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Abstract
The topic of semi-symiumetric graphs is an area of eurrent vesearch in
algebraic graph theory. In this paper, we will discuss a general congtric.
tion of semi-symmetric grapls, using the bi-transitive digjunction graphs
D (a,b), and then show what very minimal conditions imposed on pairs
of these graphs will give us semi-symmetric products.

1 Background and Preliminaries

1.1 Definitions

In this paper, we will consider simple and connected graphs. Every graph that
we discuss will be bipoartite. We will also assume that each graph is already bi-
colored, having black and white vertices, where each edge has one black vertex
and one white vertex ag endpoints.

An automorphism or symmetry of a graph I is a permutation of ity vertices
which preserves edges. Awt(T), the collection of all automorphisms of I, is a
group under compesition, One thing to note is that Aut(T) acts on the vertices
as well as the edges of I In a bipartite graph, define Aui™(T7) < Au#(T) to
be the subgroup consisting of all the color-preserving symmetries. A bipartite
graph is then called bi-transitive provided that Aut? (1) acts transitively on the
edges of [ but not the vertices. In a bi-transitive graph, Aut™(T) will also act
transitively on the vertices of each color. I, however, Autt (1) = Aut(T), we
say that 1" 1g strictly bi-transitive,

Let T be bi-transitive, and suppose that I has B hlack vertices and W white
vertices. Since all the black vertices are in the same orbit, it follows that they
all have the same degree, &, and similarly, each white vertex must alse have the
same degree, ¢. Note that the number of edges in T is given by the expression
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Bk, since each black vertex has k edges. Likewise, the expression We also counts
the edges in T, and hence, Bk = We. Notice that if k # e (and hence, B £ W},
our graph I is strictly bi-transitive. However, if & = » {and s0 B = W), the
graph is regulor; each vertex has the same degree. [f [ is regular and strictly
bi-transitive, we say that [ is semi-symmetric,

Finally, we say that a graph is worthy provided that no twe vertices have
axactly the same neighbors. Graphs that ave unworthy can pose a problem in
she study of the symmetries of graphs, If there is one set of vertices that share
common edges with another set of vertices, one can interchange vertices among
each set, thus preserving the structure of the graph. This allows the graph
to have symmetries of a local nature that have nothing to do with the global
structure of the graph. In this paper, we wish to study graphs of a worthy
nature,

1.2 Products of Graphs

Let Ty and Ty be bwo graphs. There are many ways of constricting the product
of two graphs; one such product is called the calegoricel product, among other
names. In this construction, the graph ') x Ty has vertex set V{I"y) = V()
and two vertices (a,8) and {e,d) are adjacent provided that {a, ¢} is an edge
of Ty and {b,d} is an edge of 'y, If both graphs are bi-colored, T'y = 'y is
not connected, and so we must modify the definition. Define Ty ATy t be the
connecied component of Ty x Ty containing all vertices (4, ¢) where ¢ and ¢ are
either both black or both white. We call the graph T'y A Ty the wedge product
of Ty and Ty,

There are a couple of properties of the wedge produet that we must note.
First, the following result:

Theorem 1. If Ty and Iy are both bi-fransitive, where Ty has By block vertices
of degree ky and W while vertices of degree ey, and 'y has By black verfices
of degree ke and Wa white vertices of degres ea, their wedge product is also
bi-transitive, with B, By black vertices of degree kyks and Wi Ws white vertices
each of degree eqe..

Another property to note of the wedge product of two graphs T’y and Ty s
that the two graphs T'y ATy and Iy ATy are isomorphic. Finally, it is noteworthy
to mention that the wedge product of two worthy graphs s alse worthy.

1.3 The Graphs Dy(a,b)

The rest of this paper will center around a particular type of bipartite graph,
Dla,b), and the vesulting wedge products. I o, b, and N are positive integers
satisfying « + b < N, and [N] is the set {1,2,..., N}, we define the graph
Dy(a, by to be the bipartite graph where the black vertices are subsets of [N|
of size b and the white vertices are subsets of [N] of size a. A set A of sizc o (a
white vertex) 13 connected to a set B of size b (o black vertex) when the setg A
and B are disjoint. An example of such a graph s shown in Figure 1.




Figure 1: D4(1,2)

It is clear that in the graph Da(a, d), the number of black vertices, B, and
the number of white vertices, W, is

B = (N) and W= (N)
b @

Consider a black vertex. Since this vertex has b different numbers associated
with it, remove them from [N]. The remaining N — b numbers are those that
the black vertex can be associated (share an edge) with. Then, the number of
white vertices that the black vertex is connected to is the number of subsets of
the remalning N — b numbers of size a. The number of those white vertices is
the degree, k, of a black vertex. Do the same for a white vertex to defermine
its degree, e. It therefore follows that

N — N —a
k= ( b) and e = (N a)_
o b

Note that the graph Da(e, ) is bi-transitive. Another thing to note here
is that i a # b, then B # W, and the graph is strictly bi-transitive hut not
regular. However, if a = b, then B = W, and switching labels on the black
and white vertices 12 a symimetry, so our graph is regular but not strictly bi-
transitive. Also, we see that Da{a, D) is worthy and connected for all a,b, N
with a + b < N.

1.4 Regular Wedge Products of Dy(a,b)

From Theorem 1, we see that if we want to use the Dx's 1o construct a regular,
bi-transitive graph, we must satisfy the condition ky ke = e1eq {hence, By By =
Wi Ts).

