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Abstract

It has been shown that the problem of deterministically classifying constraints in
semidefinite programming (SDP) is NP complete. An SDP is constructed that makes
it possible to extend some constraint classification results from linear programming
(LP) to SDP. Necessary and sufficient conditions for constraint classification, and ul-

timately, a deterministic method for detecting such are applied to the problem.



1 Introduction

Optimization is a vital field of research today. It is a discipline that is rich in theoretical
and applied issues. LP’s have been the subject of extensive research since Dantzig first
discovered the famous simplex method. SDP has received ever increasing amounts of
attention since it has been shown to generalize LP and quadratically constrained quadratic
programming (QCQP), and thus, encompasses a diverse range of theoretical and applied
problems. Constraint classification is a scheme for categorizing constraints with respect
to their importance to the solution set of the program. We will classify a constraint as
redundant or necessary but not both. Formal definitions are forthcoming. Constraint
classification is interesting because of the potential to reduce the cost of solving problems,
the insight into a particular SDP classification provides, and the fulfillment of studying it
for its own sake. Redundancy in LP is discussed briefly to elucidate points that will be
important to our special problem.

Redundancy in LP

Consider the LP

min ¢z (1)

s.t. bj—i-afoO(J:laQaﬂl),

T unrestricted

where z, b;, and c€ R". Its properties in general and in regards to constraint classification
are well known and well documented. A thorough survey of constraint classification in LP
is given in ([8],[15]). Most importantly, the idea of feasible region, necessary constraint,

and redundant constraint need to be qualitatively clear as they pertain to (1).

The feasible region of (1) is the set of all solutions = that satisfy the constraints of (1).



A necessary constraint with respect to the feasible region of (1) is one whose removal
would change the feasible region of (1). It is notable that such a removal could change the

optimal solution of (1) depending on the nature of ¢’

A redundant constraint with respect to the feasible region of (1) is one whose removal
would change the feasible region, and hence, the optimal solution to (1) would also not

change.

Semidefinite Programming

Now, SDP is introduced, and then, constraint classification in SDP is discussed. Suppose
that A and B are symmetric matrices over the field ®. A is called positive definite iff
its eigenvalues are positive and positive semide finite iff its eigenvalues are nonnegeative.
The many useful properties of these classes of square matrices are well known and will
be referenced throughout this work. The symbol = (>) is the Lowner partial order for
matrices. Thus, A > (=)B iff A — B is positive definite(positive semidefinite). In

particular, we write A > (>)0 iff A is positive definite(positive semide finite).

A semide finite program is the optimization problem

min Lz (2)

st AD(2) = AP + 3 2AY =0 (j=1,2,...,09)
i=1
where A7(z) € R™*™i and b, z € R". It has a dual problem of the form
q .
max —ZAEJ) °Z; (3)
j=1

q .
st S AV e Zj =i (i=1,2,...,n),



where Z; is an m; x m; matrix of variables. " is called the ambient space of the SDP.

A single constraint is called a linear matriz inequality (LMI).

The above SDP and its dual are related by the optimality conditions:

AU)(z) = 0; (4)
Zi=0, S AV ez, =¢; (i=1,2,....q);

A(J)(l') [ ] Zj =0.

These conditions are collectively known as the “KKT conditions” and describe primal fea-
sibility, dual feasibility, and complementary slackness. Under these conditions, a strong

duality analogous to that in LP holds([2],[5]).

SDP generalizes LP, and indeed it is not difficult to write (1) as a program subject to
LMDI’s. Informally, SDP extends LP by replacing the nonnegativity constraints of an LP
problem with restrictions on the positive semidefiniteness of LMI constraints. As men-
tioned before, QCQP is also generalized by SDP ([5]). Because of its great degree of
generality, many problems in diverse areas such as control theory, statistical and com-
binatorial optimization, and certain problems in mathematical physics in fields such as
mechanics of materials all can be posed as SDP ([5]). Polynomial time interior point

methods do exist to solve SDP efficiently([2],[4],[5]).

Redundancy in SDP
Again, it is important to have a qualitative understanding of the basic ideas behind con-
straint classification (i.e., feasible region, necessity, redundancy), and it may not come as

any surprise at this point that these definitions are analogous to the LP case.

