in the arrangement. It can either belong to m, or to
a new block np. But notice that in Lp for this example the second column, corresponding
to x = 0, 15 a column of zeros and thus is not really essential to the arrangement. This told
us that we needed to modify the algorithm for checking whether a matroid supported
resonant weight [8). We have to add a step after step three that says to check for columns
of all zeros. throw out the points or lines corresponding to those columns and then
consider the resulting matroid. For this example the resulting arrangement is just example
2.2 again.

11



FIG2.D
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FIG 2.F

Example 2.5: Another arrangement with nine projective lines is the collection G = {x + z,
X, X=2Z,2X+y-2,x+y,y+2,y-2,X ~ Y, 2x-y+z} A neighborly partition for this
arrangement is 1y = {x + z, 2x tY-ZX-yhmp={X-z,x+y,2x-y+2z}and nc = {x
Y—zy + Z}-

’

12



A B A C B A B
FIG2.G

Example 2.6 An even larger example with eleven projective lines is the collection G = {x
+3z,x+t2,X~-2,x-32,X+Y,y-32,y-2,y+z,y+ 3z, x -y, z}. A neighborly
partition of this arrangement is ma = {x +3z,x ~ 32, y-z,y+z}, mp= {x +z,x -2,y -
3z, y + 3z} and ne = {x +y, x -y, z}. Notice that this is the same arrangement as the
arrangement in example 1.4 and the same partition as the one given in example 1.10. It is
interesting that in this arrangement, one of the basis vectors for L has a 2 in the column
representing the hyperplane z. Because the order of each block is the same in the
neighborly partitions that require a hyperplane to be thrown out, it seems appropriate to
say that the hyperplane z in this example represents a doubled point [8].

FIG 2.H

Example 2.7 An even larger arrangement with twelve projective lines is the collection G
={x+z,x-2,2x+y+z,2Xx+y-2,y+3z2,y+2,¥,y-2, ¥y~ 32, 2x-y+z,qxX~-y-2,
z}. A neighborly partition of this arrangement is ta = {2x +y—2z, y+32,y-2,2x -y~
zy, mp={2x+y+z,y+rz,y-3z,2x—y+zjand ne= {x +z, x -z, v, 2}

13



FIG 21

Example 2.8 Another arrangement with twelve projective lines is the collection G = {x +
32, x+2Z,X,X—2,X -3z, x+y+ 22, x+y-22,y+2Z,y-Z, X - y-22,x -y +2z,z}. A
neighborly partition of this arrangement is 14 = {x + 3z, x +z,Xx +y- 2z, x -~y -2z}, mp
={X-z,Xx—-3z,x+y+2z,x~-y+2ztand nc={X,y+Z,Y-2,2

FIG 23

Example 2.9 The final new arrangement, with twelve projective lines, 1s the collection G

={X+tZ,X,X-2,2X+y+z,2x+y-z,x+y+2z,x+ty-272,x~y-2z,Xx~-y+2z 2X

~y-—1z,2x~y+z z}. Aneighborly partition of this arrangement 1Sy = {2x +y -z, x +
y+2z.x—y+22,2x-y-z}, mg={2x+y+z.x+y-2z,x-y-2z2x-y+z}and ne
={X+Z, X, X—2Z,Z}.

14



FIG2.K

Examples Over 7.,

Recall that the ground field used to construct OS algebras does not have to be C
so it is here that we show the two known examples that work when the ground field is Z;.

Example 2.10 An arrangement with seven projective lines is the collection G= {x +z,x
-z, X +y,y+z y-2z X -V, z}. A neighborly partition of this arrangementis ny = {x +
zj,mp= {x—z}, ne={x+y,x -y, z}, mp={y + 2} and ng = {y ~ 2} {6].

FIG2L

15



Example 2.11 An arrangement with 10 projective lines is the collection G = {x+3z,x +
Z,X=2,X=3z,x+y,y-3z,y-2z,y+z,y+3z, x - ¥}. A neighborly partition of this
arrangement is my = {x + 3z, x - 3z, Y-z ytzling={x+2z,x-2,y~3z, y+ 3z} and
nic = {X + y, X - y}. Notice that this is the same arrangement as the arrangement in
example 2.6 without the line at infinity.

B
A
A
B
A B B A c
FIG2.M
III.  Line, Point Duality
The Duality

In section | we learned that the structure and representations of matroids were
connected and that we could move between the two different types of representations. It
turns out that this connection is a little stronger, however [8]. If we have an arrangement,
construct the second way to render the arrangement and then extend the lines in this
picture the resulting diagram is an arrangement. Moreover, if we start with an
arrangement that supports resonant weight and follow these steps then for all the current
examples the result is an arrangement that supports resonant weight. It is not known why
this process works.