Consider two graphs, Dy {(a,b) and Dag{e, d), witha < b < N/2. In Dy{a, b},

we have
J’\Jr ""‘(i ‘\T ;‘?\‘T —
(T e ()
a I b

N
B: = ( ); ky
b



In Dpsle,d}, we have

M M — Ad M —~e
B, = R D= (MY = .
d I c ¢

In the wedge product, Dy{a,b) A Do, d), it follows that

N B i ;
b= Ny (M and W a M
b d a ¢
. N —by (M —d Ne—ag\ [/M-—c¢c
k= and e = .
00 )

Therefore, if we want the wedge product to be regular and bi-transitive, the
following conditions must be satisfied:

() () =)0 !
(N@ b> (MC a’) _ (Nbfb) (M n (> (2)

Notice, however, that condition 1 is equivalent to condition 2, so we will use
the first form, 1, to refer to the regularity of the wedge product. If we take
condition 1 and rewrite it as
(N} (’U)
b . [

N T AdN S
Gy D
we can draw some conclusions on both ¢ and d. On the left of the equation,
we gee that as @ < b < N/2, this implies that the numerator is larger than the
denominator. This must also be the case on the right-hand side of the equation
- this means that we also assume d < ¢ < M/2.

Now we can ask the question, that given condition 1, when is the graph
Dy(a, by A Dy (e, d) semi-symmetric? That is, we can rephrase the question and
ask when the wedge product is strictly bi-transitive. Since Dy (g, b) A Dar{e, )
is regular {by condition 1} and bi-transitive {(by Theorem 1), determining strict
bi-transitivity is enough. In order to answer this question, there is a tool that
we must first discuss.

and

and

1.5 The Ivanov Vectors

In [1}, Ivanov developed a pair of vectors useful for encoding information about
cornmon neighbors of vertices. For a bi-transitive colored graph I, he introduced
two o vectors: the ab-vector for the blacks, and the aw-vector for the whites.
We modify and expand his definition here to suit our needs.

The vector ab has length % + 1, with entries index 0 through k, and the
vector aw has length e -+ 1, indexed O through e. These vectors are calculated



on a hase vertex of their color. In the it entry of the ab-vector is the number
of black vertices which share ¢ common neighbors with the base vertex. The
aw-vector is similarly defined. However, since I' i bi-transitive, notice that the
vector will not depend on the choice of the base vertex.

Alse, we wish to point out that the sum of the entries in the ab-vector is
B, and in the gw-vector, W, What is important to note about these vectors is
that the graph I is sirictly bi-transitive if the black and white vectors are not
the same. Studying these vectors will give us information on how to determine
when the product Dyla,b) A Dagle, d) is strictly bitransitive.

Consider again the graph Dy{1,2). If we choose the base vertex {12}, we
can construct the ob vector. The entry in position 0 of the vector is the number
of black vertices {including {12}} that share exactly 0 common neighbors with
{12}. Notice that the only other versex is {34}, Therefore, we place an entry
of 1 at index (0 of the vector. Also, the naumber of black vertices that share
exactly 1 common neighbor with {12} is 4 (they are {13}, {14}, {23}, and
{24}1). Finally, the only vertex that shares exactly 2 common naighbors with
{12} is itself, so the vector gets an entry of 1 at index 2. Therefore, we see that
the black vector is ab = (1,4, 1). If we do the same for the white vector, we see
that it is cw = (0.3,0,1).

The farger a graph gets, the more zeros each vector will have, so we introduce
a different notation, due to Wilson [3]: let {4, ¢} stand for the vector of appro-
priate length, whose 4% entry is ¢ and with zeros at every other index. With this
new notation, we see that ab = {01} +{1,4} +42, 1} and aw = {1,3} + {3, 1}.

I order to give a generic description of the Ivanov vectors for Da(a, b), we
first need a couple of results, both due to Wilson [3]. I cite the following without
proof;

Lemma 1. For 0 < s < b, the number of sels By which intersect o given set
By, both of size b, in a set of size s, is

BN AN =&
s/\b—s/"

The number of common neighbors of o poir of such black vertices is

N —2b+3
a )

We see that a similar result holds for the white vertices. With this result,
we can now construct our vector as follows:

Theorem 2. In the graph Dy(a,b),

b

— N—2b+s B /N — b
o= {7 OGS

s2={}

u N —2a+48\ fa\/N—a
w= {5 GG}

and

[}



Finally, if we have two bi-transitive graphs T') and Ty, we can constract the
Ivanov vectors of their wedge product as follows:

Theorem 3. If Iy has the bluck vector given as

ald = "{i,alb}

&l

and s hos the black vector given as
a2lb = Z{jﬁ%_j!
J

then their wedge product Ty ATy hasg the black vector
ab = Z Z{?} alla2b;}.
i Vi

A stmilar result will hold for the white vector as well, -

We define the leeding indez of an Ivanov vector to be the index of the first
non-zexo entry of that vector. As an example, consider D4(1,2). The ab-vector
is given as (1.4.1) and the ew-vector is (0,3,0,1), Then, the leading index of
the ab-vector is 0, while the leading index of the aw-vector is 1.

We also define the erifical indez of an Ivanov vector to be the index of the
second-to-last non-zero entry of that vector. The critical index of the ab vector
of 2(1,2) 18 1. as well as for aw.