The feasible region of (2) is the set of all solutions x that satisfy the constraints of (2). It is



important to note that the feasible region is convex so that SDP is a convex optimization

problem([5]).

A necessary constraint with respect to the feasible region of (2) is one whose removal
would change the feasible region of (2). It is notable that such a removal could change the

optimal solution of (2) depending on the nature of ¢’

A redundant constraint with respect to the feasible region of (2) is one whose removal
would change the feasible region, and hence, the optimal solution to (2) would also not

change.

The classification of a particular LMI as necessary or redundant is known as the semide finite
redundancy problem ([13]). Deterministically classifying all constraints of a particular

SDP is governed by the following theorem([13]).

Theorem 1.1 A*(z) = 0 (k € {1,2,...,q}) is redundant if and only if the semidefinite

program

min Amin(A® (2)) (5)

st AP+ 2 AP =0 (j=1,2,...,q)
=1

has an optimal solution x* satisfying Amin(A®) (z*)) > 0.

Theorem 1.1 is NP hard to solve. The difficulty of solving (5) is a result of the constraints
containing convex quadratic constraints (CQC) which are NP hard to classify with respect
to other CQC([5]). Since (5) can contain these it is also NP hard to solve. Furthermore,
it is known that Ay (A%®)(z)) is not convex([2],[9],[11]). Many SDP with nonconvex ob-

jective functions are NP complete.



In order to make classification efficient for large problems, Monte Carlo methods are
used to probabilistically to detect the necessary constraints ([13]). These methods classify
constraints until some stopping rule is satisfied ([13]). Although there is always some
possibility of the sets mentioned above being incomplete, these methods can classify large

numbers of constraints efficiently.

In this paper, a special SDP is defined that makes it possible to classify the linear con-
straints of an SDP in order to decrease the cost of classifying LMI in general and to extend
some LP classification results([7]) to SDP. Finally, we find a deterministic method using
theorems to be presented shortly to determine completely the set of necessary constraints

of this special problem.

2 The Problem

The following is a special case of SDP that is used to isolate the linear constraints of an

SDP, classify them, and extend certain results to the LMI of the SDP.

min ¢z (6)

s.t. bj+a;‘-rx20 j=12,...,q9),

A(z) = Ao + inAi =0
i=1

where A(z) € R™*™ and b, x € R™. It has the following dual formulation:
q
maxr — Z bjy; — Ap e Z (7)
j=1
q

s.t. Z(aj)iyj =g (Z: 1,2,...,71),
=1



Z = 0.

Now, LP results can be applied to the linear constraints of this problem and extended to

the LMI.

The KKT conditions are:

bj+ale>0(j=12,...,q), Alz) =0 (8)
Sioi(ag)iy; =bi (i=1,2,...,n), y; >0, Z = 0;

(bj+a]Ta:)yj:O 1=12,...,q), A(z) e Z = 0.

Recalling some of the informal definitions described previously, formal definitions applied

specifically to (6) are now given:

Definition 2.1 The feasible region R is the set of nx 1 vectors that satisfy the constraints
of (5). i.e., R={x | b +a;‘-Fm >0, A(z) = 0, j=1,2,...,q}. Similarly, Ry, is the set of
vectors that satisfying the set of constraints of (5) but excluding the k™ constraint so that

Ri={x|bj+ajx>0, A(x) =0, j=1,2,....k—1Lk+1,...,q}.

Definition 2.2 A linear constraint of (5) by, —atx >0 (k € {1,2,...,q}) is said to be
redundant with respect to R iff R= Ry. Otherwise, it is said to be mecessary. The same
constraint, when redundant, is said to be weakly redundant if RNK# () where K= {x |
by, — afx = 0}. i.e., The k' constraint touches the feasible region but would not change it

if removed. Otherwise, the k" constraint is strongly redundant.

Definition 2.3 The LMI constraint of (5) A(x) = 0 is said to be redundant with respect
to R if R=R\A(z) = 0. Otherwise, it is said to be necessary. The same constraint, when
redundant, is said to be weakly redundant if RNK# O where K= {x | A(z) = 0, A(x) ¥
0}. id.e., The A(x) = 0 touches the feasible region but would not change it if removed.