Example 3.1 Consider the arrangement in example 2.6. Fig 3.a is a line picture of the
arrangement, Fig 3.b is a dot picture, and Fig 3.c is the arrangement resulting from
extending the lines in Fig 3.b. Notice that the result is actually the same as Fig 3.a tumed
sideways.

16



FIG3.A

FIG3.B

FIG3.C

The Algorithm

17



The only unfortunate part about this way of looking for iew examples is that it
tends to give examples of arrangements that are smaller than the one being tested, and
thus tends to give examples that we already have found. This is easily remedied,
however. We can go the other way. This translates to starting with an arrangement,
looking at the collection of rank two flats (all the projective points of intersection) and
determining which of these are matroids that have neighborly partitions and that support
resonant weight.

(source code for c.cpp)

//iscolorable.cpp will determine whether or not a given collection
//of pointg is colorable with a non - trivial neighborly partition, not
//all mono-colored, not all colored differently.

//there are scme prerequisites however...

//the z coord can only be 1 or 0 as this program looks at the
//crossection z = 1 of the arrangement.

//also because the computer does not like large numbers the maximum
//number of projective intersection points that should be examined is
/733

//also do ncot use the point 1000, 1000, 1 (or 0) as this is what
//several of the arrays are initialized to

#incliude <iosgtreams
#include <math.h>
#include <fstream»
using namespace std;

void GetInfol{float** AP, int* Color, int* NC, int &totalnumpnts, int
&numpnts) ;

//this collects the total number of projective intersection points
//in the arrangement to be considered and the specific number of these
//intersection points to be sifted through. Specifically if the total
//number of intersection points is ‘n’ and the order of the
//subcollection is ‘k’ then the program will check the n choose k
//combinations of 'k’ intersection points for colorability. It is also
//in this function that you must directly set up the array AP (All
//Points) with the intersection peints from the arrangement you are
//considering. Finally this is where the arrays Color (which keeps
//track of what each point is colored for a specific combinaticn of
//intersection points) and NC (Next Combination - which keeps track of
//the current combination of ‘k’ points to be used from AP and stored
//in the array Point) are initialized.

void ColorFlats(fleoat+* Point, int* Color, float+** POL, int* COlL,

int numpnts, int N, int baseindex}:;
//*This functicn essentially captures the ‘simple’ algorithm I
described for finding a neighborly partition of a matroid. Given the
base indexed point and the ‘int N', this will first examine the line
through the base index point and every other point currently in Point
using the function PeintsOnLine (and LF for Little Function) to find
which points are on this line. Then this will find the colors of the
points on this line using the function ColorsOnLine. Then, if there are
N points on the line (determined by the function IgNColinear) and N - 3

18



are colored the same (using the functions NumCnLine and NumMax) then
this function will color the points on the line the same color using
the function CclerPeints. Finally, if a color was changed from say 2 to
1 then this will color everything originally colored 2, 1. Notice that
this function will conly consider the lines going through the bhase
indexed point. 8o outside of this function you have to make sure o
change the index point.*//

void PointsOnLine (float** Point, float** POL, int numpnts, int indexi,
int index2);

//*initializes the array POL to 1000

given two indexed points this will find which of the points currently

in point that are on the line through the indexed points using the

array PCL (points on the line) to keep track.*//

int ¥umOnLine {float** POL, int numpnts};
//*returns the number of points on the line that POL knows.*//

void ColorsOniine (int* Color, fleat** POL, int* COL, int numpnts) ;
//*initializes the array COL to 1000 and then records on COL which
colors are on the line that POL knows and how many of each color.*//

int MaxColor (int* COL, int numpnts);
//*veturns the color that is most frequent on the line that POL
knows.*//

int NumMax (int* COL, int numpnts) ;
//*returns the number cf points colored the max coler, the most
frequent color.*//

void ColorPoints{flocat** POL, int* Color, int numpnts,
int ¢oloringeolor);
//*colors the points POL knows the same, the coloring color*//

pool IsColorable{int* Color, int* COL, int numpnts);
//*determines whether the collection of points is colorable by
examining COL at the end of the program.*//

veid LF{(float** Point, float** POL, int index);
//* for Little Function this simply takes points from Point and puts
them in POL*//

bool IsNColinear(floét**POL, int numpnts, int N} ;
//*determines whether a line has N points on itx//

void NextComb(int* NC, int totalnumpnts, int numpnts);