There is one thing to notice about the Ivanov vectors, If the vectors for a bi-
transitive graph are different, this implies that the graph is sirictly bi-transitive
{one of the conditions for semi-symmetry). However, the converse is not the
case, nor i3 it the case that all semi-symmetric graphs have unequal Ivanov
vectors.

2  Regular Products of Dy’s

If we want to find semi-symmetric graphs, we first need to make sure that the
graphs are regular. In the wedge product Dy{a,b) A Dag{e, d), in order for the

product 1o be regular, we must satisfy condition 1. Now, consider the following:

Lemma 2. [fr and & are both integers, withr > 1 and k > 0, then




Proof. Using the factorial form of the binomial coefficient, we see

ro-{r4-1)Yk {7-Frk-hil
(R mEhtey
('f’**(‘rﬂr?}k) N T 31

ki El{r+rk)t

_ ket A+ k)
C(k+Dlir+rk-1)!
TRk

[

Thus, in the v+ (r + 1) kth row of Pascal’s Triangle, there are two consecutive
entries whose ratio is r. So, in row r + (r + 1){ (where I # &}, choose another
two consecutive entries whose ratio is v, If we chooss these rows and entries
according (o the above lemma, we can find wedge products of Dpa’s which are

regular and satisfy
NN MY (NNM
b d)  \a e ]’

Throughout this section, we consider r, &, and I, Let r > 2 and & > 1. Letl
N =1r+ (r+ 1k,
a =k,

and
b=k-+1.

Notice that by Lemma 2, we have

Let I > k. If we now define
M=r4{r+1)

and let
c=1+1

and

then by Lemma 2 we have

bl



Notice that if I = k, the resulting graph will be not be strictly bi-transitive, and
therefore not semi-symmetric. For [ <k, similar results follow the case when
I>k

Setting equations 3 and 4 equal and rewriting, we get

(-0

and hence, the graph of Dn(a, b)) A Dy lc,d) satisfies condition 1 and is regular.
Netice, however, with o+ b < N and e+ d < M, and ¢ < b < N/2 and
d <o < M/2, there are three other ways to construct regular wedge products:

) () =)0 o
Ny (M N[ M
< b) (d> - (a) (M - c:)’ and (7)
N\ b) ("g ) (2} (,;n«;w c)‘ (8)
(

These other constructions will be disecussed in later sections.
Finally, before we start analyzing the different constructions, define the
graph

fi

Dia,b,e,d; N, M)

to be Dyyla, b) A Darle, o) with a,b,c,d, N, and M defined ag above.
We now will show properties of the Ivanov vectors for this graph
Dia, b, e, d N, M).

2.1 First Construction: D(a, b, e, d; N, M)
For this construction, we will need the following information. Notice that
a+rb=N )

and also,
re4+d =M. (10}

Theorem 4. Given the construction Dia, b, ¢, d, N, M), the leading index of the
ab and aw vectors are never i

Proof. Assume that the leading index of the ab-vector for the wedge product
is 0. Then it must be the case that either the leading index of the ab-vector
of Dala.b) is 0, that the leading index of the ab-vector of Dafe, d} 1s 0, or
both are 0. We will show that this cannot be the case. Congider Dy{e, by, and
assume that the leading index is zero. Then, by Theorem 2, we see that this



i . N . . 3
index is (A . ﬂ’) (this cceurs when s = 0). For this term to be zero, it must be
that N — 2b < a. However, in Fquation (9), we sce that

N =g rh
> a2
N —2b>a0.

Therefore, it can never be the case that ¥V — 2b < ¢, Henee, the leading index
of the ab vector of Dy (a,b) can never be G.

Now, consider Das{e, d}, and also assumne that the leading index of the ab-
vector is 0. This index is also given hy Theorem 2 ag (M:‘M) {also when s = 0).
For this term to he zero, it must be the case that 3 — 24 < ¢ We will also
show that this can never be the case. Consider Equation (10):

M=rc+d
> 204 d
> o4 2d
M - 2d >

It therefore follows that the leading index of the ab-vector of Dy fe,d) can
never be ). By Theorem 3, we see that the leading index of the ab-vector
of D{a,b,c,d; N, M} is the product of the two leading indices of the ab-vectors
of D pe(a, by and Dy, (e, d). Since these indices are never 0, we see that their prod-
uct can never be 0. Therefore, the leading index of the ab-vector of D(a, b, ¢, d; N, M)
i3 never (.

Similar reasoning will show the same holds for the aw-vector of the wedge
product. )

Theorem 5. For all v > 2, Dia,b, ¢, d; N, M) has leading index greater in the
ab-vector than in the aw-vector, showing semi-symmetry.

Progf. The leading index of the ab-vector of D{a, b, e, d; N, M) is given as

N 26\ fM — 24
X
o) )

while the leading index of the aw-vector is

N 20N /M — 2¢
' . 12)
( b )( d ) (12)

Substituting in relationships for N, M, 4, b, ¢, and d, and simplifving, Equations
11 and 12 become, respectively,

((fc + 1)(71-; 1) — 1) ((1, + 1)}@ ml],) + 1)
; |+

9



and

E+1 i

Let A = (k4 1)(r ~ 1} and B = {I+ 1){r — 1). Using the definition for the
binomial coefficient and simplifying, the leading index of the ab-vector becomes

Ck+mw1m1>czmxrm1)

(A - 1B+ 1)

1
G+ DA - 1= BB =D (13)
while the leading index of the aw-vector becomes
A4 B - 1)
(A+ 1)HB - 1) (14)

- DA< IIB =1 =0

Now we claim that the leading index for the ab-vector is greater than the leading

index of the aw-vector. We will show this by shawing their ratio is greater than

one. Let K be the ratio of expression 13 to expression 14, Simplifying, we get
(A-1){B+1)!