Otherwise, the A(z) > 0 is strongly redundant.



Now that we have formally defined some ideas pertaining to (6) we will be prepared to

begin discussing a method to deterministically classify the constraints of (6). Focus in this

paper is on the classification of constraints and not on solving SDP. Thus, the objective

function of (6) is of little concern here. Now, consider the feasible region

36 — 3$1 — 21‘2 Z 0, (1)
140 — 921 — 1022 > 0, (2)

128 — 51 — 8xo > 0, (3)

10 -1 0 -1

-1 14 0 |+m:m

0 0 60

and its graph:

0 0 0 0 0

0 0 |+x2{0 —1 0 |=0(4)
0 -3 0 0 -5

Figure 1

10 12 14 16 18 20

(9)

A method derived from the theorems presented shortly will be applied to this feasible



region.

3 Methods

The following theorems reveal a method to classify constraints and improvements upon
this method. First, we give necessary and sufficient conditions for redundancy, and in the

process, set the foundation for our method.

Theorem 3.1 The linear constraint by, + a;‘f:v > 0 is redundant iff

SDP,: min alx (10)
st. bj+alz>0(G=12...k-1k+1,...,q),

A(z) =0
has an optimal solution x} that satisfies by + alz} > 0.

Proof (=) Since the k" constraint is redundant, Ry, = R. SDP; has a feasible region Ry.
The optimal solution z}, of SDPF}, is on the boundary of Ry = R. Hence, by, + a{x}; > 0.
(<) Suppose by + aZ:L’ > 0 is necessary. Then, there exists a point & such that £ € Ry but
b, + a%fn < 0. If SDP; has no optimal solution, then the proof is done. If SDP,, has an

optimal solution z7, then afxz < a;‘gic = afxz + b < a{:fv—i—bk < 0. Thus, afxz +by 2 0.

Remarks Theorem 3.1 is the foundation of our method. If we apply Theorem 3.1 to
each linear constraint and are supposing there are ¢ constraints, then we use this pro-
cedure ¢ times. The result would be the classification of all linear constraints but not
the LM of our problem. Can this be improved? It can, and Theorem 3.2 and Con-
jecture 2 shows us how. First, definitions are now introduced that are necessary to the
understanding and application of the following theorems. Notice that the definitions of

“binding”, “gradient”, and “nondegenerate” are stated with respect to first the LP case
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and then more generally to the SDP case. It is important throughout this paper to re-
call that SDP generalizes LP and often has results analogous to LP. Although SDP is
more general, it is also more complicated. Thus, it can be helpful to have the simpler but
analogous LP conceptions to work with. Finally, “corner point” is defined followed by a
definition of degeneracy for SDP excluding LMI that have corner points. Corner points
must be excluded for the time being in order to successfully extend LP results to SDP.

In application, these definitions are taylored to our problem (6).

Definition 3.1 A constraint by, +alx >0 (k € {1,2,...,q}) of the LP (1) is binding at

x* if by, + a;{x* =0.

Definition 3.2 The gradient of a linear constraint by — afa: >0 is the n x 1 vector

dajx1 Oan,xy, }T
O0x1 Oz,

-

Definition 3.3 ([7]) An optimal solution x* to the LP (1) is said to be Type 1 nondegenerate

Vak:{

if the gradients of the linear constraints binding on the solution are linearly independent.

Definition 3.4 A constraint A®)(z) = 0 (k € {1,2,...,¢}) of the SDP (3) is binding on
a solution =* if A®)(x*) = 0 and AR (%) #£ 0.

Definition 3.5 (/14]) The i" component of the gradient of A®) (z*) = 0 is

ViAB (%) = der | A®(2¥) | oAZ(»k)

= tr((der | A®)(2%) )T AD)

where | A®)(2*) | is the determinant of A®)(2*) and (der | A® (z*) |)ij = —— |

AR (27 .
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The definition of nondegeneracy in the SDP case is more involved than the LP case ([12]).
Consider the Schur decompositon of the j** constraint A(j)(ac) = 0 where j = 1,2,...,q

at an optimal solution z* so that
AU (z*) = Q;diag( NP A, ... AEL0,...,0)QT.

