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Abstract

Large semidefinite programming problems can be reduced in size by indentifying
necessary linear matrix inequalities, or LMIs. One such method of finding the NEeCessary
LMIs is known as the semidefinite stand-and-hit algorithm(SSH). The SSH algorithm is
a Monte Carlo algorithm, which uses randomly selected points to identify the necessary
LMIs. The SSH algorithm is used to find the necessary constraints in a system of
linear matrix inequalities. The size of a semidefinite programming problem can be
significantly reduced, since unnecessary, or redundant constraints only add addtional
computational time to a problem. In this paper different methods of improving the SSH
algorithm, specifically using faster and more efficient algorithms to detect eigenvalues
are examined as well as the implementation of weighted analytic center and repelling
limits.
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$1 Introduction

1.1 Basics from Linear Algebra

Definition 0.1 Let A be an n X n symmetric matriz. A is positive definite, denoted by
A = 0, if all its eigenvalues are positive.

A is positive definite if and only if det(A;;) > 0 for each principal submatrix Ay of A

Definition 0.2 A is positive semidefinite, denoted by A &= 0, if all of its eigenvalues are
non-negative.

A is positive semi-definite if and only if det( A;i; ) > 0 for each principal submatrix Ay of A

Definition 0.3 - Square Root Decompostion - a symmetric, positive definite matriz can be
decomposed into the following form:

A= A2 A3 where A is determined by the Schur decomposition ( A = QD%QT where D is
a diagonal matriz with the same eigenvalues as A.) Also A = 0 if and only if A7 » 0.

Definition 0.4 - Cholesky Factorization - a symmetric, positive definite matriz can be de-
composed into the following form.:
A= LLT where L is a lower triangular matriz

Definition 0.5 - Symmetric Tridiagonal Form - 4 matriz is symmetric tridiagonal if the
matrix has non-zero entries only on the diagonal, the super-diagonal, and the sub-diagonal
and 18 symmetric.

For instance, the following matrix is symmetric tridiagonal.

a1 bl 0 0
bl 457 . 0
0 b
t] 0 &nul Gn
1.2 Semidefinite Programming

Definition 0.6 - Semidefinite Programming Problem is a problem of the type

minimize ¢t

n
subject to AU)(z) := Aéj) + Em;Agj} ~0,7=12...,¢q

i=1



~where Af;j )i =01,... nare m; X m; symmetric matrices. The number of constraints is
given by ¢ and ¢,z € B®.

Example of a system of linear matrix inequalities:
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"The SDP problem, i.e., the problem of minimizing an objective function subject to a linear
matrix inequality, is an important problem for many reasons. Semidefinite Programming has
many applications in systems and control theory and also provides a valuable technique in
bounding solutions from many NP-Combinatorial Optimization problems. In addition to

its wide-range of applications, Semidefinite Programming provides a generalization of linear
programming.

1.3 Redundancy in Semidefinite Programming

Definition 0.7 -The Feasible Region, R, is defined as
R={z]|49(2) = 0,1<j<q}

Definition 0.8 - An LMI constraint is redundant if its removal does not change the feasible
region. A constraint is called necessary if its removal from the system changes the feasible
region.

Identifying the redundant linear matrix inqualities in a particular SDP problem can
significantly reduce the time needed to solve the SDP problem and is therefore a primary
goal in the study of semidefinite programming,

‘There are three different Monte-Carlo algorithms for detecting necessary linear matrix
inequalities. [1] They are:
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Figure 1: The feasible region corresponding to example of LMIs

Semidefinite Stand-and-Hit Algorithm - The SSH algorithm is based on the following ideas.
Fix a standing point, xy, so that zp € R . A random direction vector, s, is chosen.
Then let z¢ + o5 and zy — o5 denote two line segments whose intersection with the
boundary of R identify a necessary LMI constraint. This process is continued until a
stopping point is reached.

Semidefinite Hypersphere Direction (SHD) algorithm - The SHD algorithm is very similiar
to the SSH algorithm, with one major difference. In SHD the standing point is not
fixed, rather a new standing point is chosen uniformly along the current line segment
each iteration,

Semidefinite Coordinate Direction (SCD) algorithm - SCD is similiar to SHD in that a new
standing point is chosen each iteration. However, in the SCD algorithm the direction
vector, s, is chosen randomly from one of the coordinate axis.

§2 The SSH Algorithm

As mentioned in the introduction, the SSH algorithm fixes a standing point zy somewhere
in the interior of R. A random direction vector,s is then generated. Given zg and s let us
define the symmetric matrix at z, as follows:

Bi(s,20) = wnAU)(xg)‘% (Z siA{) A(j)(a:g)"% where (1 < 7 < gq).