//*provides the next combination of points from AP to be examined for
colorability and stores this combination in the array NC which then is
used by APToPoint to move points from AP to Point=*//

void APToPoint{float** AP, float ** Point, int* NC, int numpnts) ;
//*putes the pcints corresponding to the combination in NC into Point to

be checked for colorability+*//

void binome (long** cofs);

19



//*puts the binomials coefficients up through 33 choose 33 into the
array cofsx//

long choose (int n, int k, long** cofs});
//*returns n choose k for n<34 from the array cofs*//

void main()
int k;
int numpnts;
int totalnumpnts;

ofstream fout;

fout.open({Poutput.txt") ;

//*this stream is in charge of outputting those combinations of
'k’ points that are colorable*//

float** AP,

float** Point;

int Color[2001;

float** POL;

int CoLf200] ;

int NC[200];

long** cofsg;

cofs = new long *[34];

for(int d=0; d<34; d++)
cofsid] = new long{3a};

binome (cofs) ;

AP = new float *[200];
for{k=0;k<200;k++)
AP {kl=new float{3]:

Point=new float =*{200];
for{k=0;k<200;k++}
Point [kl =new fleat[3];

POL = new flecat *[200];
For(k=0;k<200;k++)
POL{k] = new float[3];

GetinfoZ (AP, Color, NC, totalnumpnts, numpnts);

APToPoint {AP, Point, NC, numpnts);
//*here we just look at the first combination of points in Point and
determine if it is colorablex*//

int N,baseindex;
for (N=2; N«<numpnts; N++)

{
for{baseindex=0; baseindex<numpnts; baseindexs:+)
Colorflatg (Point, Color, POL, COL, numpnts, N,
baseindex) ;
}
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//*If it is colorable then we output it through the output stream
fout*//
if (IsColorable{Color, COL, numpnts))

{

for({k=0; k<numpnts; k++)}

{

fout << k <<"th point: " <« Pointlk][0] << ", " <«
Point [k} [1] << ", " <« Pointl[k] 2]

<< endl;
fout << k <<"th color: " << Colorik] << endl;

}

//*This is where we sift through all the n choose k combination of 'k’
points and determine if they are colorable*//
int totaichoosenumpnts = choose (totalnumpnts, numpnts, cofs);
for(k=0; k«choose{totalnumpnts, numpnts, cofs); k++)
{
cout << kK << <<”th step ™ << totalnumpnts << " choose "
<< DUMPNts << " is: " «<<totalchoosenumpnts<< endl;

//*here all the points are colored different colorsy//
for{int j=0; Jj<numpnts; j++)
Colorijl=j;

//*here we get the next combination of ‘k’ points*//
NextComb (NC, totalnumpnts, numpnts);

//*here we move those points corresponding to the correct
combination from AP to Point*//
APToPoint (AP, Peoint, NC, numpnts);

//*here we are checking for colorapility again¥*//
for (N=2; N<numpnts; N++)
{

for (baseindex=0; baseindex<numpnts; baseindex++)

{

ColorFlats {(Point, Coler, POL, <OL,
numpnts, N, baseindex) ;
}
}
if{IsColorable(Color, COL, numpnts))
{

for{int i=0; i<numpnts; i++)

{

fout << i << "th peint: " << Point{i] {0} << v,
"o Point (1] (1] << 7, " << Point{i] [2] << endl;
fout << 1 << "th color: " << Colorii] << endl:

}
fout.flush(};

}
}

four << "hello" «< endl;
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void GetInfo2{float** AP, int* Color, int#® NC, int &totalnumpnts, int

&numpnts)

cout << "enter totalnumber of points: *;
cin »> totalnumpnts;
cout << endl;

cout << "enter number of points to be checked: ";

cin »»> numpnts;
cout << endl;

AP[0] 0] = -9;
AP[0] f1] = -15;
aApl[ol[2] = 1;
AP[11[0] = -9;
AP[1]11{1) = 15;
ARP[1] {2} = 1;
ap{2] [o] = -§;
AP[(2]{1] = 9;
ap[211(2) = 1;
AP[31 [0} = -3;
AP{31[1) = -3;
AP{3]I2] = 1;
AB[4][0] = -3;
AP{4][1] = -3;
AP{4][2] = 1;
Ap([51 {0}l = -3,
AP[5] {311 = 3;
AP[5}1 121 = 1;
Apis] (0] = -3;
ap (6} {11 = 9;
AP[B] [2] = 1;
AP[711[0] = -1.5;
AP[7111] = 0;
AP{71 (2] = 1,
aArisl ol = -1;
mRE{8]}[1] = ~5;
AP[B][2] = 1;
aApP(9] {0} = -1;
AP[g} 1] = 5;
APf{g] (2] = 1;
apiigl iol = 0;
AP[101 (1] = -6
AP[10]{2] = 1;
AP[11] [0] = 0O;
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AP[11] [1]
apfii]{z2]