TR 1T A - TRy BT

(AL B-1Y
Ger DT A - BB 1=
DR+ 1 (A—DUB+ 1) (A— BB~ 1)
TR A+ DYB -1 (A-k - DB 1)
k1l (By1)B A~k
Ce1l (Axn4a BSU

R=

(15)

Since A = (k4 1)(r — 1), divide by (r ~ 1} to solve for {k + 1) and substitute
into (15). Do likewise to solve for (I 4 1), Then R becomes

R:i&_w+ﬁB.Afk
AT DA BT
A (B+1B A~k
T B (A+LA B-I

(B+ 1A k)

= = N (1{‘
(A+ 1B 1) )
Recall A = (k+ 1){r — 1). Solve for k to obtain
. A
k= - 1. 17
r— (17)
Algo, solve for | in terms of B and v to obtain
B
[ 1 1
— (18)



Substitute (17} and (18} into Equation 16 to obtain
B+ 1Ak
(A+1)(B - )
(B +1)(4— ;._] 1)
(A +1)(DB ~ ;‘_j +1)
AB+A+B+1-— (M)

I =

el

(19)

AB+A+B+1— (’1‘!3_“!’3)
Recall that since it was assumed that ! > k, it follows that B > A. It then
follows that ﬁf”l’l < /L!fgy*iﬁ, and 50 the right-hand side of {19) is greater than
1. Therefore, the leading index of the ab-vector is greater than the leading index
of the auw-vector. This shows thab the two vectors are not equal, 10&(11;% us to

conciude that for all » > 2, the graph D (a, b, ¢, d; N, M) is semi-symmetric. [J

Netice also that if instead we restricted the construction of D{a, b, ¢, d; N, M)
to the case when £ > [, this same result would follow, however in this case, we
would see that the leading index of the ew-vector is larger than the leading
index of the ab-vector.

2.2 Second Construction: D(a, N — b, ¢, d; N, M}

If we construct our next wedge product in the same way as D{a, b, ¢, d; N, M),
but this time, replace b with N — b, we satisfy the second construction for reg-
ularity given in FEquation (6}. 1t therefore follows that the graph D{a, N —
b,c,dy N, M) is regular and bi-transitive. Also, we see thai the following rela-
tionships hold for D{a, N — b,e,d; N, M):

a+b4+1=N

and
re -+ d = M.

We will now show that the two Ivanov vectors are unequal,

Theorem 6. The leading index of the ab-vector is preater than that of the aw-
uector in the graph D{a, N — b, d; N, M.

Proaf. The leading index of the ab-vector will occur with the product of the
leading index of the ab-vector of the graph Dy (o, N — &) and the leading index
of the ab-vector of the graph Dyy(e,d). Likewise for the aw-vector. We begin
our search of where these occur. _

Clearly the leading index for the ab-vector of Dy (e, d) oceurs at (M"f‘f) and
likewise, the leading index for the aw-vector of Dysle,d) oceurs at (M;,”EC) a8
was shown in the proof of Theorem 4.

11



It now remains to show the case for both ab- and aw-vectors for Dy {a, N ~h).
Recall that the indices for the ab-vector are given ag

N ~2b+4 s
£

for 0 < s < a. We want to find for what value of s will this binomial coeflicient
be non-zero. Therefore, it follows that

N-—-2+s5>a

a+b+1-—-2b+s5>0a
s20—1.

Thus, the value s = & — 1 will imply that the binomial coefficient is positive.

Hence,
N=2b+b-1y (N-bt-1y [a _1
a N a C\a/

is the first non-zero index of the ab-vector for the graph Dy {a, N — b).
Now for the aw-vector. Recall that the indices for the ab-vector are

N —2a 4 s
b 1

for s between from 0 and 5. We want to find for what values of s this binomial
coefficient will be non-zero. Thercfore,
N —-2a+s5>b
o+b+1—2a+s>b
szra—1

and s = a ~ 1 will give the leading index. Thus,

N-2a+a—-1y fN—-a~1\ [b g
f) - ?) N b o

is the leading index of the aw-vectar for the graph Dy (a, N —b).

We claim that the leading index of the ab-vector ig larger than that of the
aw-vector of the wedge product. Clearly the leading index for the ab-vector of
the wedge product is given as

N—Db—1\ /M- 2
Y
{4 [

and the leading index for the aw-vector as

N g IN (M - 2¢
a ay (21)
b d

iz



Substituting in values for N, M, a, b, o, and d, expressions (20) and {21) become

N—b—IN/M-=2dy (N~ (N—{k+1))—1\/r+{r+1)1-2
S (S R G S (A
N LAVAE SN’
=)
_frrl i
- ( 1+1 )
and