=1

Theorem 0.9 - Since zy is in the interior of R, Ai(zg) > O for each 7 and A {xy) has a
square root decompostion and can then the distances from 1, to the boundary of R along the
line {ma + a3l 7 € RY are aiven hu



G :min{m [7=12,...,¢} and o_ :max{mm l1=1,2,...,q}
Proof:

Ifz € R . where OR denotes the boundary of R, then at least one eigenvalue must be zero
n

= det] A (zg + 05)] = det[AD (Zo) + o Z siA;] = 0. multiplying we have

i=1

= det][AD(a0) [AD (z0) + 0’3 5, AJAD (0) H}=0
=1
= det[I + g AW (xg)“% Z siA,fA(j)(xg)“%] =0

i=1

= dei[iI — Byi(s,29)] = 0

1 is an eigenvalue of B;(s,z0). The problems of finding a necessary constraint is now reduced
to finding the extreme eigenvalues of B,(s, z,)
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Figure 2: The distance to the boundary from a standing point

SSH Algorithm

Let J denote the set of necessary constraints.
1. Initialize J = @. Choose an interior point, o of R. Calculate AW (z,)"% for 1 < j<aq.

2. Repeat : Choose sp randomly from N (0,1) and set 5 = ﬁ“i“gﬁ

3. Repeat : Calculate B;(s, 7o) and find both 6% and 0. Calculate 0. = min {agf)|1 <
7 <g}and 0. = min 0'{_]){1 <j<gq}



4. For 1<k < gcheckif ot = oy orif o™ =o_ if so set 7 = JU k
5. Continue until a stopping criterion is reached.

Note that since the standing point, 7 is fixed, AY }(wg)“% is only calculated once during
the course of the algorithm. The main source of computational complexity for the SSH
algorithm is finding Anor and Amin of the matrix B;(s, x).

2.2 Computation of Eigenvalues

Several different methods for computing Mg, and Ay, of the matrix B;(s, zy) were ex-
amined.

QR Algorithm - The QR Algorithm is one of the fastest and most efficient numerical al-
gorithms used to find the eigenvalues of a matrix. However, the QR Algorithm finds all
eigenvalues of a particular matrix and for the SSH algorithm we are only interested in find-
NG Az and Apin. One method of finding these two eigenvalues is by simply finding all the
eigenvalues using QR and then finding the maximum and minimum eigenvalues from the
results.

The QR Algorithm begins by reducing the original matrix, 4, into a tridiagonal matrix, T,
by a series of orthogonal transformations. The QR Algorithm then applies a series of orthog-
onal transformations to T, so that T converges to a diagonal matrix, D, so that the diagonal
elements of D are equal to the eigenvalues of T'. At each iteration the QR Decomposition
(A = QR where QTQ = I and R is upper triangular) of a matrix is computed.

The QR Algorithm

i=0 y Ag =A
repeat until stopping criterion is reached.
Factor A; = Q;R;
Ajrp = Ry
=i+ 1

Power Method with shifting and accelerated convergence - Assume the eigenvalues of a
matrix A are Ay, Ay, ..., Ay where [A] > (o] > ... 2> [A,]. Let v = cyuy + cpve + . .. +cuvp
where each v; denotes a corresponding eigenvector. Then.

Av = vy + CaV2 + - . . ey = Aifeivy + Cz‘*}%’ﬂz +. cn%vn)
This iteration is repeated until we have:
APy = M (ervr + (2o + .. + e (32)Pvn)
for large p APv & A(cyv1) where cyv: is the eigenvector of A\;. Thus

pt+l
)\1 = lim (A 'U)r

SVID O Awma



where 7 = 1,2,...,n and denotes the index of the component of the vector,
Power Method Algorithm- Given a matrix A and a vector y;,, we form two other vectors Yhel
and 2.

Zpt1 = Ay

Y1 = Zpta

g1 = maZy|(2x41)r]

Continuing with this iteration one arrives at the eigenvector of the largest eigenvalue.
Note that gy is usually chosen so that all its components are equal to one. So we have the
largest eigenvalue,A,,q;, how can we now find the smallest eigenvalue? This can be done
easily with shifting. Replace the original matrix, 4, by 4 — M\, 7 and repeat the power
method on this new matrix. This finds the smallest eigenvalue.

'The power method seems to be slower than the QR algorithm for finding the maximum
and minimum eigenvalues. However, we can improve upon the power method by accelerating
the convergence of the sequence formed by the algorithm. For accelerating convergence we
use what is known as Aitken’s A? method.