API12] 0]
apf{1z2] [1]
ApP[12] (2]

AP[13] [0]
AP{13] (1]
AP [13) [2]

AP [14] (0]
ApP[14] [1]
AP [14] 2]

AP[15] [0]
apil1s] [1]
AP[15] [2]

AP[16] [0]
AP[16] f1!]
AP[16} f2]

AP[17] [0]
AP[17] [1]
AP[171 (2]

ApP{18] [0}
ap{18] {13}
AP[18] (2]

AP[19] [0]
AP{19] [1]
AP[19]{2]

AP{z0] [0}
AP[20] [1]
AP[20] [2]

Ap{z21} 0]
Ar{z21}1i1]
AP[21] [2]

AP[22] {0}
api{22] {1}
AR[22] (2]

AP{237 10}
apf23]1[1]
AP[23] [2}

AP [24] [0)
aplzal il
AD (241 {2}

AP[25] [2]
AP [25] [1]

o

L I i} [ (| oy on non i I T ] mouon £ 00 oo 8 o I I} o0 u

LA ]

ot
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AP[25] [2] = 0;

aAp[26} {0} = 1;
ap(26) [1] = 2;
AP (2681 [21 = 0;

AP[27) [0] = 1;
AP(27] {1] = 1;
AP[271 (2] = 0;

AP[28} [0] = 1;
AP[28] [1] = 0;
Apf2s] (2} = 0;

AP{29]) [0} = -1;
ap(291i1] = 1;
AP{23%] [2] = 0O;
ApP{30} {0} = -1;

AP[30][1] = 2;
Apl30] {27 = 0;

for{int k = 0;
Color (k]

for{int i=0; 1

k

1§

< pumpnts; k+4)
k;

numpntg; i++}

bool IsNColinear{float*=*POL, int numpnts, int N)

1f£{N == NumOnline {POL, numpnts))

NCIlil= 1i;
}
return true;
return false;

void ColorFlats{float** Point, int* Color, float** POL, int* CoL,

{

int numpnts, int N, int baseindex)

int bunny = Color [baseindex];

for{int k=0; k<numpnts; k++}

{

if {k!=baseindex)

{

PointsOnLine (Point, POL, numpnts, baseindex, k) ;
ColorsOnLine (Color, POL, COL, numpnts) ;

if {IsNColinear (POL, numpnts, N} )

{

1£(1

= (NumOnLine(PQL,numpnts}‘NumMax(COL,numpnts)))
{ .

int rabbit = Color{baseindex];

int bunny = Color{k};
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}

ColorPoints (POL,Color, numpnts, Color [baseindex])

for{int blue =

{

if (Color

¢ ; blue<numpnts; blue++)

[blue] == bunny)

Color(blue] = rabbit;

void LF(float** Point, float** POL, int index!}

{

{

POL[index] [0}
POL {index] [1}
POL{index} [2]

Point {index] [0} ;
Point{index] [1];
Point [index} [2];

i

void PointsOnLine (float** Point, float** POL

{

int indexZ}
int k;

for (k=0;k<numpnts;k++)

i

POL (k] {0] 1000;
POL [k} 121 1000;
POL [k} {2] = 1000;

#

}

LF (Point, POL, indexl):
LF (Point, PCOL, index2) :

1f({0 == Point[indexl] (2] && ¢ ==
{
for{k=0; k<numpnts; k++)
{
if{0 == Pointik]li2})
LF{Point, POL,
}
}
else if (0 == Pointiindex1] {2] &&

{

for{k=0; k<numpnts; k++)
{
if{Point [index2] [0}
t=Point [k] [2])
LF{Point, POL,

; int numpnts, int indexi,

Point findex2i (21}

ki

0 == Pointlindex1] (0]}

ki,
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}

else 1f{(C == Point{index1]i2] && 0 != Point[index1] (0]}
{

double rigze = (Peoint[index1}{1]};

double run = (Point[index1] [0]};

double brun = {run*Point findex2] [1] -

rise*Point [index2] {0]) :

for(k=0; k<numpnts; k++)
{
if {0 i= pPoint[k] [2] && brun ==
(run*Point [k] [1] - rise*Point (k] [0]1))
LF{Point, POL, k);