N—o—-1N/M-=2c\ fr+{r+hk—k~1\{r+Fr+Dl-2(1+1)
S IO S T T S
k- 1N vl -l -2
<?~ + ok — 1) ( ! )
_frtrlel-2
-()

respectively. Let 4 = + vl — [. First, notice that we can write

(zf 1) <?+11> B (A . 1)
=0 000
()= () =G0

Now, because we have already shown that (’1;2) > 0, it must be the case that
A—2 > 1 But this implies that A — 1 >+ 1and A -2 > 1 — 1, which shows
that each of these binomial cocflicients are all positive (since | > 1). Therefore,

R R O R ey R
22+ (%)

and we can also write

i

Therefore,

It then follows that

?'JH'le . -r+7‘l~172.
[+ 1 - { ’

as we wanted to show., Therefore, the frst non-zero index of the ab-vector is
larger than that of the aw-vector. il



One thing to notice here ig that this proof does not rely on the fact that
[ > k. It still follows that the first non-zero index of the ab-vector is larger than
that of the gw-vector even if k > [

Corollary 1. The graph D{a, N — b,e,d; N, M) 1s semi-symmetric.,

Because the two Ivanov vectors are unequal. it follows that D{a, N--b, ¢, d; N, M)
is regular and strictly bi-transitive, hence showing semi-svmietry.
2.3 Third Construction: D{a, b, M — ¢, d; N, M)

If we construct this wedge product in the same way as D(a, b, o, d; N, M), but
this time, replace ¢ with M — ¢, and we see that we satisfy the second con-
struction for regularity given in Equation (7). It therefore follows that the
graph D(a, b, M — ¢, d; N, M) {s regular and bi-transitive. Also, we see that the
foliowing relationships hold for D{a, b, M ~ ¢, d; N, M)

a+rhb=N and ct+d+1=M.
We will now show that this construction veilds a family of semi-transitive graphs.

Lemma 3. The first non-zero index of the ab-vector of D{a, b M — ¢, d; N, M)

oeeuTs 0f N ob )
A (22
™. (22

Proof. The leading index of the ab-vector of Dy {a,b) is non-zero {see Theorem

4} and is given hy
N~ 2h
a '

Recall that the indices of the ab-vector of Dy (M — ¢,d) are

M 2d 45
I

for ¢ between (¢ and ¢ The leading index will the the smallest s such that
M—2d+s>c

Substituting in the relationships from above, we see that this occurs when s >
d — 1. Therefore, the smallest non-zero index in the ab-vector of Dy (M — ¢, d)

is
M-d-1y [y i
e T,

Therefore, by definition of the ab-vector of the graph Dia, b, M —c, d; N, M)
we see that the leading index is
N —2b
a '

14



Lemma 4. The first non-zero index of the aw-vector of D{a, b, M —c,d; N, M)

accurs at -
(]\ — a) _ (23)
b

Proaf. The leading index of the aw-vector of Dy (a, b) 18 non-zero {see Theorem

4} and is
N 20
5 .

Recall that the indices of the aw-vector of Dy (M ~ o, d) are

M—2c+s5
d

for 5 between 0 and . The first, (and smallest) non-zero index will the the
smallest s that satisfies
M—2c+s2>d

Substituting in the relationships [rom above, we ses that this cccurs when g >
o — 1. Therefore, the leading index in the aw-vector of Dy (M —¢,d) is

SN RS

Therefore, by definition of the cw-vector of the graph Dio, b, M —c, d; N, M)
we see that the leading index is
N — 2a
b '

Theorem 7. The leading index of the aw-vector is larger than in the ab-vector
in the graph D{a, b, M - ¢, d; N, M),

£

Proof. Substituting in the values for N, M a,b, ¢ and b into (22) and (23), we
see thaf the value of the leading index of the ab-vector becomes

(N - 23)) (r +ir+ 1k =2k + 1))
a

k
and the value of the leading index of the aw-vector hecomes

vk — k-2
(7
N =2\  [(r+{r+1)k-2k
( b )( kol )
vk -k
”( k41 )

i



Let I3 = r + vk — k. Notice that we can write

B (Bt  [(B-1
E+1)  \k+1/ E o
B-1y (B-2 - B-2
Eo) T\ k k—1)
Therefore, we have

o) = (e (0 G20)

Because we have already shown that (¥7%) > 0, it must be the case that B—2 >

k. But this implies thas B — 1 > k + L as well as B — 2 >k — 1, which shows
that each of these binomial coeflicients are positive, as k > 1. Therefore,

(kfi) (§+3>4“<Bk2>%_(if>
2+<B;2>
y (}3;~2>'

T (r+ 1)k - 2k . vk —k—2
k+1 k

as we wanted to show. Therefore, the first non-zero index of the aw-vector is
larger than that of the ab-vector in the graph Dia, b, M — ¢, d, N, M. O

and we can also write

v

It follows that

Here, we sketch an alfernative proof of the previous theorem.

Froof. Theorem 6 provides us with a nice tool. The proof of this theorem does
not rely on the fact that | > & What we will do is now assume the following:
r>2,0> 1, and & > [. Consider the graph D{a, N — b,e,d; N, M). By making
these assumptions, what we have essentially done, is changed the roles of | and
k.