AU (z*) necessarily has positive and zero eigenvalues since constraints evaluated at optimal

points are strictly positive semidefinite. Thus,
rank(AY) (z*)) = r;.
Now, a matrix Qj is formed such that
Qj = the submatriz given by the last m; — r; columns of Q).

Next, let .J be the subset of constraints A (x) > 0 that are binding on an optimal solution

z* so that
J = {je{1,2,...,q} | AV (") = 0, AV)(2") £ 0}
- {jlaj?v"‘vjv}~

Hence, the binding LMI’s can be indexed as above. Now, let L be the subset of linear

constraints b; — alTx > 0 that are binding on an optimal solution x* so that
L = {le{1,2,....k—1,k+1,...,q} | by — al z* = 0}
= {li,lo, ..., 1y}

Hence, the binding linear constraints can be indexed as above. The nonzero variables of

the dual SDP (3) at =* belong to a space of dimension d such that

d = [S(mj—r)(m;—rj+1)/2+ 3 1]

jeJ leL
= D _(mj—r))(mj—rj+1)/2] +w.
=1

From the above discussion and ([1], Theorem 3), we have the following definition.



12

Definition 3.6 ([12]) An optimal solution x* of the SDP (3) is said to be Type 2

nondegenerate if
diag(Q} A7VQ],. .. QF ATVQ], (o). - (a,))
where 1 =1,2,...,n span a space of dimension d.

It is notable that if degeneracy exists at some point, then we can associate its occurence

to the presence of one or more weakly redundant constraints.

Definition 3.7 A constraint A®) (z) = 0 (k € {1,2,...,q}) is said to have a corner point

at a boundary point x* of the feasible region of the SDP (2) if its gradient VAU (z*) = 0.

Definition 3.8 An optimal solution x* to the SDP (3) is said to be Type 3 nondegenerate
if A(j)(x*) > 0 is not a corner point and the gradients of the constraints binding on the

solution are linearly independent.

Conjecture 1 A nondegenerate optimal solution z* of SDP (3) that is not a corner point

is T'ype 3 nondegenerate if and only if it is T'ype 2 degenerate.

Remarks We strongly believe this result holds. To truly bring completion to this method,
it is very important to prove this conjecture so that our exclusion of corner points is jus-

tified. Of course, it would be even better to be able to handle corner points.

Now, we can finally introduce our first improvement.

Theorem 3.2 If the k' constraint of (6) is redundant and xy, 15 a Type 3 nondegenerate

optimal solution to the SD Py, (10), then all constraints that are binding at x} are necessary.

Proof Consider the set of all constraints binding at *. By Definition 3.8 , the gradients
of constraints binding at x* are linearly independent. By linear independence, if any of

the binding constraints are removed, then the feasible region changes. Hence, the binding
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constraints are necessary.

Remarks First, let us note that the above proof is not rigorous. To be truly complete,
analytic details need to be added. Secondly, it is our strong suspicion that this theorem
holds for corner points as well, but its proof would entail the use of T'ype 2 degeneracy.
Although the Type 2 definition is more general, it is also more difficult to use in applica-

tion and analysis.

Now under the right conditions, Theorem 3.2 improves the method revealed by Theo-
rem 3.1. When the k" constraint is redundant, the other constraints binding on the
optimal solution x}, of SD P, can be classified when there is no Type 3 degeneracy. In this
way, we can classify the LMI. What if there is degeneracy at z7.? Many problems arise

from degeneracy, and Conjecture 2 handles some of them.

Conjecture 2 Let I} be the set of constraints binding at an optimal solution z* of (6).
Suppose | Iy [<n+1,t € I, and ¢ is a linear constraint. Consider the linear combination

of gradients of constraints in I,
Zielk\t u;Va; = Vay (11)

(1) If the solution to (11) is such that u; > 0 for all ¢ € I} \ ¢, then constraint ¢ is redundant.
ii) Furthermore, if 2} is not a corner point of A(x) > 0, then the other constraints binding
k

on z*, or all i € Iy \ t, are necessary.