1
}
else 1f(0 == Point{index2][2] && 0 == Point{index2}i{0l)
{
for(k=0; k<numpnts; k++)
{
if (Point [index1] [C] == Point (k] [8] && 0O
'=Point (k] {21}
LF{Point, POL, k};
}
}
else 1f{0 == Point{index2] [2] && 0 != Pointiindex2}i0])
{
double rise = (Point[index2] [1]);
double run = (Point{index2][01);
double brun = (run*Point {index1] [1] -
rise*Point {indexl] {0} ;
for (k=0; k<numpnts; k++)
{
if{0 != Pointlk] [2] && brun == {(run*Pointlk] [1]
- rige*pPoint k] {0]})
LF{Point, POL, k);
)
}
else if(C != Point[index1][2] && 0 != Pointlindex2}[2] && ¢
== {Point[index2] [0] - Point [indexil {0]1))
{ .
for (k=0; k<numpnts; k++}
{
i1t {(Point [k] [0] == Point[indexl] (0]} || (0 ==
Point [k} [2] && 0 == Pointik]{o]))
LF (Point, POL, k) ;
}
}
else if{0 != Pointlindex1}(2] && 0 t= pPointiindex2]{2] &x 0

!= (Point [index2} [0] - Point [indexi] [0]))
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double rise = {(Point{index2] [1l] - Point{indexi]{1]);
double run = (Point[index2i [0] - Point [index1] [0]);
double brun = {(run*Pointiindex1) (1] -

rigse*Point [index1] (0]} ;

for{k=0; k < numpnts; Kk++)

{
if((0 == Point [kl [2] && (PointIk][1]*run ==
rise *Point[k] [0])))
LF{Point, POL, k);
else if{0 != Point (k] [2] && brun ==
(run*Point (k] [1] - rise*Point [kl {01))
LF{Point, POL, k});
}

int NumOnLine (flcat** POL, int numpnts)

{

int numonline = G;
int k;

for{k=0; k<numpnts; k++)

{
if {1000 !'= POL[k] [0}
numonline+«+;

}

return numonline;

void ColorsCnLine{int* Color, fleat** POL, int* COL, int numpnts)

{
int k;
for(k=0; k<numpnts; k++)}
Conlk] = 1000;

for{k=0; k<numpnts; k++)

{
1£(1000 1= POLIX] [0]}
COL [abs {Color (k])]++;

int MaxColor (int* COL, int numpnts)

int k;
int maxcolor = 0;

for{k=0; k<numpnts; k++}

{
1F{COL[k] » COL[maxcolor])
maxcolor = k;
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}

i

return maxcolor;

int NumMax {int* COL, int numpnts)

{
}

return (COL [MaxColor {COL, numpnts)} - 1000} ;

void ColorPoints{float** POL, int* Color, int numpnts,
int coloringcolor)
{

int k;
for{k=0; k<numpnts; k++)

{

if {1000 != POLIK][0})
Color k] = coloringeoler;

bool IsColorablel{int* Color, int* COL, int numpnts)

int k;
int totalnumceleors = 0;

for (k=0; k<numpnts; k++}
COL k] = 1000;

for (k=0; k<numpnts; Kk++)
COL [abs {Color [k]) ] ++;

for (k=0; k<numpnts; k++}

{
1f{1000 != COLI{k])
totalnumecolors++;

}

if {l<totalnumcoclors}
regurn true;
return false;

void NextCombi{int* NC, int teotalnumpnts, int numpnts)

{

int 1i;

for{i = {(numpnts - 1); i>=0; i--)}
{ .
if{{totalnumpnts-numpntg+i} t= NC[il)
{

NC{1] = NC{il++;

for{int j = i+1; j<{numpnts); j++)

NCi{jl = (NC{i} + j =~ i};
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break;

void APToPoint (float** AP, float ** Point, intw NC, int numpnts)

{

for{int k=0; k«numpnts; k++)

{
Point [k] [0] = APINCIkl]{0l;
Point k] {1] = APINC{k]] {1];
Point k] [2} = AP[NCI[k]}[2];
}
}
void binome(long** cofs)
{
cofs [1] [0] = 1;
cofs{l] [1] = 1;
for{int k=2; k<34; k++)
{
for{int d=0; d<=k; d++)
{
if(6 == 43 || k == d)
cofs ikl [d] = 1;
else
{ long int x = cofslk-11{d-11;
long int v = cofs{k-1] [d};
long int input = (x+y};
cofs (k] [d] = input;
}
}

}

long choose{int n, int k, long** cofs)

{
}

return c¢ofsn] [k};
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