Switch [ with k. That is, sssume & > [ We might be able to think of
this as swapping [ with k. Again, the roles of i and & have bheen reversed.
Now we flipp the vertices around. The white vertices become black, while the
black vertices become white. By fipping these vertices arcund, we have just
changed the roles of the ab- and aw-vectors. What we have done, in essence,
is just redefined N = r + (r+ 1), a = N — {({ + 1}, and b = [. We also have
redefined M =+ 4+ {r + Dk, ¢ =k, and d = k& + 1. Our graph now looks like
Dy (M — 2,d) A Dalo,b) 2 Da{a,b) A Dy (M — ¢,d) bul with the black and
white vertices flip-flopped. So the ab- and aw-vectors switch as well, and we

have proved the previously stated theorem. O

Corollary 2. The graph D(a,b, M — ¢, d; N, M) is semié-symmetric,
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2.4 Tourth Construction : D{a, N — b, M —c, d; N, M)

We construct our final wedge product in the same way as D{a,b,c,d; N, M),

bul this fime, replace b with N —b and ¢ with M — ¢, and we see that we satisfy

the fourth construction for regularity given by Equation (8). It therefore follows

that the graph e, N — b, M — o, d: N, M) is vepular and bi-transitive. Also,

we see that the [ollowing relationships hold for D{a, N - b, M — e, d; N M ):
a+b+1=N and crd41 =M

We will now show that this construction yeilds a family of semi-transitive graphs.
Lemuma 5. In the graph D{a, N ~ b M ~ ¢, d: N M), the first non-zere index
of both the ab- and aw-vectors is 1.

Proof. Congider first the graph Dy(a, N — b}, The first non-zero index of the
ab-vector is the smallest value s such that

N 2045
@

N-2b+s5>a
a+b+1-—-2b+s>a
s>b—1.

ig positive. All we need then is

Therefore, the first non-zero index of the ab-vector oceurs when s = b — 1, and

so this index is i
N-2b+0-1\ /o _q
a C\e) T

The first non-zero index of the gw-vector is the smallest value s such that

N—-20+s
b

N—=2a0+s8>0b
a-+b+1—-2a+s>4b
&> oa—1.

is positive. All we need then is

Therefore, the first non-zero index of the ab-vector ccours when s = ¢ — 1, and

50 this index is
N -2a+a—-1y (b _q
b T

Similar arguments will show that the first nor-zervo indices of both the ab-
and aw-vectors of Dyr{AM — ¢, d) are 1 as well.

Therefore, it clearly follows that the first non-zero indices of both the ab-
and aw-vectors of the wedge product is also 1. |



Notice here that the first non-zerc index of each vector is also the critical
index of each vector.

Theorem 8. fn D{a, N—b, M —c, d N, M), the second non-zero index is larger
in the aw-vector than it is in the ab-vector.

Progf. Notice that the second non-zero index of the ab-vector {and aw-vector
for that matter) for both Da{a, N —b) and Dy (M — ¢, d) are the last index
in each vector. Consider the last index of the ab-vector of Dy(a, N — &), This

index ig
(N —2b+ b) (rz + |>
= =a+1.
a a

Also consider the last index of the aw-vector of Dyla, N — §). This index is

N —2g 4 ]
a+a ::t h+ % Y
b b

Notice that becanse a+ 1 = k+ 1 and b+ 1 = r{k + 1), it follows that the
last index of the aw-vector of Dy(a, N — b) is larger than the last index of the
ab-vector.

Now, consider the last index of the ab-vector of Dy (M — ¢, d}. This index

M —2d s
(I 2d+d>:<r 1):::¢-+-J.
c ¢

Also consider the last index of the aw-vector of Dy (M — ¢, d}. This index ig

M—2cd¢ a+1
i — 1
)= () e

Notice that because ¢+ 1 = #{I + 1) and d + 1 = 1 + 1, it {ollows that the
last index of the ab-vector of D4 {(M — ¢, d) is larger than the last index of the
aw-vector.

Notice that the first non-zere index of the wedge product will be 1. This
is because it is the product of the smallest two non-zero indices of each of the
ab-vectors. The second non-zerc index of the ab-vector of the wedge product
will be the smallest of the two last indices of both ab-vectors. Since that index
is the produet of | and the last index, it follows that the second non-zero ndex
of the ab-vector of the wedge product is just the smallest of the two. So all that
we need to do is compare a + 1 with ¢+ 1. Which one is smaller?

Recall that I > k. Then

is

o+ 1

i

el +1)
k+1

= Q.

Y

Therefore, the gecond non-zero index of the ab-vector of the wedge praduct is
a+ 1.
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We do the same fo determine the second non-zero index of the aw-vector
of the wedge product. It will be the smallest of the lagt index of the two qw-
vectors. All we do are compare b+ 1 with J + 1. But here is where it doesn™t
matter which one is smaller, I 0+ 1 is the smallest, notice that

bbl=rlk+ 1) ok+l=a+ L
I d+ 1 s the smallest, then
d+1l=1+1>k+1=0a+1

The thing to notice here is that in either case, the second non-zero index of the
ab-vector of the wedge product is the smaller than the second non-zero index of
the aw-vector of the wedge product. 1

2.5 A New Construction of Normal Wedge Products

Looking at Pascal’s Triangle some more, we sce that Lemma 2 will generalize
to the following, with the ratio between two consecutive eniries being rational
instead of just an integer.