Suppose we have some sequence, p,, that is linearly convergent with the limit p. A new
sequence, P, can be formed that converges faster to p than p,. This new sequence is defined
in the following manner:

5 o— o — _(Pny1-mm)?
Pn = P = o oty tom

Implementing Aitkens A? method allows us to find the maximum and minimum eigen-

values much more quickly than with the ordinary power method.

Bisection method - The bisection method for finding eigenvalues is advantagous to use when
only selected eigenvalues are needed. The bisection method can only be applied to symmet-
ric tridiagonal matrices, however any symmetric matrix may be transformed into this form
by the Householder transformation. If it is necessary to find the k-th largest eigenvalne of
a matrix T, in this case we are interested in the smallest (1st largest) and the largest (nth
largest) eigenvalues of T we can use the method of bisection.

Suppose we wish to find A, (T) then if we can find a y and z such that ), (T')e[y, z] then
the method of bisection can be used to approximate Aj.
Let T, denote the leading r-by-r principal submatrix of 7. Define a polynomial

pr(z) = det(T, — zI) r =1,2,...,n with py(z) = 1

Theorem 0.10 - (Sturm Sequence Property) If a tridiagonal matriz has no zero subdiagonal
entries then the eigenvalues of T, ., seperate the eigenvalues of T,:

M(Tr) < Apet(Trer) < Ama(T3) < oo < 2a(T) < M(Tomr) < M(T3)

Let us denote the number of sign changes in the sequence {py()),p1(}), ..., pa(A)} by
a(}), then a(}) is the number of eigenvalues that are less than ).

It is possible to find y and z such that \(T)e[y, 2] where y = min a; ~ |b;] — |6;_1! and
z = max a; + [b;] + |bi—1{. Also define by = b, = 0. With these initial values the following
iteration produces a sequence that converges to A\ (T).



while |z — y| > TOL(ly| + i2))
T =(y+2)/2
ifa(e) >n—k
z=z
else
V=%
end
end

2.3 Experimental Data

The following table displays the size of the random matrix used for finding Ay, and A
and the time in seconds it took each method to find A, and A

min.

Matrix Size | QR | Bisection | Power
15 x 15 2.6930 | 37.5330 | 15.2110
10 x 10 1.7020 | 26.0380 | 12.3680
10 x 10 1.7320 1 25.7270 | 12.0680

9x9 1.7220 | 22.9430 | 11.5960
8x8 1.7530 | 20.9700 | 10.0440
7x7 1.7120 | 18.8670 | 9.6340
Bx6 1.5020 | 16.6340 | 8.4020
dxb 11220 | 153620 | 7.9210
5x5 1.1620 | 15.3120 | 8.3320
4 x4 1.0820 | 13.2980 | 7.0000

2.4 Remarks

All the experiments were run using MATLAB Version 6.0. MATLAB has a built in
function, eig, to find the eigenvalues of a matrix. The eig function uses the QR Algorithm.
In our tests we used the eig function along with the built-in max and min functions. The
results show that the QR Algorithm is simply the fastest method for finding Ao, and M.
However, these built-in functions have been highly optimized by MATLAB’s programmers
for speed and accuracy. There may exist ways to improve the Biseetion and Power methods
so that they are able to compete with the QR Algorithm.

§3 Analytic Center and Repelling Limits

Another method of identifying necessary constraints in a semidefinite programming problem
is to ntilize the concents of weichtad analvtic center and renelline limits.



3.1 A Weighted Analytic Center for LMIs

Consider the previous example of linear matrix inequalities and its feasible region, R. Let
us define the barrier function ¢, : B* - R

i wilogdetl{Az))™] ifreR

i=l
o0 otherwise

Pu(T) =

The analytic center can be determined in the following manner:
given z € R and tolerance € > 0

1. s = —H(z) 'V¢y(z) where H(z) is the Hessian of ¢,, and V¢, (z) is the gradient.

2. set d = /sTH(z)s

3. fd > 025set h = E”i”‘& else let » = 1. This step ensures staying within the feasible
region.

4. 2 = z+ hsuntild < e

Definition 0.11 - Let wy, be a positive weight vector in RY with the kth component o and
all other components equal to one. Then the repelling limit associated with the kth LMI
constraint is the trajectory of s*)(a) = xae{wy) as @ ~ 0o or o — 0.