Remarks Conjecture 2 is able to classify the constraints binding on a degenerate op-
timal solution z} of SD P}, whenever the weakly redundant constraint is not an LMI, there
is no more than one weakly redundant constraint, and z is not the corner point of an

LMI. What are these corner points exactly? We have a definition, and as we apply our
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method to (9), an opportunity presents itself to discuss this further and see some visual

examples of such.

Theorem 3.1 describes the process of solving SDP; where k = 1,2,...,q, and in the
process, classifies completely the linear constraints of (6). Theorem 3.2 improves on this
method by allowing the classification of the constraints binding on a solution of Theorem
3.1 under specified conditions. For example when solving SDP., we will find that the
constraint by + a{x > 0 is necessary or redundant. By Theorem 3.1 alone, we must solve
SDP; ¢ — 1 more times. Whenever by + afa: > 0 is necessary, we classify it as necessary
and then solve SD P . If redundant, then we check for degeneracy at z7 and form the
set of binding constraints by checking feasibility at the optimal solution z}, of SDP,. If 7,
is nondegenerate, we may use Theorem 3.2 to classify the binding constraints as necessary.
Our method is improved because we no longer need to solve SD P, with respect to these
particular constraints. Also, we may be able to classify the LMI. If degeneracy exists,
then one or more of the binding constraints are weakly redundant. Here, it gets messy.
Conjecture 2 makes it possible to classify binding linear constraints on optimal solutions
bound by at most n + 1 constraints provided that the constraint causing the degeneracy
is linear and x* is not a corner point. Again, if the redundant constraint at a degenerate
point is a linear constraint, then we can classify it. If the redundant constraint at a de-
generate point is an LMI, then this problem becomes NP hard to solve. Now, this process
can be seen by applying it to (9). Applying our method to (9) will not only illustrate the
mechanics of our method but will also give us a point of departure to illustrate through

examples of degeneracy some of the difficulties generated by such.

SDP; Let Ry be the set of necessary constraints and Rr be the set of redundant con-
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straints. Then,

T
x (12)

min {3 2
st. 140 — 9z — 1022 > 0, (2)

128 — 5y — 8z2 > 0, (3)

10 -1 0 10 0 0 0 0

~1 14 0 |+z1| 0 0 0 |[+22|0 -1 0 |=0(4)

0 0 60 0 0 =3 0 0 -5

By Sedumi, SDP; has an optimal solution at 7 = | 9.8876 5.1011 | . Then, we evalu-
ate
by — (ai)ll"{ = 36 — [3(9.8876) + 2(5.1011)]

= —3.8650

IN

0

Thus by Theorem 3.1, the 1% constraint is classified as necessary so that Ry = {1} and

Rr = 0. We proceed to SDP,.

SDP,

T
x (13)

min {9 10
s.t. 36— 3wy —2xe >0, (1)

128 — 5z — 8z > 0, (3)

10 -1 0 10 0 0 0 0

~1 14 0 |+z1| 0 0 0 |[+22|0 -1 0 |=0(4)

0 0 60 0 0 =3 0 0 -5

T
By Sedumi, SDP, has an optimal solution at x5 = [ 20/3 8 } . Then, we evaluate

by — (ai)exy = 140 — [9(20/3) + 10(8)]
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< 0

Thus by Theorem 3.1, the 2"¢ constraint can be added to Rp. Since SDP; has found

redundancy, we first find that z3 is bound by the 1°¢ and 4"

constraints. Next, the defi-
nition of degeneracy is used to find that x5 is nondegenerate. Thus by Theorem 3.2, the
1% and 4" constraints are classified as necessary so that Ry = {1,4} and R = {2}. We

proceed to SDPs.

Note that Theorem 3.2 is used as if our restriction regarding corner points does not exist.
Again, it is our strong suspicion that this theorem holds for corner points as well, so I do

not bother to check that VA(z3) = 0.