Lemma 6. Forp,ge N, p,g # 0, and k > 0, the following holds:

((Fj—f[“”‘i)“’(‘??“’q)]‘t)

A ekl

((;7+(f—11,)-ij(2‘3+11)k) a q‘
Glh+1)—1

Proof. Using the factorial form of the binomial coefficient, we see that

(TR a1 gk (glk 1) Dk + 1))
(k?)g(ﬂl;)(ﬁf@)w gtk + 1N+ -1 (p+q—-14+(p+ gk
lglk + 1) — Dl{plk + 13!
(glk+ I p(k 4+ 1) = )

W

Notice here that when ¢ = 1, we get the statement of Lemma 2. Notice that
if g < p, then the entries we get are from the left half of Pascal’s Triangle. 1f
instead p < g, then we are just looking at the other side of Pascal’s Triangle,
and get ratios less than one. 1 don't think that we have to restrict ¢ < p.

- i ] +g— L+ {p+agk .
Notice that if ¢ < p, then gl +1) -1 < Pt ) . This fact
re-iterates the comment that if ¢ < p, then the enfries are from the left, half of
Pascal’s Triangle.
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Using this lemima to congtruct regular wedge products works the same as
hefore, except that the proofs of semi-symmetry of such graphs will fali into
about four cases for each construction. This gets a bit tedious, so instead, we
go back to the begining, and consider under what cirecumstances the condition
of regularity will imply semi-symmetry.

For the following constructions, let N = (p+qg— U+ (p+gik, a = qlk+1)— 1,
and b=qlk+1). Forl >k let M ={p+g—-1D+ (p+agil, c=q(i+ 1), and
d=q(l+1)—1.

3 DBack to the Begining

Consider the graph D{a, b, ¢, d; N, M) and assume that the condition of regular-
ity holds. That is, assume that a < b < N, d < ¢ < M, and following equation

is satisfied:
N M _ N M
b d/) \a e/

If we expand this equation, we get

aliN — ajl _ M — dﬁ. (94)
YN — by el{M — )i

Notice here that we no longer require anything to be less than N/2 or M/2.
Consider the critical index of the ab-vector. By Theorem 2, expanding the
ab-vectors (aldb and a2b) of both Dyia,d) and Dyrle, d), we get

alb=...+ { (\’ ”s 1) BNV — b)} + { <NQ b) , 1} and
a2h = .+ { (M “f N 1) (N — d)} + { (M N d) , 1}

Then by Theorem 3, this index is

N-—-W/M-d-1
Z}_} =
1) C
N—=b-1I\/M-—d
b-g = y
£ &

whichever is larger. Likewise, we see that the critical index of the aw-vector is

e — N—o\/M-c-1
T b d

— N—a—IN/M-—¢

e b d '
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3.1 Ratios of Possible Critical Indices

We will now study the ratios of how by, by, wy, and w; relate to eachother.
Comparing &y with we, we get

bi'i_( )(M -l !)

211 (N a) (M g })

BUN =)l dl(M —d—1)!
al(N —a)l el(M —c¢—1)!

_ MV -t d(M —d)t M e

TN —a)! dM - M —d

Recall that the assumed condition of regularity implies Equation 24, Solving
for 1 and substituting into the expression above, we see that

b} M—¢

wy M —d
Since ¢ > d, it follows that M — ¢ < M — d, and hence it must be the case that
wy > b
Compare by with wa, and using the regularity assumption, we get
i s 8 =Y ¥ ! 3 B

By (N—h—l) (;’\f(—(ﬂ)

[l 4]
uy (" . (,44(;,;)
PN —b-1) diM—d)
al(lN —a— 1) . el - o)
N-—uqg
N -

Since b > o, it follows that N — o > N — ), and hence it must be the case that
by > 1wy,

Compare by with by

bo (N—b-—l) (M_d)

(N = (M —d- 1) allN —b—a—-11 oM —o—d)

TN —b-—a) M —codoin (N—b-01 (M -d)
(N=B! (Neb-a-1! (M—d-1)! (M—c—d!

TINSHESDU TV b—a) (M -d)l (M —c—d-1)

AN 0M o~ d)
(N —a~b){(M—d)

, N-—b M-
Aflter some algebra, we find that —— <

[

d . .
implies & > by (and visa-
Versa).
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Comparing wy with ws, we see that

wy (N =a)(M—c—d)

wy (M =N ~a—b)

- () M—c

TS T4

After some algebra, we find that implies wy > wy (and visa-
VETSA).

Compare by with wy, and using expression 24,

by (N(;h) (M —cd,—l)

BN = B! d{M —d-1)1 (N—ao—-b— DM —c~d)!
Cal{N—a—-1) (M — ¢! (N —a—0M—-—c—d-1)!
N—-a M-c-—d

M—d N-a—b

Newa M-—-d.
> e jmplies that b >

It then follows (through some algebra) that
[y

wy (and visa-versa).
Compare by with wi:

by _ (MUY

o T (A
SN =B AU M —d) (N —a— M —c—d-1)
AN -l M-I (N —a— b 1M e d)!
M- N—-a-1
TNSh M e d

y &
- b M — (S . .
> . implies that by > w) {and visa-versa).

a 0
. , ) CFNY M NN /M

So, to wrap things up, under the assumption that ; ;)= ,

) e a ¢

It then follows that

we have the following:

wy > b[ .

])2 > W,

= by > by,

G c
N-—uqa M-
fe=——] We > W,
b d ’
N—ag M-4d
5 =  wy > by, and
¢
N-—b M-c¢
— = by .
Il )
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Notice here that the sixth condition, along with the given conditions 1 and
2, is necessary to place an ordering on the possible critical indices, and hence
. e . , _— Lo N b
determine fhe critical index. If we have inequality in the fractions —— and
7]
M ¢

, we have guaranteed that the critical indices are different. What was just
deééloped iy this section is enough to prove that all four constructions before
to be semi-symunetric. However, to prove this statement, we will instead prove
that the more general construction baseds on Lemma 6 (of which Lemma 2 is
a special case) are semi-symmetric, using either condition 6, or one of either
conditions 3 and 4.