3.2 Necessary Constraints and Repelling Limits

‘The necessary constraints of a system of LMIs can be identified by using repelling limits.
‘The algorithm for using repelling limits to get “good” standing points is as follows:

1. Assign a large weight(or small) to one constraint while holding the others constant at 1.
2. Calculate weighted analytic center

3. Repeat

3.3 Results of repelling limit algorithm:

We apply this algorithm to our system of linear matrix inequalities given above and the
resulting ten points, eight of which are unique are shown below:



weight X y

wy — oo | 1.9088 | -5.0993

wy -» 0 | 0.1520 | -2.924

wy — oo | 1,7498 | 0.9992

wy ~» 0 | 0.2249 | -5.6631

wy — oo ; -0.9999 | -5.9999

wy ~» 0 | 1.0494 | -3.5541

wa — 00 | -0.9994 | -5.9989

wg — 0 | 1.1365 | -3.4793

wy —r oo | 1.9090 | -5.9908

ws ~+ 0 | 4704 | -3.7643
-2F 14
a3t k-3 . # =
-4 2\ -
- \ ) ~
-7 : 5 -‘/a—//.///.

Figure 3: Feasible region with weighted analytic center points

Once the weighted analytic centers are known we can check whether each point is an
interior point or if it is on the boundary of R. One way of doing this is by checking the
eigenvalues. However this method can be very slow as seen earlier. A faster method of
determining the type of point is by checking whether or not the matrix has a Cholesky
decomposition. Remember that only positive definite matrices can be decomposed into
Cholesky form. Therefore, if the matrix has a Cholesky decomposition, it is an interior
point. Otherwise it is on the boundary. However this method proved not to be feasible, in
that the points are not actually on the boundary. A method that can be easily checked with
a computer is checking whether or not the determinant of the matrix is tending towards
ZEXO.

Consider the following repelling limit: (1.9088, —5.9993) Plugging this into each con-
straint we have:

2.9088 0

det[ AW ()] 0 4.9993

= det 1 = 20.3596



deila (@) = dor | 2 L] = 0000
det[A®(z)] = det i3'0§12 7_9%93: = 24.7274
det]A® (z)] = det :3'29112 7_9_5193j = 23.7274
det[A®)(z)] = det :'5%35 _5335 = 0.2741

It is clear that det A (x) is tending towards zero and it is safe to say that (1.9088, —5.9993)
is a boundary point.

det[AV(z)] = det L 1'252 3.32 4i = 4.5204
det[AD ()] = det 2 3‘876j — 3.5436
det[A® (2)] = det :4'%47 Lo 4: — 23.8716
det[A® (z)] = det 4f§7 455 4i — 22.8716
det[A0()] = det F0T o | = 10300

Each determinant is greater than zero, so we infer that (0.152, --2.924) is an interior point.

By checking the remaining determinants we find that three points are on the bounday and
the remaining five points are all interior points. The constraints identified by the boundary
points are constraints 1 and 2. The remaining five points are all good standing points that
can be used to identify the remaining necessary constraints.

The interior points generated by the repelling limits algorithm are especially “good”
standing points. These points are pushed towared a particular boundary by increasing or
decreasing their weight. Since these points are “biased” toward the boundary they are more

likely to indentify necessary constraints. One way to take advantage of this property is to
use each interior noint identified thronoh the renelling limits aleorithm as a standine npoint.



Using this method, we travel from one interior point to the next and run SSH on each
point. The advantage to this, is of course, an increased likelihood that SSH will find the all
the necessary constraints. However, remember that SSH must first calculate AU}(Q:B)‘% for
1 < j < ¢. This means that for each new standing point the inverse must be recalculated.
‘This is a drawback in that it increases the time needed to find each necessary constraint.

§4 Conclusion and Further Research

‘The Semidefinite Stand-and-Hit Algorithm is a valuable tool for identifying necessary linear
matrix inequalities in a semidefinite programming problem. SSH Algorithm identifies the
necessary LMIs by finding the maximum and minimum eigenvalues of a particular matrix.
This is the main source of computational complexity for the SSH Algorithm. Therefore, in
order to decrease the run-time of SSH, one must minimize the amount of time it takes to
solve for the maximum and minimum eigenvalues. In our experiments we found that the
fastest method is the QR Algorithm, although there may exist ways to optimize the power
method or bisection method so that they are able to compete with QR. Another idea that
might be able to improve SSH is the use of repelling limits, calculated by finding a weighted
analytic center. These repelling limits produce points “pushed” toward the boundaries of
the feasible region, making it more likely to hit the necessary constraints. These repelling
limits can be implemented into the SSH Algorithm to reduce the time required to identify
all the necessary linear matrix inequalities.
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