SDP3

T
x (14)

min [5 8
s.t. 36 —3xy —2x9 >0, (1)

140 — 921 — 10z5 > 0, (2)

10 -1 0 10 0 0 0 0

~1 14 0 |+z1| 0 0 0 |[+22|0 -1 0 |=0(4)

0 0 60 0 0 =3 0 0 -5

T
By Sedumi, SDPs3 has an optimal solution at =3 = [ 20/3 8 } T

. Then, we evaluate

b3 — (ai)swz = 128 —[5(20/3) + 8(8)]
— 92/3

> 0
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Thus by Theorem 3.1, the 3" constraint can be added to Rg. Thus, Ry = {1,4} and
Rr = {2,3}, and having classified all constraints, the procedure ends. Let us continue
as if we had not classified all constraints so that we can get a closer look at the less tidy
possibilities of our procedure. Degeneracy and the complicated geometry of the LMI’s are
the source of these difficulties. Since SDP3 has found redundancy, we first find that x3
is bound by the 1%, 274 and 4*" constraints. Next, the definition of degeneracy is used
to find that x5 is degenerate. Thus, Theorem 3.2 is not applicable. Now, we compute the

gradients of the constraints binding on x5 and get

r T
val - 3 2:| 5
- T
Vay = |9 10] ,
- T
VA(x3) = | 57 95

In the process, we observe that x3 is not a corner point since VA(x3) # 0. Since the weakly
redundant constraint binding at x3 is not an LMI, the number of binding constraints

<n+1=2+1=3, and zj is not a corner point, we can apply Conjecture 2. Since

3 57 9
1.6667 +0.0702 - ,

2 95 10

the 2@ constraint is classified as redundant, and the 1t and 4% constraints are classified
as necessary by Conjecture 2. This agrees with what we already know. In other similar
problems, Conjecture 2 improves the method by classifying several constraints binding
at one solution of SDP;, by alleviating the need to solve SDP* for those particular con-

straints.

In short, the method can not improve on SDP; if the weakly redundant constraint of
a degenerate point is an LMI or if the degenerate point is a corner point. The examples

will make these difficulties more apparent.
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Degenerate Example 1 Consider the feasible region

87/6 — 1/6z1 — x5 > 0, (1)
35 — xr1 — 21‘2 Z 0, (2)
10 -1 -1 0 0 0
+ 27 + 9 =0 (3)
-1 14 0 0 0 -1

and its graph:

Degenerate Example 1

The 3"¢ constraint causes the degeneracy at the boundary point (9, 13). If we allow
Theorem 3.3 to be used to classify the constraints binding at (9, 13) facilitated by our
definition of the gradient of an LMI, then it will classify the 3¢ constraint as redundant

although it is not.



Now, the following is an example of degeneracy at a corner point.

Degenerate Example 2 Consider the feasible region

and its graph:

15

@
14

24—1’1—%220, (1)

10 0 -1 0

+ 2 + 2

0 14 0 O

Degenerate Example 2

(€}

(10,14)

13r

11+

10
6

10

11

12

19

The 1% constraint causes degeneracy at the boundary point (10, 14). If we allow Theorem

3.3 to be used to classify the constraints binding at (10, 14) facilitated by our definition

of the gradient of an LMI, then it can not classify the 1%¢ constraint at all because 11) will

have no solution.
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As the complexity of the geometry of LMI reveals itself in the examples of degeneracy
seen above and through the construction of other degenerate examples, one begins to have
an intuitive feel for the fact that deterministic LMI constraint classification is NP com-

plete.

4 Conclusions

Deterministic methods for constraint classification in LP have been extended to SDP. By
applying the method described in this work, one may classify all constraints of (6). Only
in the cases that an optimal solution coincides with a corner point, that the number of
constraints binding on an optimal solution exceeds the dimension of the ambient space
plus one, and that the weakly redundant constraint at an optimal solution is an LMI can

we not improve our method.

Future research in the method presented here could include techniques to successfully
improve the method under the pathological cases described above especially concerning
the occurence of corner points. Any such foray would have to seek a deeper understanding
of the geometry of degeneracy in SDP. It is interesting that such a well mapped problem as

the classifying of constraints in LP can get so complex simply with the addition of one LMI.

Also, research into other deterministic constraint classification methods could prove fruit-
ful. One such method could use an extension of the Turnover Lemma to SDP as a
foundational theorem and then improve there upon. Problems are already known in this

approach ([13]), but it seems possible that an extension could be discovered.
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It seems unlikely that one could sneak around the NP hardness of this problem, but

maybe someone will (and get very famous).
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