4  Results on Semi-Symmetry of Previous Graphs

4.1  Construction 1: D{a. b, ¢, d; N, M)
N—-b M-c¢
>

)

We will show

. showing that b is the critical index. Assume to

¢
N—b M-c
’ < oL Then,

the contrary that <
7 d

N~ < M—c

a = d
(p+g—~14pktgk)—(gh+k}  {ptg—1+pl+gl)—(gl+q)
gk +qg—1

gl +q—1

p+pk—1 <P +pl -1
ghk+g—1"gl+g—1
p+pk~1gl+qg~1y<{p+pl—1)ghk+qg—1)
—pk gl < —pl — gk

A

gk — gl < pk — pl
glk = 1) <plk 1)
qll — k) = pll — k)

L — : - N—-L M-c
which is a contradiction, since p > g. Therefore it follows that >

Q '
so condition 6 holds and we see that the critical indices are different, thus
showing semi-symmetry in the wedge product,

4.2  Construction 2: D(a, N — b, c,d; N, M)

L. . . N—b
We will show that condition 6 holds, by assuming to the contrary that =

' a
M—e

a

and then proving that this cannot be the case.
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N b M~

a d
gk+q  p+pl-1

gk+qg—1 gl+g-—1
ak+q  pli+1)-1
gh+q—1 ql+1)~1
gk +aqilgli+ 1)~ 1) =(gk+ g Dpl+1) - 1)
Glak+ a3l + 1) ~plgk+ 3+ ) +pll+ 1) =1
(L+1){g(gk +q) — plgk +¢) +p) = L.

Notics that since{! + 1) (glgk + q) — plak +q) + p) is divisible by [ + 1, it also
follows that 1 must also be divisible by I + 1. However, this only happens
when | = 1. But since we assumed that { > k& > 0, it follows that { > 1, and
we have a contradiction. Therefors, the wedge vectors are different, showing
semi-syraemetry,

4.3 Construction 3: D{e,b, M — ¢, d; N, M)

. - . N —b
We will show that condition 6 holds, by assuming to the contrary that =
o

M—c

and then proving that this cannot be the cage,

N—b M e

a d

pph-1 gty

g+agk—1 gl4g—1
olk+11-1 gl+q
g+ =T gd4g-1

(glrg—Dplk+ 1) - ={gl+ iglk + 11 - 1)
plal + @)k +1) = (gl + q) —plk + 1) + 1= glgl + ¢)(k + 1) ~ (gl + ¢)
glgl -+ )k + 1) +p(k+ 1) —plel + (b + 1) == 1

(EF+Digldl+ ) —plad+ @) +p) = 1.

Notice that since (k+1) (q(qﬂ +agt—plal+ )+ p) is divisible by b+ 1, it follows
that 1 must also be divisible by & + 1. This only happens when k& = 0. Seo
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assume that & = 0. Then we get

N—b M-e

a  d
p—1_ gl+g
g—1 gl4+g-1

-1l +¢-1)

pol +pg—p—qgl—g+1
ol +g—-13+1
(p—g)(gl+g—1j=

{g =gl +q)
.,
=qgl+g —gl—gq
glagl +q— 1)
—~1.

i

Sncep—g>0and gl +9—1>1 > 1, it follows that {p —g){gl + ¢— 1) > -1,

. N —bh
hence it cannot be the case that ——

= M- g Therefore, the black and

a
white vectors of the wedge product are different, showing semi-symimetry.

4.4 Construction 4: D{a, N —b M — ¢, d: N, M)

N -1 M~ N —

We will show that ’ ; ‘ Assume to the contrary that —— <
a d a
M — ¢
e -i Then,
o
N-b M-c
<
a T d
qk + g gl + g
g+agk—1 " g+gl -1
(g +q)la+ql —1) <{gl+q)lg+ gk —1)

FRl+ ¢k —gh+ @l +¢" — g <
=ik <
gl <

which is not the case, since [ > k. Therefore, it follows that

R4 ¢l - gl + ¢k +¢* — g
gk

N-b M-c
e ;

e

. . {1' - .
showing that the critical indices are different, and hence the graph is semi-

symmetric.

5 Conclusions

A number of open questions still remain. Notice that the condition

M-
d

N

42

- implies that the critical indices of both the ab- and aw-vectors are the

same. However, this does not necessarily imply that two vectors are the same

{we have yet to find evidence of this, t

hough). Does equality of the critical
A '] A



indices imply that the graph is not semi-symmetric? But what are the conditions
to show that the two vectors are identical? One could decide to look at the length
of both vectors to gain additional information. Also, what about she entry at
the location of the critical index? Are they the same for both vectors? What
additional information will decide this?

Anocther question to consider is that concerning the wedge product of more
than two Dy {a, b)'s. Under what conditions will the product of three such graph
be semi-symumetric? What about the product of four graphs? n graphs?

Finally, the lemmas that we used to construct regular products of the Da’s
relied on the fact that the two entries in Pascal’s Triangle were consecutive.
Can anything be predicted about the ratios of non-consecutive entries in the
triangle? This is the topic of my future research.
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